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PREFACE 


This book is intended as a textbook for a first course in the theory of 
functions of one complex variable for students who are mathematically 
mature enough to understand and execute « —6 arguments. The actual pre- 
requisites for reading this book are quite minimal; not much more than a 
stiff course in basic calculus and a few facts about partial derivatives. The 
topics from advanced calculus that are used (e.g., Leibniz’s rule for differ- 
entiating under the integral sign) are proved in detail. 

Complex Variables is a subject which has something for all mathematicians. 
In addition to having applications to other parts of analysis, it can rightly 
claim to be an ancestor of many areas of mathematics (e.g., homotopy theory, 
manifolds). This view of Complex Analysis as “‘An Introduction to Mathe- 
matics”’ has influenced the writing and selection of subject matter for this book. 
The other guiding principle followed is that all definitions, theorems, etc. 
should be clearly and precisely stated. Proofs are given with the student in 
mind. Most are presented in detail and when this is not the case the reader is 
told precisely what is missing and asked to fill in the gap as an exercise. The 
exercises are varied in their degree of difficulty. Some are meant to fix the 
ideas of the section in the reader’s mind and some extend the theory or give 
applications to other parts of mathematics. (Occasionally, terminology is used 
in an exercise which is not defined—e.g., group, integral domain.) 

Chapters I through V and Sections VI.1 and VI.2 are basic. It is possible 
to cover this material in a single semester only if a number of proofs are 
omitted. Except for the material at the beginning of Section VI.3 on convex 
functions, the rest of the book is independent of VI.3 and VL4. 

Chapter VII initiates the student in the consideration of functions as 
points in a metric space. The results of the first three sections of this chapter 
are used repeatedly in the remainder of the book. Sections four and five need 
no defense; moreover, the Weierstrass Factorization Theorem is necessary 
for Chapter XI. Section six is an application of the factorization theorem. 
The last two sections of Chapter VII are not needed in the rest of the book 
although they are a part of classical mathematics which no one should 
completely disregard. 

The remaining chapters are independent topics and may be covered in any 
order desired. 

Runge’s Theorem is the inspiration for much of the theory of Function 
Algebras. The proof presented in section VIII.1 is, however, the classical one 
involving “‘pole pushing”. Section two applies Runge’s Theorem to obtain a 
more general form of Cauchy’s Theorem. The main results of sections three 
and four should be read by everyone, even if the proofs are not. 

Chapter IX studies analytic continuation and introduces the reader to 
analytic manifolds and covering spaces. Sections one through three can 
be considered as a unit and will give the reader a knowledge of analytic 
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continuation without necessitating his going through all of Chapter IX. 

Chapter X studies harmonic functions including a solution of the Dirichlet 
Problem and the introduction of Green’s Function. If this can be called 
applied mathematics it is part of applied mathematics that everyone should 
know. 

Although they are independent, the last two chapters could have been 
combined into one entitled “‘Entire Functions”. However, it is felt that 
Hadamard’s Factorization Theorem and the Great Theorem of Picard are 
sufficiently different that each merits its own chapter. Also, neither result 
depends upon the other. 

With regard to Picard’s Theorem it should be mentioned that another 
proof is available. The proof presented here uses only elementary arguments 
while the proof found in most other books uses the modular function. 

There are other topics that could have been covered. Some consideration 
was given to including chapters on some or all of the following: conformal 
mapping, functions on the disk, elliptic functions, applications of Hilbert 
space methods to complex functions. But the line had to be drawn somewhere 
and these topics were the victims. For those readers who would like to explore 
this material or to further investigate the topics covered in this book, the 
bibliography contains a number of appropriate entries. 

Most of the notation used is standard. The word “‘iff” is used in place of 
the phrase “if and only if”, and the symbol § is used to indicate the end of a 
proof. When a function (other than a path) is being discussed, Latin letters 
are used for the domain and Greek letters are used for the range. 

This book evolved from classes taught at Indiana University. I would like 
to thank the Department of Mathematics for making its resources available 
to me during its preparation. I would especially like to thank the students 
in my classes; it was actually their reaction to my course in Complex Variables 
that made me decide to take the plunge and write a book. Particular thanks 
should go to Marsha Meredith for pointing out several mistakes in an early 
draft, to Stephen Berman for gathering the material for several exercises on 
algebra, and to Larry Curnutt for assisting me with the final corrections of the 
manuscript. I must also thank Ceil Sheehan for typing the final draft of the 
manuscript under unusual circumstances. 

Finally, I must thank my wife to whom this book is dedicated. Her 
encouragement was the most valuable assistance I received. 


John B. Conway 
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Functions of One Complex Variable 


Chapter I 
The Complex Number System 


§1. The real numbers 


We denote by R the set of all real numbers. It is assumed that each 
reader is acquainted with the real number system as well as all its properties. 
In particular we assume a knowledge of the ordering of R, the definitions 
and properties of the supremum and infimum (sup and inf), and the com- 
pleteness of R (every set in R which is bounded above has a supremum). It 
is also assumed that every reader is familiar with sequential convergence in R 
and with infinite series. Finally, no one should undertake a study of Complex 
Variables unless he has a thorough grounding in functions of one real 
variable. Although it has been traditional to study functions of several real 
variables before studying analytic function theory, this is not an essential 
prerequisite for this book. There will not be any occasion when the deep 
results of this area are needed. 


§2. The field of complex numbers 


We define C, the complex numbers, to be the set of all ordered pairs 
(a, b) where a and b are real numbers and where addition and multiplication 
are defined by: 


(a, b)+(c, d) = (a+c, b+d) 
(a, b) (c, d) = (ac—bd, bc+ad) 


It is easily checked that with these definitions C satisfies all the axioms for a 
field. That is, C satisfies the associative, commutative and distributive laws 
for addition and multiplication; (0, 0) and (1, 0) are identities for addition 
and multiplication respectively, and there are multiplicative inverses for each 
non zero element in C. 

We will write a for the complex number (a, 0). This mapping a —> (a, 0) 
defines a field isomorphism of R into C so we may consider R as a subset of 
C. If we put i = (0, 1) then (a, 6) = a+bi. From this point on we abandon 
the ordered pair notation for complex numbers. 

Note that i? = —1, so that the equation z7+1 = 0 has a root in C. In 
fact, for each z in C, z?7+1 = (z+i) (z—i). More generally, if z and w are 
complex numbers we obtain 


z*-+w* = (z+iw) (z—iw) 


1 


2 The Complex Number System 


By letting z and w be real numbers a and 5 we can obtain (with both a and 
b # 0) 


1 a—ib a { 5b 
at+ib  a?+b? a?+b? (aor 
so that we have a formula for the reciprocal of a complex number. 
When we write z = a+ib (a, b < R) we call a and b the real and imaginary 
parts of z and denote this by a = Rez, b = Imz. 
We conclude this section by introducing two operations on C which are 


not field operations. If z = x+iy(x, y ¢ R) then we define |z| = (x*+y7)? to 
be the absolute value of z and Z = x—iy is the conjugate of z. Note that 


2.1 |z|? = 22 
In particular, if z 4 0 then 

1 Z 
z  |2|° 


The following are basic properties of absolute values and conjugates 
whose verifications are left to the reader. 


] 
2.2 Rez = #(z+Zz) and Imz= 5; 2-2): 
2.3 (Z-w) =Z+W and zw = Zw. 
2.4 [zw] = |z| |w]. 
2.5 |z/w| = |z{/|w]. 
2.6 |z| = |z]. 


The reader should try to avoid expanding z and w into their real and 
imaginary parts when he tries to prove these last three. Rather, use (2.1), 
(2.2), and (2.3). 


Exercises 


1. Find the real and imaginary parts of each of the following: 


i 345i. (-14i/3\; 
1 za, eR): 23 +5i ( ey 


z zt+a Tes 2 


—l|—j 6 \n 
(SS) (4 for 2<n< 8. 
2 J2 


2. Find the absolute value and conjugate of each of the following: 


—2+i; —3; (2+i) (4+3)); 7; 
Aaa i+3 


(1+i)°; it”. 
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3. Show that z is a real number if and only if z = Z. 
4. If z and w are complex numbers, prove the following equations: 


[z+w|? = |z|?+2Re zw+|w|?. 
|z—w|? = |z|?—2Re zw+|w|?. 
|z-+w|? + |z—w]|? = 2(|z|?+|w]?). 


5. Use induction to prove that for z= z,;+...+2,; w= W,W2...W,: 
[wl] = [wi]... |wals 2 = Zi ty..+2,3 W = Wy... Wy 

6. Let R(z) be a rational function of z. Show that R(z) = R(Z) if all the 
coefficients in R(z) are real. 


§3. The complex plane 


From the definition of complex numbers it is clear that each z in C can 
be identified with the unique point (Re z, Im z) in the plane R?. The addition 
of complex numbers is exactly the addition law of the vector space R?. 
If z and w are in C then draw the straight lines from z and w to 0 (=(0, 0)). 
These form two sides of a parallelogram with 0, z and w as three vertices. 
The fourth vertex turns out to be z+w. 

Note also that |z—w]| is exactly the distance between z and w. With this 
in mind the last equation of Exercise 4 in the preceding section states the 
parallelogram law: The sum of the squares of the lengths of the sides of a 
parallelogram equals the sum of the squares of the lengths of its diagonals. 

A fundamental property of a distance function is that it satisfies the 
triangle inequality (see the next chapter). In this case this inequality becomes 


|Z, —Z2| < |z1;—23] + |z3—Z| 


for complex numbers z,, Z,, 73. By using z,—Z, = (z,;—23)+(Z3—Z,), it is 
easy to see that we need only show 


3.1 |Iz+w] < |z| + lw] (z,weC). 
To show this first observe that for any z in C, 
3.2 —|z| < Rez < |z| 


—|z| < Imz < |2| 
Hence, Re (zw) < |zw| = |z| |w|. Thus, 


|z+w|? = |z|?-+2Re (zw) +|w|” 
S |z|?+2|z| |w|+||? 
= (\z|+|w))’, 


from which (3.1) follows. (This is called the triangle inequality because, if we 
represent z and w in the plane, (3.1) says that the length of one side of the 
triangle [0, z, z+ w] is less than the sum of the lengths of the other two sides. 
Or, the shortest distance between two points is a straight line.) On encounter- 
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ing an inequality one should always ask for necessary and sufficient conditions 
that equality obtains. From looking at a triangle and considering the geo- 
metrical significance of (3.1) we are led to consider the condition z = tw 
for some teR, t > 0. (or w = tz if w = 0). It is clear that equality will 
occur when the two points are colinear with the origin. In fact, if we look 
at the proof of (3.1) we see that a necessary and sufficient condition for 
|z+w| = |z|+]|w| is that |zw| = Re (zw). Equivalently, this is zw > 0 (i.e., zw 
is a real number and is non negative). Multiplying this by w/w we get 
|w|7(z/w) = Oif w # O. If 


= zw = (2) 1 |2Ce/w) 
hw 


then t > 0 and z = tw. 
By induction we also get 


3.3 |Z, +2Z.+...+2,| < |z,|+|22|+...+|z,| 
Also useful is the inequality 


3.4 zl [l | < |z—w] 


Now that we have given a geometric interpretation of the absolute value 
let us see what taking a complex conjugate does to a point in the plane. 
This is also easy; in fact, Z is the point obtained by reflecting z across the 
x-axis (i.e., the real axis). 


Exercises 


1. Prove (3.4) and give necessary and sufficient conditions for equality. 
2. Show that equality occurs in (3.2) if and only if z,/z, => 0 for any integers 
k and /,1 < k,l <n, for which z, # 0. 

3. Let ae R and c > 0 be fixed. Describe the set of points z satisfying 


|z—a|—|z+a| = 2c 


for every possible choice of a and c. Now let a be any complex number 
and, using a rotation of the plane, describe the locus of points satisfying the 
above equation. 


§4. Polar representation and roots of complex numbers 


Consider the point z = x+iy in the complex plane C. This point has 
polar coordinates (r, 0): x = r cos 6, y =r sin 8. Clearly r = |z| and @ is 
the angle between the positive real axis and the line segment from 0 to z. 
Notice that @ plus any multiple of 27 can be substituted for @ in the above 
equations. The angle @ is called the argument of z and is denoted by @ = arg z. 
Because of the ambiguity of 0, “arg’’ is not a function. We introduce the 
notation 


4.1 cis 86 = cos 6+ sin @. 


Polar representation and roots of complex numbers 5 
Let z; =r, cis 0,, 2, =r, cis 0,. Then 2,2, = r,r, cis 0, cis 8, = ryr, 

[(cos 6, cos 6,—sin 0, sin 0,)+i (sin 8, cos 6,+sin 8, cos @,)]. By the 

formulas for the sine and cosine of the sum of two angles we get 


4.2 2122 = Vrylo cis (6, +6,) 


Alternately, arg (z,z,) = arg z,+argz,. (What function of a real variable 
takes products into sums?) By induction we get for z, = r,cis®,1 <k <n. 


4.3 Z1Z_...2Z, = 1 yro... 7, CIS (8, +...+9,) 
In particular, 
4.4 z" = r" cis (n6), 


for every integer n > 0. Moreover if z,# 0, z:[r~* cis (—4)] = 1; so that 
(4.4) also holds for all integers n, positive, negative, and zero, if z 4 0. Asa 
special case of (4.4) we get de Moivre’s formula: 


(cos 6+i sin 0)" = cos n6+i sin n0. 


We are now in a position to consider the following problem: For a given 
complex number a # 0 and an integer n > 2, can you find a number z 
satisfying z” = a? How many such z can you find? In light of (4.4) the 
solution is easy. Let a = |a| cis «; by (4.4), z = |a|' cis («/n) fills the bill. 


_ , _ 1 
However this is not the only solution because z’ = |a|'” cis — («+2z) also 
n 


satisfies (z’)" = a. In fact each of the numbers 
1 
4.5 la|*™ cis — (a+2nk), 0 <k<n-l, 


in an mth root of a. By means of (4.4) we arrive at the following: for each 
non zero number a in C there are n distinct nth roots of a; they are given by 
formula (4.5). 


Example 


Calculate the nth roots of unity. Since 1 = cis 0, (4.5) gives these roots as 
. 2a . An . 2 
1, cis —, cis —,..., cis — (n—1). 
n n n 
In particular, the cube roots of unity are 


l 1 — 


Exercises 


1. Find the sixth roots of unity. 


6 The Complex Number System 
2. Calculate the following: 

(a) the square roots of i 

(b) the cube roots of i 

(c) the square roots of ./3+3i 
3. Show that if a and b are nth and mth roots of unity, respectively, then 
ab is a kth root of unity for some integer k. What is the smallest possible 
value of k? 
4. Use the binomial equation 


(a+b) = y (7) at *B*, 


k=0 


(7) _ n! 
kK} k\n—k)!’ 


and compare the real and imaginary parts of each side of de Moivre’s 
formula to obtain the formulas: 


where 


cos n@ = cos” é— (3) cos"~? sin? 6+ (7) cos"~* @sin* @—... 


sin 70 = (7) cos"~ 1 @ sin -(5) cos”~> @ sin? 6+... 


2 
5, Let z = cis — for an integer n > 2. Show that 1+z+...+2"7! = 0. 

n 
6. Show that 9(t) = cis ¢ is a group homomorphism of the additive group 
R onto the multiplicative group T = {z: |z| = 1}. 


§5. Lines and half planes in the complex plane 


Let L denote a straight line in C. From elementary analytic geometry, 
L is determined by a point in Z and a direction vector. Thus if a is any point 
in L and 5 is its direction vector then 


L= {z=at+tbh:-w <t< o}. 


Since b # 0 this gives, for z in L, 


In fact if z is such that 


then 
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implies that z = a+tb, —o < t < o. That is 


b= fein) =o 


What is the locus of each of the sets 
Z—a 
: —— 0}, 
‘ 1m( 5 ) > ; 
zZ—a 
: —— 0}? 


As a first step in answering this question, observe that since ) is a direction 
we may assume |b| = 1. For the moment, let us consider the case where 
a=0Q, and put Hy = {z: Im (z/b) > 0}, b =cis 8. If z=, cis @ then 
z/b = rcis (@—§). Thus, z is in Ho if and only if sin (@—f) > 0; that is, when 
B <@< 7+. Hence Hy is the half plane lying to the left of the line L if 


Ho 


B 


\ 
\\\\See™ 


we are “walking along L in the direction of b.”’ If we put 


rm fm(!) 4 


then it is easy to see that H, = a+ H, = {a+w: we Hj}; that is, H, is the 
translation of Hy by a. Hence, H, is the half plane lying to the left of L. 


Similarly, 
K, = iF Im (5) < of 


is the half plane on the right of L. 


Exercise 


1. Let C be the circle {z: |z—c| = r}, r > 0; let a = c+r cis a and put 
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n= jeim(S") 9} 


where 6 = cis B. Find necessary and sufficient conditions in terms of f that 
L, be tangent to C at a. 


§6. The extended plane and its spherical representation 


Often in complex analysis we will be concerned with functions that be- 
come infinite as the variable approaches a given point. To discuss this situa- 
tion we introduce the extended plane which is CU {00} = C,,. We also 
wish to introduce a distance function on C,, in order to discuss continuity 
properties of functions assuming the value infinity. To accomplish this 
and to give a concrete picture of C,, we represent C,, as the unit sphere 
in R°, 

S = {(x,, X2, X3) € R?: 2x7 4+33 423 = 1}. 


Let N = (0, 0, 1); that is, N is the north pole on S. Also, identify C with 
{(x1, X2, 0): x,;, x, € R} so that C cuts S along the equator. Now for each 
point z in C consider the straght line in R°® through z and N. This intersects 


N 


the sphere in exactly one point Z # N. If |z| > 1 then Z is in the northern 
hemisphere and if |z| < 1 then Z is in the southern hemisphere; also, for 
|zZ] = 1, Z = z. What happens to Z as |z| > 00? Clearly Z approaches N; 
hence, we identify N and the point o in C,. Thus C,, is represented as 
the sphere S. 

Let us explore this representation. Put z = x+iy and let Z = (x, X2, x3) 
be the corresponding point on S. We will find equations expressing x,, x2, 
and x3; in terms of x and y. The line in R° through z and N is given by 
{tN+(1—f)z: ~0 <t < o}, or by 


6.1 {(1—fAx, (1—Dy, 1): —00 < t < co}. 


Hence, we can find the coordinates of Z if we can find the value of ¢ at 
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which this line intersects S. If ¢ is this value then 


1 = (1—2)?x?4+(1-2)?y? +27 
= (1—2)*|2|?+ 727 
From which we get 
1—t* = (1—#)”|z/?. 


Since t 4 1 (z # 0) we arrive at 


e2—1 
t= . 
[z|7+1 
Thus 
2 2 


= XD 3 = 
jz@+1? 2 |z@41’?°? |Z? 
But this gives 


z+zZ z—-Z |z|?—1 


6.3 => = ——_ = ——, 
“t Pa1 72 z+) 73 ig)? 


If the point Z is given (Z # N) and we wish to find z then by setting 
t = x, and using (6.1), we arrive at 


X,+1xX2 
z= 
1-—x, 


6.4 


Now let us define a distance function between points in the extended 
plane in the following manner: for z, z’ in C,, define the distance from z to z’, 
d(z, z’), to be the distance between the corresponding points Z and Z’ in R°. 
If Z = (x1, X2, x3) and Z’ = (xj, x3, x3) then 


6.5 d(z, 2") = [(x — x1)? + 2-3)” + (83-3)? 
Using the fact that Z and Z’ are on S, (6.5) gives 

6.6 [d(z, z’)]* = 2—2(x 1x] +X2x5+%3%35) 

By using equation (6.3) we get 


2|z—z’| 


(d+eA ate pr 7 °° 


6.7 dz, z') = 


In a similar manner we get for z in C 


2 


6.8 Az, 00) = (+ (zy 


This correspondence between points of S and C,, is called the stereographic 
projection. 
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Exercises 


1. Give the details in the derivation of (6.7) and (6.8). 

2. For each of the following points in C, give the corresponding point of 
S: 0, 1+7, 3422. 

3. Which subsets of S correspond to the real and imaginary axes in C. 

4. Let A be a circle lying in S. Then there is a unique plane P in R*® such 
that PA S = A. Recall from analytic geometry that 


P = {(X1, Xz, X3): X48, +%282. +383 = 1} 


where (8,, 82, 83) is a vector orthogonal to P and / is some real number. 
It can be assumed that 67+ 3+ {2 = 1. Use this information to show that 
if A contains the point N then its projection on C is a straight line. Otherwise, 
A projects onto a circle in C. 

5. Let Z and Z’ be points on S corresponding to z and z’ respectively. Let 
W be the point on S corresponding to z+z’. Find the coordinates of W in 
terms of the coordinates of Z and Z’. Do the same exercise for multiplication. 


Chapter II 
Metric Spaces and the Topology of C 


§1. Definition and examples of metric spaces 


A metric space is a pair (X, d) where X is a set and d is a function from 
X x X into R, called a distance function or metric, which satisfies the following 
conditions for x, y, and z in X: 


d(x, y) > 0 
d(x, y) = 0 if and only if x = y 
A(x, y) = d(y, x) (symmetry) 
A(x, z) < d(x, y)+d(y, Z) (triangle inequality) 
If x andr > O are fixed then define 
Box; r) = {yeX: d(x, y) < r} 
B(x; rn) = {ye X: d(x, y) <r}. 


B(x; r) and B(x; r) are called the open and closed balls, respectively, with 
center x and radius r. 


Examples 


1.1 Let ¥ = R or C and define d(z, w) = |z—w]. This makes both (R, @) 
and (C, d) metric spaces. In fact, (C, d) will be the example of principal 
interest to us. If the reader has never encountered the concept of a metric 
space before this, he should continually keep (C, d) in mind during the study 
of this chapter. 

1.2 Let (X, d) be a metric space and let Y < X; then (Y, d) is also a metric 
space. 

1.3 Let X = C and define dx+iy, a+ib) = |x—a|+|y—5]. Then (C, d) is 
a metric space. 

1.4 Let X = C and define dx+iy, a+ib) = max {|x—al, |y—Jd|}. 

1.5 Let X be any set and define d(x, y) = Oif x = yandd(x,y) = 1lifx#<y. 
To show that the function d satisfies the triangle inequality one merely 
considers all possibilities of equality among x, y, and z. Notice here that 
B(x; €) consists only of the point x if e < 1 and B(x; «) = X if « > 1. This 
metric space does not appear in the study of analytic function theory. 

1.6 Let X = R" and for x = (%1,...,x,), y = (V1,--+>J,) in R" define 


d(x, y) = |S, (xj;-y | 
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1.7 Let S be any set and denote by B(S) the set of all functions f: S—~C 
such that 


If llo = sup {[f(s)|: se S} < 00. 


That is, BOS) consists of all complex valued functions whose range is con- 
tained inside some disk of finite radius. For f and g in B(S) define d(f, g) = 
| f—gll.. We will show that d satisfies the triangle inequality. In fact if f, 
g, and A are in B(S) and s is any point in S then | f(s)—g(s)| = | f(s) —A(s)+ 
h(s)—2(s)| < [f(s)—A(s)| +|A(s)—g(5)| < If—Allo+ tg lll..- Thus, when the 
supremum is taken over all s in S, || f—gl,, < || f—Al|,+||24—2|l... which is 
the triangle inequality for d. 


1.8 Definition. For a metric space (XY, d) a set G < X is open if for each 
x in G there is an « > O such that B(x; «) < G. 

Thus, a set in C is open if it has no “edge.”? For example, G = {zeC: 
a < Rez < b} is open; but {z: Rez < 0} U {0} is not because B(Q; «) is not 
contained in this set no matter how small we choose e. 

We denote the empty set, the set consisting of no elements, by (). 


1.9 Proposition. Let (X, d) be a metric space; then: 
(a) The sets X and (| are open; 


(b) If G,,..., G, are open sets in X then so is -) G,; 
k=1 
(c) If {G;: je J} is a collection of open sets in X, J any indexing set, 


then G = U {G,: j€ J} is also open. 


Proof. The proof of (a) is a triviality. To prove (b) let xe G = () G,; then 
k=1 


xeG, fork =1,...,n. Thus, by the definition, for each k there is an «, > 0 
such that B(x; «,) © G,. But ife = min {e,, e,,...,¢,$}thenforl <k<n 
B(x; «) © B(x; «,) < G,. Thus B(x; «) < G and G is open. 

The proof of (c) is left as an exercise for the reader. 

There is another class of subsets of a metric space which are distinguished. 
These are the sets which contain all their “edge’’; alternately, the sets whose 
complements have no “edge.” 


1.10 Definition. A set F < X is closed if its complement, X—F, is open. 

The following proposition is the complement of Proposition 1.9. The 
proof, whose execution is left to the reader, is accomplished by applying 
de Morgan’s laws to the preceding proposition. 


1.11 Proposition. Let (XY, d) be a metric space. Then: 
(a) The sets X and ( are closed; 


(b) If F,,..., F, are closed sets in X then so is U F,; 
k= 
(c) If {F,;: j¢ J} is any collection of closed sets in Y, J any indexing set, 


then F = CO {F,:j € J} is also closed. 
The most common error made upon learning of open and closed sets 
is to interpret the definition of closed set to mean that if a set is not open it is 
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closed. This, of course, is false as can be seen by looking at {z—¢C: Rez > 0} 
U {0}; it is neither open nor closed. 


1.12 Definition. Let A be a subset of X. Then the interior of A, int A, is the 
set |) {G: G is open and G < A}. The closure of A, A”, is the set () {F: F 
is closed and F > A}. Notice that int A may be empty and A~ may be X. 
If A = {a+bi: a and b are rational numbers} then simultaneously 4~ = C 
and int A = (]. By Propositions 1.9 and 1.11 we have that A™~ is closed and 
int A is open. The boundary of A is denoted by 2A and defined by 0A = A™ 
O(X—A)~. 


1.13 Proposition. Let A and B be subsets of a metric space (X, d). Then: 
(a) A is open if and only if A = int A; 
(b) A is closed if and only if A = A™; 
(c) int A = X—(X—A)”"; A~ = X—int (X—A); 0A = A™ —int A; 
(d) (AUB) =A UB; 
(e) Xo e int A if and only if there is ane > 0 such that B(x 9; 6) < A; 
(f) x9¢A°™ if and only if for every e > 0, Blxp; DO AO. 


Proof. The proofs of (a)-(e) are left to the reader. To prove (f) assume 
X9¢A = X—int (X—A); thus, x, ¢int (X—A). By part (e), for every 
e>0 B(xq; «) is not contained in X— A. That is, there is a point ye B(x); €) 
which is not in X—A. Hence, ye B(x); «) NA. Now suppose x,» ¢ A” = 
X—int (X—A). Then x, eint (¥—A) and, by (e), there is an e > O such 
that B(x 9; ©) © X—A. That is, B(xg; «€) NA = (J so that x, does not 
satisfy the condition. 
Finally, one last definition of a distinguished type of set. 


1.14 Definition. A subset A of a metric space X is dense if AT = X. 
The set of rational numbers @ is dense in R and {x+iy: x, yeQ} is 
dense in C. 


Exercises 


1. Show that each of the examples of metric spaces given in (1.2)-(1.6) is, 
indeed, a metric space. Example (1.6) is the only one likely to give any 
difficulty. Also, describe B(x; r) for each of these examples. 

2. Which of the following subsets of C are open and which are closed; 
(a) {z: |z| < 1} (b) the real axis (c) {z: z* = 1 for some integer n > 1} 
(d) {zeC: zisrealand0O < z < 1}(e) {ze C: zisreal and 0 < z < 1}. 

3. If (X, d) is any metric space show that every open ball is, in fact, an open 
set. Also, show that every closed ball is a closed set. 

4, Give the details of the proof of (1.9c). 

. Prove Proposition 1.11. 

. Prove that a set G < X is open if and only if X —G is closed. 

. Show that (C,,, d) where dis given by (I. 6.7) and (I. 6.8) is a metric space. 
. Let (X, d) be a metric space and Y < X. Suppose G ¢ X is open; show 
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that GC Y is open in (Y, d). Conversely, show that if G, < Y is open in 
(Y, d), there is an open set G < X such that G, = GN Y. 

9. Do Exercise 8 with “‘closed”’ in place of “‘open.”’ 

10. Prove Proposition 1.13. 


§2. Connectedness 


Let us start this section by giving an example. Let ¥ = {zeC: |z| < 1} 
U {z: |z—3| < 1} and give X the metric it inherits from C. (Henceforward, 
whenever we consider subsets X of R or C as metric spaces we will assume, 
unless stated to the contrary, that X has the inherited metric d(z, w) = |z—w].) 
Then the set A = {z: |z| < 1} is simultaneously open and closed. It is closed 
because its complement in X, B = X—A = {z: |z~—3| < 1} is open; A is 
open because if ae A then Bia; 1) < A. (Notice that it may not happen 
that {zeC: |z—a| < 1} is contained in A—for example, if a = 1. But the 
definition of Bia; 1) is {z¢X: |z—a| < 1} and this is contained in A.) 
Similarly B is also both open and closed in X. 

This is an example of a non-connected space. 


2.1 Definition. A metric space (X, d) is connected if the only subsets of X 
which are both open and closed are [] and X. If A < X then A is a connected 
subset of X if the metric space (A, d) is connected. 

An equivalent formulation of connectedness is to say that X is not 
connected if there are disjoint open sets A and B in X, neither of which is 
empty, such that X¥ = A U B. In fact, if this condition holds then A = XY—B 
is also closed. 


2.2 Proposition. A set X < R is connected iff X is an interval. 


Proof. Suppose X = [a, b], a and b elements of R. Let A < X be an open 
subset of X such that ae A, and A # X. We will show that A cannot also be 
closed—and hence, X must be connected. Since A is open and ae A there is 
an e > O such that [a, a+e) < A. Let 


r = sup {e: [a, at+e) < A} 


Claim. [a,a+r) < A.In fact, ifa < x < a+rthen, puttingh = at+tr—x > 0, 
the definition of supremum implies there is an e with r—h < « < r and 
[a,a+e) © A. Buta < x = at+(r—h) < a+e implies x ¢ A and the claim is 
established. 

However, a+r ¢ A; for if, on the contrary, a+r A then, by the openness 
of A, there is a 5 > 0 with [a+r, a+r+5) < A. But this gives [a, a+r+8) 
© A, contradicting the definition of r. Now if A were also closed thena+reB 
= X—A which is open. Hence we could find a 5 > 0 such that (a+r—8S, 
a+r] © B, contradicting the above claim. 

The proof that other types of intervals are connected is similar and it will 
be left as an exercise. 

The proof of the converse is Exercise 1. J 
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If w and z are in C then we denote the straight line segment from z to w 
by 
(z,w] = {twt+(1—dz: O<7t <1} 


A polygon from a to b is a set P = \) [z,, w,] where z,; = a, w, = b and 
k=1 
W, = 2,4, for1 < k < n—1; or, P = [a, 2,...2Z,, 5}. 


2.3 Theorem. An open set G © C is connected iff for any two points a, b in 
G there is a polygon from a to b lying entirely inside G. 


Proof. Suppose that G satisfies this condition and let us assume that G is 
not connected. We will obtain a contradiction. From the definition, G = 
AU B where A and B are both open and closed, 4 N B = [J and neither 
A nor B is empty. Let ae A and be B; by hypothesis there is a polygon P 
from a to b such that P < G. Now a moment’s thought will show that one 
of the segments making up P will have one point in A and another in B. 
So we can assume that P = [a, b]. Define, 


S = {s¢[0, 1]: sbh+(1—s)ae A} 
T = {te[0, 1]: t6+(—dae B} 


Then SO T = 1, SUT = (0, 1], 0 ¢ S and 1 ¢ 7. However it can be shown 
that both S and 7 are open (Exercise 2), contradicting the connectedness of 
[0, 1]. Thus, G must be connected. 

Now suppose that G is connected and fix a point a in G. To show how to 
construct a polygon (lying in G!) from a to a point b in G would be difficult. 
But we don’t have to perform such a construction; we merely show that one 
exists. For a fixed a in G define 


A = {beG: there is a polygon P < G from ato b}. 


The plan is to show that A is simultaneously open and closed in G. Since 
aé A and G is connected this will give that 4 = G and the theorem will be 
proved. 

To show that A is open let be A and let P = [a, z,,...,2z,, b] be a 
polygon from a to b with P © G. Since G is open (this was not needed in the 
first half), there is an « > 0 such that B(b; «) < G. But if ze Bib; «) then 
[b, z] — B(b; «) < G. Hence the polygon Q = PU [b, z] is inside G and goes 
from a to z. This shows that B(b; e) < A, and so A is open. 

To show that A is closed suppose there is a point z in G— A and let e > 0 
be such that B(z; e) < G. If there is a point b in A N B(z; «) then, as above, 
we can construct a polygon from a to z. Thus we must have that B(z;«) 0 A 
= (], or B(z; «) © G—A. That is, G—A is open so that A is closed. 


2.4 Corollary. Jf G < C is open and connected and a and b are points in G 
then there is a polygon P in G from a to b which is made up of line segments 
parallel to either the real or imaginary axis. 


Proof. There are two ways of proving this corollary. One could obtain a 
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polygon in G from a to b and then modify each of its line segments so that a 
new polygon is obtained with the desired properties. However, this proof 
is more easily executed using compactness (see Exercise 5.7). Another proof 
can be obtained by modifying the proof of Theorem 2.3. Define the set A as 
in the proof of (2.3) but add the restriction that the polygon’s segments are 
all parallel to one of the axes. The remainder of the proof will be valid with 
one exception. If z e B(b; <) then [b, z] may not be parallel to an axis. But it 
is easy to see that if z= x+iy, b = p+ig then the polygon [b, p+iy] U 
[p+iy, z] < B(b; «) and has segments parallel to an axis. I 

It will now be shown that any set S in a metric space can be expressed, 
in a canonical way, as the union of connected pieces. 


2.5 Definition. A subset D of a metric space X is a component of X if it isa 
maximal connected subset of X. That is, D is connected and there is no 
connected subset of X which properly contains D. 

If the reader examines the example at the beginning of this section he 
will notice that both A and B are components and, furthermore, these are 
the only components of X. For another example let X¥ = {0, 1, 4, 4,...}. 
Then clearly every component of X is a point and each point is a component. 


1 
Notice that while the components ‘7 are all open in X, the component {0} 
n 


is not. 


2.6 Lemma. Let xo € X and let {D,: j ¢ J} be a collection of connected subsets 
of X such that x9 ¢ D, for each j in J. Then D = \) {D;: j ¢ J} is connected. 


Proof. Let A be a subset of the metric space (D, d) which is both open and 
closed and suppose that A # (]. Then A 1D, is open in (D,, d) for each j 
and it is also closed (Exercises 1.8 and 1.9). Since D, is connected we get that 
either AN D; = (J) or AN D, = D,. Since A # [ there is at least one k 
such that 41 D, # C1; hence, AN D, = D,. In particular x) ¢ A so that 
X9€AND, for every j7. Thus 4 D; = D,, or D; < A, for each index j. 
This gives that D = A, so that D is connected. 


2.7 Theorem. Let (X, d) be a metric space. Then: 
(a) Each Xo in X is contained in a component of X. 
(b) Distinct components of X are disjoint. 
Note that part (a) says that X is the union of its components. 


Proof. (a) Let @ be the collection of connected subsets of X which contain 
the given point x9. Notice that {x y}¢ D so that Z # (1. Also notice that 
the hypotheses of the preceding lemma apply to the collection Y. Hence 
C=\) {D: De B} is connected and x, ¢ C. But C must be a component. 
In fact, if D is connected and C < D then x,¢D so that De J; but then 
D © C, so that C = D. Thus C is maximal and part (a) is proved. 

(b) Suppose C, and C, are components, C, # C,, and suppose there is 
a point x9 in C; N C,. Again the lemma says that C, U C, is connected. 
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Since both C, and C, are components, this gives C; = C; UC, = C3, a 
contradiction. Jj 


2.8 Proposition. (a) JfA < X is connected and A < B — A’, then Bis connected. 
(b) If C is a component of X then C is closed. 
The proof is left as an exercise. 


2.9 Theorem. Let G be open in C; then the components of G are open and 
there are only a countable number of them. 


Proof. Let C be a component of G and let x, € C. Since G is open there is an 
e > 0 with B(x,; «) < G. By Lemma 2.6, B(x,; «) U C is connected and so 
must be C. That is B(x; «) < C and C is, therefore, open. 

To see that the number of components is countable let S = {a+ ib: 
a and 6 are rational and a+bie G}. Then S is countable and each com- 
ponent of G contains a point of S, so that the number of components is 
countable. I 


Exercises 


1. The purpose of this exercise is to show that a connected subset of R is an 
interval. 

(a) Show that a set A < R is an interval iff for any two points a and b 
in A with a < Jb, the interval [a, b] < A. 

(b) Use part (a) to show that if a set A < R is connected then it is an 
interval. 

2. Show that the sets S and 7 in the proof of Theorem 2.3 are open. 

3. Which of the following subsets X of C are connected; if X is not connected, 
what are its components: (a) X¥ = {z: |z| < 1} U {z: |[z-2| < 1}. (b) X¥ = 


1 
[0, NuyL+ [n> it (c) X¥ = C—(A U B) where A = [0, ~-) and B= 


{z=rcis #:r=0,0<80< oo}? 

4. Prove the following generalization of Lemma 2.6. If {D,: jeJ} is a 
collection of connected subsets of X and if for each j and k in J we have 
D,A D, # (then D = \) {D;: je J} is connected. 

5. Show that if F < X is closed and connected then for every pair of points 
a, b in F and each e > O there are points Zp, z,,...,Z, in F with Z9 = a, 
Z, = band d(z,_,, z,) < «for 1 < k <n. Is the hypothesis that F be closed 
needed? If F is a set which satisfies this property then F is not necessarily 
connected, even if F is closed. Give an example to illustrate this. 


§3. Sequences and completeness 


One of the most useful concepts in a metric space is that of a convergent 
sequence. Their central role in calculus is duplicated in the study of metric 
spaces and complex analysis. 


3.1 Definition. If {x,, x.,...} is a Sequence in a metric space (X, d) then 
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{x,} converges to x—in symbols x = lim x, or x, > x—if for every « > 0 
there is an integer N such that d(x, x,) < « whenever n > N. 

Alternately, x = lim x, if 0 = lim d(x, x,). 

If X = C then z = lim z, means that for each « > 0 there is an N such 
that |[z—z,| < « when > N. 

Many concepts in the theory of metric spaces can be phrased in terms 
of sequences. The following is an example. 


3.2 Proposition. A set F < X is closed iff for each sequence {x,} in F with 
x = lim x, we have xe F. 


Proof. Suppose F is closed and x = lim x, where each x, is in F. So for every 
e > 0, there is a point x, in B(x; «); that is B(x; «) ON F # (), so that xe F™ 
= F by Proposition 2.8. 

Now suppose F is not closed; so there is a point x, in F~ which is not 
in F. By Proposition 1.13(f), for every « > 0 we have B(ixp; PDN FF L. 


, 1 
In particular for every integer n there is a point x, in af ;) OF. Thus, 
n 


] , ; 

d(Xo, X,) < — Which implies that x, +> x9. Since x9 ¢F, this says the con- 
n 

dition fails. Ij 


3.3 Definition. If A < X then a point x in X is a limit point of A if there 
is a sequence {x,} of distinct points in A such that x = lim x,. 

The reason for the word “‘distinct’’ in this definition can be illustrated 
by the following example. Let X = C and let A = [0, 1] U {i}; each point 
in [0, 1] is a limit point of A but 7 is not. We do not wish to call a point such 
as i a limit point; but if “distinct” were dropped from the definition we 
could taken x, = i for each i and have i = lim x,. 


3.4 Proposition. (a) A set is closed iff it contains all its limit points. 

(b) If AC X then AT = AYU {x: x is a limit point of A}. 

The proof is left as an exercise. 

From real analysis we know that a basic property of R is that any sequence 
whose terms get closer together as 7 gets large, must be convergent. Such 
sequences are called Cauchy sequences. One of their attributes is that you 
know the limit will exist even though you can’t produce it. 


3.5 Definition. A sequence {x,} is called a Cauchy sequence if for every 
e > 0 there is an integer N such that d(x,, x,,) < € for all n, m = N. 

If (X, d) has the property that each Cauchy sequence has a limit in X 
then (X, d) is complete. 


3.6 Proposition. C is complete. 


Proof. lf {x,+iy,} is a Cauchy sequence in C then {x,} and {y,} are Cauchy 
sequences in R. Since R is complete, x, — x and y, — y for points x, yin R. 
It follows that x+iy = lim (x,+iy,), and so C is complete. 

Consider C,, with its metric d (I. 6.7 and I. 6.8). Let z,, z be points in C; 
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it can be shown that d(z,, z) > 0 if and only if |z,—z| — 0. In spite of this, 
any sequence {z,} with lim |z,| = oo is Cauchy in C,,, but, of course, is not 
Cauchy in C. 

If A < X we define the diameter of A by diam A = sup {d(x, y): x and 
y are in A}. 


3.7 Cantor’s Theorem. A metric space (X, d) is complete iff for any sequence 


{F,} of non-empty closed sets with F, > F, >... and diam F, 0, () F, 
consists of a single point. n=l 


Proof. Suppose (X, d) is complete and let {F,} be a sequence of closed sets 
having the properties: (i) F, > F, > ... and (ii) lim diam F,, = 0. For each 
n, let x, be an arbitrary point in F,; ifn, m >= N then x,, x,, are in Fy so that, 
by definition, d(x,, X,,) < diam Fy. By the hypothesis N can be chosen 
sufficiently large that diam Fy < ¢; this shows that {x,} is a Cauchy sequence. 
Since X is complete, x9 = lim x, exists. Also, x, is in Fy for alln > N 


[ @) 
since F, © Fy; hence, x9 is in Fy for every N and this gives x) ¢() F, = F. 
n=] 


So F contains at least one point; if, also, y is in F then both x, and y are in 
F,, for each n and this gives d(x 9, y) < diam F,, — 0. Therefore d(x, y) = 0, 
OF Xp = y. 

Now let us show that X¥ is complete if it satisfies the stated condition. 
Let {x,} be a Cauchy sequence in X and put F, = {x,, X,41,--.} 3 then 
F,>F,>.... If « > 0, choose N such that d(x,, x,,) < « for each n, 
m > N; this gives that diam {x,, x,.;,..-} < ¢ for n > N and so diam 
F, < ¢ for n = N (Exercise 3). Thus diam F, — 0 and, by hypothesis, there 
is a point xX» in X with {xg} = Fy NF, 9... . In particular xq is in F,, 
and so d(xo, X,) < diam F,,-—>0. Therefore, x, = lim x,. 

There is a standard exercise associated with this theorem. It is to find a 
sequence of sets {F,,} in R which satisfies two of the conditions: 

(a) each F, is closed, 

(b) Fy} > Fz >..., 

(c) diam F, > 0; 
but which has F = F, NF, ... either empty or consisting of more than 
one point. Everyone should get examples satisfying the possible combina- 
tions. 


3.8 Corollary. Let (X, d) be a complete metric space and let Y < X. Then 
(Y, d) is a complete metric space iff Y is closed in X. 


Proof. Suppose Y is closed; then it is easy to show that (Y, d) is complete by 
using the preceding theorem (Exercise 2). Now assume (Y, d) to be complete, 
let xo be a limit point of Y. Then there is a sequence {y,} of points in Y 
such that x» = lim y,. Hence {y,} is a Cauchy sequence (Exercise 5) and 
must converge to a point yg in Y, since (Y, d) is complete. It follows that 
Yo = Xo and so Y contains all its limit points. Hence Y is closed by Pro- 
position 3.4. 
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Exercises 


1. Prove Proposition 3.4. 

2. Furnish the details of the proof of Corollary 3.8. 

3. Show that diam A = diam A™. 

4. Let z,, z be points in C and let d be the metric on C,,. Show that |z,—z| > 0 
if and only if d(z,, z) 0. Also show that if |z,| > oo then {z,} is Cauchy 
in C,,. (Must {z,} converge in C,,?) 

5. Show that every convergent sequence in (X, d) is a Cauchy sequence. 
6. Give three examples of non complete metric spaces. 

7. Put a metric d on R such that |x,—x|-—>0 if and only if d(x,, x) ~0, 
but that {x,} is a Cauchy sequence in (R, d) when |x,| — oo. (Hint: Take 
inspiration from C,..) 

8. Suppose {x,} is a Cauchy sequence and {x,,} is a subsequence which is 
convergent. Show that {x,} must be convergent. 


§4. Compactness 


The concept of compactness is an extension of the benefits of finiteness to 
infinite sets. Most properties of compact sets are analogues of properties 
of finite sets which are quite trivial. For example, every sequence in a finite 
set has a convergent subsequence. This is quite trivial since there must be at 
least one point which is repeated an infinite number of times. However the 
same statement remains true if “‘finite’’ is replaced by “compact.” 


4.1 Definition. A subset K of a metric space X is compact if for every collec- 
tion Y of open sets in X with the property 


4.2 Kc {G: Ge}, 


there is a finite number of sets G,,..., G, in Y such that K ¢ G,; UG, U 
...UG,. A collection of sets Y satisfying (4.2) is called a cover of K; if 
each member of ¥ is an open set it is called an open cover of K. 

Clearly the empty set and all finite sets are compact. An example of a 


1 
non compact set is D = {zeC: |z| < 1}. If G, = \F lz} <1 —- * for n = 


2, 3,..., then {G,, G3,...} is an open cover of D for which there is no 
finite subcover. 


4.3 Proposition. Let K be a compact subset of X; then: 
(a) K is closed; 
(b) If F is closed and F < K then F is compact. 


Proof. To prove part (a) we will show that K = K~. Let x) ¢ K_ ; by Pro- 
= 1 
position 1.13(f), B(x9; «) ON K ¥ [J for each « > 0. Let G, = x— B(x ;) 


and suppose that x, ¢ K. Then each G, is open and K < |) G, (because (| 
n=1 


n=1 
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= j 
a( ) = {x,}). Since K is compact there is an integer m such that 
n 
m ~ 1 
Kc \(JG,. But G, © G, <...so that K< G, = x-A( x0 “) But this 
n=1 m 


| 
gives that Af *) © K = [), a contradiction. Thus K = K™ 


To prove part (b) let Y be an open cover of F. Then, since F is closed, 
GU {X—F} is an open cover of K. Let G,,..., G, be sets in Y such that 
KcoG,U...UG,U(X-F). Clearly, F< G,U...UG, and so F is 
compact. 

If FY is a collection of subsets of X we say that ¥ has the finite inter- 
section property (f.i.p.) if whenever {F,, F,,...,F,} © FF, Fy NF, NN... 0 
F, # (. An example of such a collection is {D—G,, D—G;3,...} where 
the sets G, are as in the example preceding Proposition 4.3. 


4.4 Proposition. A set K < X is compact iff every collection F of closed 
subsets of K with the fi.p. has (\ {F: Fe F} 4 0. 


Proof. Suppose K is compact and ¥ is a collection of closed subsets of K 
having the f.ip. Assume that () {F: Fe #} = (1 and let Y = {X-F: 
Fe F}. Then, |) {X-F: Fe F}=X-—(\{F: Fe F}=X by the 
assumption; in particular, G is an open cover of K. Thus, there are F,,..., 


F,¢F such that Kc U (X-F)=X- a F,. But this gives that iy F, 


k=1 
< X—K, and since each F, is a subset of K it must be that ia) Fi, = O. This 
contradicts the f.i.p. 

The proof of the converse is left as an exercise. J 


4.5 Corollary. Every compact metric space is complete. 


Proof. This follows easily by applying the above proposition and Theorem 
3.7. B 


4.6. Corollary. If X is compact then every infinite set has a limit point in X. 


Proof. Let S be an infinite subset of X and suppose S has no limit points. 
Let {a,, a),..-.} be a sequence of distinct points in S; then F, = {a,, 
Qnt1>+++} also has no limit points. But if a set has no limit points it contains 
all its limits points and must be closed! Thus, each F, is closed and {F;: 


io 2) 
n > 1} has the f.i.p. However, since the points a,, a2, ... are distinct, () F, 
= [], contradicting the above proposition. IJ n=1 


4.7 Definition. A metric space (X, d) is sequentially compact if every sequence 
in X has a convergent subsequence. 

It will be shown that compact and sequentially compact metric spaces 
are the same. To do this the following is needed. 


4.8 Lebesgue’s Covering Lemma. Jf (X, d) is sequentially compact and 
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G is an open cover of X then there is an « > O such that if x is in X, there is a 
set G in Y with B(x; «) < G. 


Proof. The proof is by contradiction; suppose that Y is an open cover of X 
and no such e > O can be found. In particular, for every integer n there is a 


point x, in X such that af is not contained in any set G in Y. Since X 
n 


is sequentially compact there is a point x) in X and a subsequence {x,,} 
such that x) = lim x,,. Let Go¢¥Y such that x9¢G, and choose « > 0 
such that B(x9; «) © Go. Now let N be such that d(x, X,,) < ¢/2 for all 
n, = N. Let n, be any integer larger than both N and 2/e, and let y € B(x,,; 
I/n,). Then d(Xo, y) S AXo, Xn) +X,» Y) < €/2+1/n, < ¢. That is, BO,,3 
1/n,) — B(x; ©) © Go, contradicting the choice of x,,. I 

There are two common misinterpretations of Lebesgue’s Covering 
Lemma; one implies that it says nothing and the other that it says too much. 
Since FY is an open covering of X it follows that each x in X is contained in 
some G in Y. Thus there is an « > 0 such that B(x; «) € G since G is open. 
The lemma, however, gives one « > 0 such that for any x, B(x; «) is con- 
tained in some member of Y. The other misinterpretation is to believe that 
for the « > 0 obtained in the lemma, B(x; «) is contained in each G in GY 
such that x eG. 


4.9. Theorem. Let (X,d) be a metric space; then the following are equivalent 
statements: 
(a) X is compact; 
(b) Every infinite set in X has a limit point; 
(c) X is sequentially compact; 
(d) X is complete and for every « > 0 there are a finite number of points 
X1,-..,X, in X such that 


XxX = ( ) Bx, 3 €). 
k=1 
(The property mentioned in (d) is called total boundedness.) 


Proof. That (a) implies (b) is the statement of Corollary 4.6. 

(b) implies (c): Let {x,} be a sequence in X and suppose, without loss of 
generality, that the points x,, x,,... are all distinct. By (b), the set {x,, 
X2,...} has a limit point x9. Thus there is a point x,, € B(xo; 1); similarly, 
there is an integer n. > n, with x,, ¢ B(xo; 1/2). Continuing we get integers 
Ny < ny <..., with x,, ¢ B(x; 1/k). Thus, x) = lim x,, and X is sequen- 
tially compact. 

(c) implies (d): To see that X is complete let {x,} be a Cauchy 
sequence, apply the definition of sequential compactness, and appeal to 
Exercise 3.8. 

Now let « > 0 and fix x, ¢ X. If X = B(x,; «) then we are done; other- 
wise choose x, ¢ X— B(x,;«). Again, if X = B(x,;¢) U B(x2;«) we are done; 
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if not, let x; ¢ X—[B(x,; «) U B(x,; «)]. If this process never stops we find a 
sequence {x,,} such that 


Xn41 EX — U BX;,; €)- 
k=1 


But this implies that for n # m, d(x,, X,) = ¢« > 0. Thus {x,} can have no 
convergent subsequence, contradicting (c). 

(d) implies (c): This part of the proof will use a variation of the “pigeon 
hole principle.”” This principle states that if you have more objects than you 
have receptacles then at least one receptacle must hold more than one 
object. Moreover, if you have an infinite number of points contained in a 
finite number of balls then one ball contains infinitely many points. So 
part (d) says that for every « > 0 and any infinite set in X, there is a point 
y€X such that B(y; «) contains infinitely many points of this set. Let {x,} 
be a sequence of distinct points. There is a point y, in X and a subsequence 
{x} of {x,} such that {x} < B(y,; 1). Also, there is a point y, in XY 
and a subsequence {x®} of {x} such that {x} < B(y,;4). Continuing 
for each integer k > 2 there is a point y, in X and a subsequence {x} of 
{x@—-)} such that {x} < B(y,; 1/k). Let F, = {x}~ ; then diam F, < 2/k 


and F, > F, >... . By Theorem 3.6, ia) F, = {xo}. We claim that x) > 


Xo (and {x} is a subsequence of {x, y). In fact, x9 ¢ F, so that d(xo, x) < 
diam F, < 2/k, and xy = lim x. 

(c) implies (a): Let Y be an open cover of XY. The preceding lemma gives 
an « > 0 such that for every x « X there is a Gin Y with B(x; «) < G. Now 
(c) also implies (d); hence there are points x,,...,x, in X such that 


X = U Bs e). Now for 1 < k < nthere isa set G, ¢ Y with B(x,; 6) < G. 
Hence Y= U G,; that is, {G,,..., G,} is a finite subcover of @. 
This completes the proof of the theorem. J 


4.10 Heine-Borel Theorem. A subset K of R" (n = 1) is compact iff K is closed 
and bounded. 


Proof. If K is compact then K is totally bounded by part (d) of the preceding 
theorem. It follows that K must be closed (Proposition 4.3); also, it is easy to 
show that a totally bounded set is also bounded. 

Now suppose that K is closed and bounded. Hence there are real numbers 
a,,.--.,a, and b,,..., 5, such that K < F = [a,, b,|x... x{a,, 5,|. If it can 
be shown that F is compact then, because K is closed, it follows that K is 
compact (Proposition 4.3(b)). Since R” is complete and F is closed it follows 
that F is complete. Hence, again using part (d) of the preceding theorem we 
need only show that F is totally bounded. This is easy although somewhat 
“messy” to write down. Let « > 0; we now will write F as the union of 
n-dimensional rectangles each of diameter less than «. After doing this we 


will have F < |) B(x,; «) where each x, belongs to one of the aforementioned 
k=1 
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rectangles. The execution of the details of this strategy is left to the reader 
(Exercise 3). 


Exercises 


1. Finish the proof of Proposition 4.4. 
2. Let p = (p,,.--;p,) and g = (q,,.-.-,49,) be points in R” with p, < q, 
for each k. Let R = [p,, q,]<...X[p,, 7,| and show that 


diam R = d(p, q) = |, a-Po?| 


3. Let F = [a,, b,)x...xl[a,, 5,] < R” and let « > 0; use Exercise 2 to 


2 


show that there are rectangles R,,..., R,, such that F = |) R, and diam 
k=1 


R, < ¢ for each k. If x, ¢ F, then it follows that R, < B(x,; «). 

4. Show that the union of a finite number of compact sets is compact. 

5. Let X be the set of all bounded sequences of complex numbers. That is, 
{x,}¢X iff sup {|x,|/: 2 = 1}< o. If x = {x,} and y = {y,}, define 
d(x, y) = sup {|x,—y,|: 2 = 1}. Show that for each x in XY and « > 0, B(x; 6) 
is not totally bounded although it is complete. (Hint: you might have an 
easier time of it if you first show that you can assume x = (0, 0,...).) 

6. Show that the closure of a totally bounded set is totally bounded. 


§5. Continuity 


One of the most elementary properties of a function is continuity. The 
presence of continuity guarantees a certain degree of regularity and smooth- 
ness without which it is difficult to obtain any theory of functions on a metric 
space. Since the main subject of this book is the theory of functions of a 
complex variable which possess derivatives (and so are continuous), the study 
of continuity is basic. 


5.1 Definition. Let (X, d) and (Q, p) be metric spaces and let f: ¥ > Q be 
a function. If ae X and w €Q, then lim f(x) = w if for every « > O there isa 


3d > 0 such that p(/(x), w) < « whenever 0 < d(x, a) < 6. The function f is 
continuous at the point a if lim f(x) = f(a). If fis continuous at each point of 


x—>a 
X then f is a continuous function from X to Q. 


5.2 Proposition. Let f: (X, d) > (Q, p) be a function and ae X, « = f(a). 
The following are equivalent statements: 

(a) f is continuous at a; 

(b) For every « > 0, f~1(B(@; ©)) contains a ball with center at a; 

(c) a = lim f(x,) whenever a = lim x,. 

The proof will be left as an exercise for the reader. 

That was the last proposition concerning continuity of a function at a 
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point. From now on we will concern ourselves only with functions continuous 
on all of X. 


5.3 Proposition. Let f: (X, d) > (Q, p) be a function. The following are 
equivalent statements: 

(a) fis continuous; 

(b) If A is open in Q then f~'(A) is open in X; 

(c) If T is closed in Q then f~*(L) is closed in X. 


Proof. (a) implies (b): Let A be open in Q and let x ¢f~*(A). If w = f(x) 
then w is in A; by definition, there is an « > 0 with B(w; «) < A. Since f is 
continuous, part (b) of the preceding proposition gives a 6 > 0 with B(x; 8) 
< f~'(Biw; ©) < f~*(A). Hence, f~7(A) is open. 

(b) implies (c): If f < Q is closed then let A = Q—T. By (b), f~'(A) = 
X—f~'(L) is open, so that f~*(T) is closed. 

(c) implies (a): Suppose there is a point x in XY at which fis not continuous. 
Then there is an « > 0 and a sequence {x,} such that p(/(x,), f(x)) = « 
for every n while x = lim x,. Let TF = Q—B(f(x); ©); then T' is closed and 
each x, is in f~‘(I). Since (by (c)) f~*(L) is closed we have x ¢ f~‘(I). But 
this implies p(/(x), f(x)) = « > 0, a contradiction. Ij 

The following type of result is probably well understood by the reader; 
and so the proof is left as an exercise. 


5.4 Proposition. Let f and g be continuous functions from X into C and let 
a, BEC. Then of +Bg and fg are both continuous. Also, f/g is continuous 
provided g(x) # 0 for every x in X. 


5.5 Proposition. Let f: X — Y and g: Y — Z be continuous functions. Then go f 
(where go f(x) = g(f(x))) is a continuous function from X into Z. 


Proof. If U is open in Z then g~'(U) is open in Y; hence, f~'(g~‘(U)) = 
(gof)~'(U) is open in X. 


5.6 Definition. A function f: (X¥, d) > (Q, p) is uniformly continuous if for 
every « > 0 there is a6 > O (depending only on e) such that p(/(x), f(y)) < « 
whenever d(x, y) < 6. We say that fis a Lipschitz function if there is a constant 
M > Osuch that p(f(x), f(y)) < Md(x, y) for all x and y in X. 

It is easy to see that every Lipschitz function is uniformly continuous. 
In fact, if « is given, take 6 = ¢/M. It is even easier to see that every uniformly 
continuous function is continuous. What are some examples of such func- 
tions? If X = Q=R then f(x) = x* is continuous but not uniformly 
continuous. If X = Q = [0, 1] then f(x) = x* is uniformly continuous but 
is not a Lipschitz function. The following provides a wealthy supply of 
Lipschitz functions. 

Let A < X and x eX; define the distance from x to the set A, d(x, A), by 


d(x, A) = inf {d(x, a): ae A}. 


5.7 Proposition. Let A < X; then: 
(a) d(x, A) = d(x, A>); 
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(b) dx, A) =O0iffxeA'; 
(c) |d(x, A)—d(y, A)| < d(x, y) for all x, y in X. 


Proof. (a) If A < B then it is clear from the definition that d(x, B) < d(x, A). 
Hence, d(x, A~) < d(x, A). On the other hand, if « > 0 there is a point 
yin A” such that d(x, A~) = d(x, y)—«/2. Also, there is a point a in A with 
d(y, a) < «/2. But |d(x, y)—d(x, a)| < d(y, a) < «/2 by the triangle inequality. 
In particular, d(x, y) > d(x, a)—«/2. This gives, d(x, A”) = d(x, a)-—e = 
d(x, A)—e. Since e was arbitrary d(x, A~) = d(x, A), so that (a) is proved. 

(b) If xe A~ then 0 = d(x, A~) = d(x, A). Now for any x in X there is 
a minimizing sequence {a,} in A such that d(x, A) = lim d(x, a,). So if 
d(x, A) = 0, lim d(x, a,) = 0; that is, x = lima, andsoxeA™. 

(c) For ain A d(x, a) < d(x, y)+d(y, a). Hence, d(x, A) = inf {d(x, a): 
ae A} < inf {d(x, y)+d(y, a):ae A} = d(x, y)+ dy, A). This gives d(x, A)— 
d(y, A) < d(x, y). Similarly d(y, A)—d(x, A) < d(x, y) so the desired in- 
equality follows. § 

Notice that part (c) of the proposition says that f: X > R defined by 
S(x) = d(x, A) is a Lipschitz function. If we vary the set A we get a large 
supply of these functions. 

It is not true that the product of two uniformly continuous (Lipschitz) 
functions is again uniformly continuous (Lipschitz). For example, f(x) = x 
is Lipschitz but f-fis not even uniformly continuous. However if both f and 
g are bounded then the conclusion is valid (see Exercise 3). 

Two of the most important properties of continuous functions are 
contained in the following result. 


5.8 Theorem. Let f: (X, d) — (Q, p) be a continuous function. 
(a) If X is compact then f(X) is a compact subset of Q. 
(b) If X is connected then f(X) is a connected subset of Q. 


Proof. To prove (a) and (b) it may be supposed, without loss of generality, 
that f(X) = Q. (a) Let {w,} be a sequence in Q; then there is, for each 
n> 1, a point x, in X with w, = f(x,). Since X is compact there is a point 
x in X and a subsequence {x,, } such that x = lim x,,. But if w = f(x), then 
the continuity of f gives that w = lim w,,; hence Q is compact by Theorem 
4.9. (b) Suppose & < Q is both open and closed in Q and that X # (7. 
Then, because f(X) = 0, 1) # f~'(2); also, f~'(2) is both open and closed 
because f is continuous. By connectivity, f~*(2) = X and this gives Q = &. 
Thus, 2 is connected. 


5.9 Corollary. If f: X —Q is continuous and K < X is either compact or 
connected in X then f(K) is compact or connected, respectively, in Q. 


5.10 Corollary. If f: X — R is continuous and X is connected then f(X) is an 
interval. 

This follows from the characterization of connected subsets of R as 
intervals. 
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5.11 Intermediate Value Theorem. /f f: [a, b] — R is continuous and f(a) < & 
< f(b) then there is a point x, a < x < b, with f(x) = €. 


5.12 Corollary. If f: X — R is continuous and K < X is compact then there are 
points X9 and yo in K with f(x,) = sup {f(x): x € K} and f(y,) = inf {f@): 
xe K}. 


Proof. If « = sup {f(x): x ¢ K} then « is in f(K) because /(K) is closed and 
bounded in R. Similarly 8 = inf {/f(x): x ¢ K} is in f(K). 


5.13 Corollary. if K < X is compact and f: X —C is continuous then there 
are points Xy and Yo in K with 


[f(%o)| = sup {[fQ)|: x ¢ K} and |f(yo)| = inf {[f(@)|: x € K}. 


Proof. This corollary follows from the preceding one because g(x) = | f(x)| 
defines a continuous function from YX into R. 


5.14 Corollary. If K is a compact subset of X and x is in X then there is a 
point y in K with d(x, y) = d(x, K). 


Proof. Define f: X > R by f(y) = d(x, y). Then f is continuous and, by 
Corollary 5.12, assumes a minimum value on K. That is, there is a point 
y in K with f(y) < f(z) for every ze K. This gives d(x, y) = d(x, K). Bf 

The next two theorems are extremely important and will be used re- 
peatedly throughout this book with no specific reference to the theorem 
numbers. 


5.15. Theorem. Suppose f: X — Q is continuous and X is compact; then f is 
uniformly continuous. 


Proof. Let « > 0; we wish to find a 6 > 0 such that d(x, y) < 6 implies 
p({(x), f(y) < «. Suppose there is no such 6; in particular, each 6 = I/n 
will fail to work. Then for every m = 1 there are points x, and y, in X with 
Ux, Y,) < 1/n but p(f(x,), fy,)) = ¢. Since X is compact there is a sub- 
sequence {x,,} and a point xe X with x = lim x,,. 


Claim. x = lim y,,. In fact, d(x, Yn,) < Ux, X,,,) +1/m, and this tends to zero 
as k goes to oo. 
But if w = f(x), » = lim f(,,) = lim f(y,,) so that 


eS p(f(%:,),fOn,)) 
< p(f(%n,), &) + p(o, fn) 


and the right hand side of this inequality goes to zero. This is a contradiction 
and completes the proof. J 


5.16. Definition. If A and B are subsets of X then define the distance from 
A to B, d(A, B), by 


d(A, B) = inf {d(a, b): ae A, be B}. 
Notice that if B is the single-point set {x} then d(A, {x}) = d(x, A). If 
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A = {y} and B= {x} then d({x}, {y}) = d(x, y). Also, if ANBA 
then d(A, B) = 0, but we can have d(A, B) = 0 with A and B disjoint. The 
most popular type of example is to take A = {(x, 0): xe R} ¢ R? and 
B= {(x, e*): xe R}. Notice that A and B are both closed and disjoint and 
still d(A, B) = 0. 


5.17 Theorem. Jf A and B are disjoint sets in X with B closed and A compact 
then d(A, B) > 0. 


Proof. Define f: X > R by f(x) = d(x, B). Since A NM B = (J and Bis closed, 
f(a) > 0 for each a in A. But since A is compact there is a point a in A such 
that 0 < f(a) = inf {f(x): xe A} = dA, B). Bi 


Exercises 


1. Prove Proposition 5.2. 

2. Show that if fand g are uniformly continuous (Lipschitz) functions from 
X into C then so is f+g. 

3. We say that f: X +C is bounded if there is a constant M > 0 with 
|f(x)| < M for all x in X. Show that if f and g are bounded uniformly 
continuous (Lipschitz) functions from X into C then so is fg. 

4. Is the composition of two uniformly continuous (Lipschitz) functions 
again uniformly continuous (Lipschitz)? 

5. Suppose f: X — Q is uniformly continuous; show that if {x,,} is a Cauchy 
sequence in X then {f(x,)} is a Cauchy sequence in ©. Is this still true if we 
only assume that fis continuous? (Prove or give a counterexample.) 

6. Recall the definition of a dense set (1.14). Suppose that Q is a complete 
metric space and that /: (D, d) > (Q; p) is uniformly continuous, where D is 
dense in (X, d). Use Exercise 5 to show that there is a uniformly continuous 
function g: X — Q with g(x) = f(x) for every x in D. 

7. Let G be an open subset of C and let P be a polygon in G from a to Bb. 
Use Theorems 5.15 and 5.17 to show that there is a polygon Q © G from a 
to 6 which is composed of line segments which are parallel to either the real 
or imaginary axes. 

8. Use Lebesgue’s Covering Lemma (4.8) to give another proof of Theorem 
5.15. 

9. Prove the following converse to Exercise 2.5. Suppose CX, d) is a compact 
metric space having the property that for every e > O and for any points a, 
b in X, there are points Zo, Z,;,...,Z, in X with zg = a, z, = b, and d(z,_4, 
z,) < «efor 1 < k <n. Then (X, d) is connected. (Hint: Use Theorem 5.17.) 
10. Let f and g be continuous functions from (CX, d) to (Q, p) and let D be 
a dense subset of X. Prove that if f(x) = g(x) for x in D then f = g. Use 
this to show that the function g obtained in Exercise 6 is unique. 


§6. Uniform convergence 


Let X be a set and (Q, p) a metric space and suppose f, f;, f5,... are 
functions from X into Q. The sequence {f,,} converges uniformly to f—written 
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f= u-lim f,—if for every « > 0 there is an integer N (depending on « 
alone) such that p( f(x), f,(x)) < ¢ for all x in XY, whenever n > N. Hence, 


sup {p(f(x), fn(X)): XEX} Se 


whenever n > N. 
The first problem is this: If X is not Just a set but a metric space and each 
f, is continuous does it follow that fis continuous? The answer Is yes. 


6.1 Theorem. Suppose f,: (X, d) — (Q, p) is continuous for each n and that 
f = u—lim f,; then f is continuous. 


Proof. Fix x9 in X and « > 0; we wish to find a 6 > O such that p(/(xo), 
FS(x)) < € when d(xo, x) < 6. Since f = u—lim f,, there is a function f, with 
p(x), f,(x)) < «/3 for all x in X. Since f, is continuous there is a 6 > 0 
such that p(f,(x9), f,(x)) < «/3 when d(xo, x) < 6. Therefore, if d(x, x) <6, 


P(F(%0), FX) S PF 0), fn(%0)) + PTX 0), Sx) + Pn), F(X) < ¢. 
Let us consider the special case where 2 = C. If u,: X > C, let f(x) = 


u,(x)+.. tu (x). We say f(x) = x u(x) iff f(x) = lim f,(x) for each x in X. 
The series Y u, 1S uniformly convergent to f iff f = u—lim f,. 


6.2 Weierstrass M-Test. Let u,: X > C bea function such that en(>)I < M, 


for every x in X and suppose the constants satisfy y M,, < ©. Then Y u, is 


uniformly convergent. 


Proof. Let f,(x) = u,(x)+...+u,(x). Then for n > m, 
fil) —fi(%)| = [Une 1C)+...+u,(x)| < >) M,, for each x. Since s M, 


converges, { f,(x)} is a Cauchy sequence in C. Thus there is a number eC 
with € = lim f(x). Define f(x) = €; this gives a function f: XY > C. Now 


POAC =| m1 < Yue s Yo Mas 


[ee] 


CO 
since d M, is convergent, for any « > O there is aninteger Nsuch that ) 
k=n+1 


M,, < « whenever n > N. This gives | f(x)—f,(x)| < ¢ for all x in X when 
n>=>N.§ 


Exercise 


1. Let {f,} in a sequence of uniformly continuous functions from (X, d) 
into (Q, p) and suppose that f = u—lim f, exists. Prove that fis uniformly 
continuous. If each f, is a Lipschitz function with constant M, and sup 
M,, < ©, show that fis a Lipschitz function. If sup M, = 00, show that f 
may fail to be Lipschitz. 


Chapter II 


Elementary Properties and Examples of 
Analytic Functions 


§1. Power series 


In this section the definition and basic properties of a power series will 
be given. The power series will then be used to give examples of analytic 
functions. Before doing this it is necessary to give some elementary facts on 
infinite series in C whose statements for infinite series in R should be well 


known to the reader. If a, is in C for every n > 0 then the series y an, 
converges to z iff for every « > 0 there is an integer N such that | y a, 2 < € 
whenever m > N. The series )) a, converges absolutely if ¥ a,| ‘converges. 
1.1 Proposition. [f }' a, converges absolutely then )\ a, converges. 

Proof. Let « > 0 and put z, = agt+a,+...+a,. Since ¥ |a,| converges 
there is an integer N such that y |a,| < e. Thus, ifm>k => N, 

m -_ m © 
Zm—Zal =| D Gl S Dd lal < dD lal <e. 
n=k+1 n=k+1 n=N 


That is, {z,} is a Cauchy sequence and so there is a z in C with z = lim z,, 
Hence )) a, = z. 

Also recall the definitions of limit inferior and superior of a sequence in 
R. If {a,} is a sequence in R then define 


lim inf a, = lim [inf {a,, a,41,...3] 
lim sup a, = lim [sup {a,, Qr41,-.-.-}] 


An alternate notation for lim inf a, and lim sup a, is lim a, and lim a,. If 
b, = inf {a,, Q,41,...} then {b,} is an increasing sequence of real numbers 
or {— oo}. Hence, lim inf a, always exists although it may be + oo. Similarly 
lim sup a, always exists although it may be + oo. 


A number of properties of lim inf and lim sup are included in the exercises 
of this section. 


A power series about a is an infinite series of the form Dy a,(z— a)". One 
of the easiest examples of a power series (and one of the most useful) is the 


geometric series x z". For which values of z does this series converge and 
n=0 


30 


Power series 31 
when does it diverge? It is easy to see that 1~z"*! = (1—z) (l+z+...+2"), 
so that 

1 _ ght 1 


1.2 l+z+...42" = 
1-—z 


If |z| < 1 then 0 = lim z” and so the geometric series is convergent with 


If |z| > 1 then lim |z|” = oo and the series diverges. Not only is this result 
an archetype for what happens to a general power series, but it can be used 
to explore the convergence properties of Power series. 


1.3 Theorem. For a given power series y a,(z—a)”" define the number R, 
O< R< ~w, by =0 


I 
—_— = li 1/n 
im sup |a,| 
then: 


(a) if |z—al < R, the series converges absolutely: 


(b) if |z—a| > R, the terms of the series become unbounded and so the 
series diverges; 


(c) if0<r< R then the series converges uniformly on {z: |z] <r}. 
Moreover, the number R is the only number having properties (a) and (b). 


Proof. We may suppose that a = 0. If |z| < R there is an r with |z| < r < R. 


; ] 1 
Thus, there is an integer N such that |a,|'" < - ~ for all n => N{ because - > 
r 


1 1 
} But then {a,| <5 - and so |a,z"| < (= Hy for all n => N. This says that 


; . . z|\" Zz 
the tail end y a,z" is dominated by the series ¥ i2| , and since i2\ <1 
n=N r r 


the power series converges absolutely for each |z| < R. 
Now suppose r < R and choose p such that r < p < R. As above, let 


l n 
N be such that |a,| < — for all nm > N. Then if |z] < r, |a,z”| < (<) and 
p P 


(*) < 1. Hence the Weierstrass M-test gives that the power series converges 
uniformly on {z: |z| <r}. This proves parts (a) and (c). 

To prove (b), let |z| > R and choose r with |z| > r > R. Hence : < E ; 
from the definition of lim sup, this gives infinitely many integers n with 
< |a,|'/". It follows that |a,z"| > (2) and, since (=) > 1, these terms 
become unbounded. J 

The number R is called the radius of convergence of the power series. 
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1.4 Proposition. If 5° a,(z—a)" is a given power series with radius of con- 
vergence R, then 


R = lim lan! Qn + 1| 
if this limit exists. 


Proof. Again assume that a = 0 and let « = lim |a,/a,,,|, which we suppose 
to exist. Suppose that |z| < r <a and find an integer N such that r < 
la,/Q,+1| for all n > 2 N. Let B= lanle's then lays,|r¥*1 = lay,,|rr* < 
lay|r” = B; |ay4.\r"*? = lay,,|rr¥** < |ay,,|r°*? < B; continuing we get 


la,r"| < B for all n = N. But then |ayz"| = |ay"| Er < BD for alln > N. 


Since |z| < r we get that y |a,z"| is dominated by a convergent series and 
a= 
hence converges. Since r < « was arbitrary this gives that « < R. 
On the other hand if |z| > r > «, then |a,| < rla,.,| for all m larger than 
some integer N. As before, we get |a,r"| > B= layr“| for n > N. This 
, zy", , 
gives |a,z"| > Bo which approaches oo as n does. Hence, )° a,z” diverges 
r 
and so R< a. Thus R= a. 


n 


. . “2 oe . . 
Consider the series )) 3 by Proposition 1.4 we have that this series 
n=90 hn! 


has radius of convergence oo. Hence it converges at every complex number 
and the convergence is uniform on each compact subset of C. Maintaining a 
parallel with calculus, we designate this series by 


the exponential series or function. 


Recall the following proposition from the theory of infinite series (the 
proof will not be given). 


1.5 Proposition. Let }° a, and Y) b, be two absolutely convergent series and put 


n 
CG, = Y ab, 
k=0 
Then )\ c, is absolutely convergent with sum 


(2, an) (X, Bn): 


1.6 Proposition. Let }' a,(z—a)" and ¥\ b,(z—a)" be power series with radius 
of convergence >r > O. Put 


n 


Ch = >, aDa—x3 


k=0 


then both power series )' (a,+5,) (z—a)" and >| c,(z—a)" have radius of con- 
vergence >r, and 
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> (4, +5,) (z—a)” = [¥ a,(z—a)’ + ¥. b,(z—a)"] 
>) 6(z—a)” = [¥ a,(z—a)"] [D 5,(z—)"] 
for |z—al <r. 


Proof. We only give an outline of the proof. If 0 < s < r then for |z| < s, 


we get >) |a,+8,| |Z" < ¥ la, |s"+), [8,|s" < 00; ¥ Je,l lz!" < (& la,ls") 
(>; |8,|s") < oo. From here the proof can easily be completed. 


Exercises 


1. Prove Proposition 1.5. 

2. Give the details of the proof of Proposition 1.6. 

3. Prove that lim sup (a,+5,) < lim sup a,+lim sup 5, and lim inf (a,+45,) 

> lim inf a,+lim inf b, for {a,} and {b,,} sequences of real numbers. 

4. Show that lim inf a, < lim sup a, for any sequence in R. 

5. If {a,} is a convergent sequence in R and a = lim a,, show that a = lim 

inf a, = lim sup a,. 

6. Find the radius of Convergence for each of the following power series: 

(a) y a"z",aeC; (b) y az", aeC; (c) x k"2", k an integer 40; (d) y zm 
n=0 

7. Show that the radius of convergence “of the power series 


S (- 1)" gh(nt 1) 
n=1 n 


is 1, and discuss convergence for z = 1, —1, and i. (Hint: The nth co- 
efficient of this series is not (—1)"/n.) 


§2. Analytic functions 


In this section analytic functions are defined and some examples are 
given. It is also shown that the Cauchy-Riemann equations hold for the real 
and imaginary parts of an analytic function. 


2.1 Definition. If G is an open set in C and f: G->C then f is differentiable 
at a point a in G if 
im 1a) —f(a) 


k-O h 


exists; the value of this limit is denoted by f’(a) and is called the derivative of 
f at a. If fis differentiable at each point of G we say that fis differentiable 
on G. Notice that if f is differentiable on G then f’(a) defines a function 
f’':G—>C.Iff’ is continuous then we say that fis continuously differentiable. 
If f’ is differentiable then fis twice differentiable; continuing, a differentiable 
function such that each successive derivative is again differentiable is called 
infinitely differentiable. 

(Henceforward, all functions will be assumed to take their values in C 
unless it is stated to the contrary.) 
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The following was surely predicted by the reader. 


2.2 Proposition. Jf f: G->C is differentiable at a point a in G then f is 
continuous at a. 


Proof. In fact, 
lim lf(2)—-f(@| = tim a fe") lim e—al] = f’(a):0 = 0. B 


2.3 Definition. A function f: G — C is analytic if f is continuously differenti- 
able on G. 

It follows readily, as in calculus, that sums and products of functions 
analytic on G are analytic. Also, if f and g are analytic on G and G, is the 
set of points in G where g doesn’t vanish, then f/g is analytic on G,. Also, 
the usual laws for the derivatives of sums, products and quotients apply. 


2.4 Chain Rule. Let f and g be analytic on G and Q respectively and suppose 
f(G) © Q. Then go f is analytic on G and 


(g of) 2) =e ¢@)F@) 
for all z in G. 


Proof. At this point we only prove this theorem under the additional 
assumption that for a given Zz) in G there is anr > Osuch that for0 < |z—z,| 
< r, f(z) # f(Zo). This is easily seen to be the case if f’(z.) 4 0. It is a remark- 
able fact that this is the case for every non-constant analytic function f (see 
Corollary IV. 3.8). If f is constant, then go fis also constant and the pro- 
position holds. 
So we assume that f(z) # f(Zo) for 0 < |z—Z,| < vr. If 0 < |A| <r, then 
fZot+h) # f(Zo) and 
Se f(Zoth)—sefZo)  gfZot))—8Go)) fGo+—fEo) 


enna e UE Er Ete eaaemneeeeadeneresneanatemeese cane eseteneneaememennene 


h fo +h) —fZo) h 


Since lim [f(Z9+/)—/f(Zo)] = 0 by the preceding proposition, we have 

that A> 0 
jim SLC AM = BE) - grey fee). 
h-0 

In order to define the derivative, the function was assumed to be defined 
on an open set. If we say fis analytic on a set A and A is not open, we mean 
that fis analytic on an open set containing A. 

Perhaps the definition of analytic function has been anticlimatic to many 
readers. After seeing books written on analytic functions and year-long 
courses and seminars on the theory of analytic functions, one can excuse a 
certain degree of disappointment in discovering that the definition has 
already been encountered in calculus. Is this theory to be a simple generaliza- 
tion of calculus? The answer is a resounding no. To show how vastly different 
the two subjects are let us mention that we will show that a differentiable 
function is analytic. This is truly a remarkable result and one for which there 
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is-no analogue in the theory of functions of a real variable (e.g., consider 


1 : ; ; 
x? sin :) . Another equally remarkable result is that every analytic function 


is infinitely differentiable and, furthermore, has a power series expansion about 
each point of its domain. How can such a humble hypothesis give such far- 
reaching results? One can get some indication of what produces this phe- 
nomenon if you consider the definition of derivative. 

In the complex variable case there are an infinity of directions in which a 
variable can approach a point a. In the real case, however, there are only two 
avenues of approach. Continuity, for example, of a function defined on R 
can be discussed in terms of right and left continuity; this is far from the 
case for functions of a complex variable. So the statement that a function of 
a complex variable has a derivative is stronger than the same statement about 
a function of a real variable. Even more, if we consider a function f defined 
on G € C as a function of two real variables by putting g(x, y) = f(x+iy) 
for (x, y) ¢ G, then requiring that f be Frechet differentiable will not ensure 
that f has a derivative in our sense. 

In an exercise we ask the reader to show that f(z) = |z|? has a derivative 
only at z = 0; but, g(x, y) = f(xt+iy) = x*+y” is Frechet differentiable. 

That differentiability implies analyticity is proved in Chapter IV; but 
right now we prove that power series are analytic functions. 


2.5 Proposition. Let f(z) = >\a,(z—a)" have radius of convergence R > 0. 
Then: n=0 
(a) For each k > 1 the series 


2.6 y nn—1)...(a—k+1a,(z—a)"* 
n=k 


has radius of convergence R; 
(b) The function f is infinitely differentiable on B(a; R) and, furthermore, 
f(z) is given by the series (2.6) for all k > 1 and \z—al < R; 
(c) Forn = 0, 


1 
2.7 a, = —f aq), 
n! 


Proof. Again assume that a = 0. 

(a) We first remark that if (a) is proved fork = 1 thenthecasesk = 2,... 
will follow. In fact, the case kK = 2 can be obtained by applying part (a) for 
k = | to the series )\ na,(z—a)"~*. We have that R~! = lim sup |a,|!/"; we 
wish to show that R~* = lim sup |na,|'/“~ ». Now it follows from l’H6pital’s 


. logn 
rule that lim —°” = 0, so that lim n!/“~) = 1, The result will follow from 


n>o A— n-> co 
Exercise 2 if it can be shown that lim sup |a,|‘/°~? = R71. 
Let R’ = lim sup |a,|'/“"; then R’ is the radius of convergence of 
oO 


© 
DIZ" * = D1 y4 12". Notice that z ¥ a,44Z"+a9 = > a,z"; hence if |z] < R’ 
i 0 
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then ¥° |a,2"| < |ao|+ |z| ¥ la,412"| < 00. This gives R’ < R. If |z| < Rand 

z #0 then ) [a,z"| < co and ¥ [a,442"| < vl Y> |a,z"| + le < 00, sO 

that R < R’. This gives that R= R’ and completes the proof of part (a). 
(b) For |z| < R put g(z) = x na,z" *, 8,(Z) = >, a,z*, and R,(z) = s 


k=n+1 
a,z*. Fix a point w in B(O; R) and fix r with |w| c r < R; we wish to show 


that f’(w) exists and is equal to g(w). To do this let 5 > 0 be arbitrary except 
for the restriction that B(w; 8) < B(O; r). (We will further restrict 5 later in 
the proof.) Let ze B(w; 5); then 


(z)-f(w SiAZ) — Sp w) ! ’ 
28 LOY) _ ayy = = - 50) | + [si(w)—g()] 
Z—W zZ—W 
R(z)—R 
+| n(Z) | 
Z—Ww 
Now 
R,zZ)—R,(w) 1 kk 
Z—-W = i oe w) 
zk wk 
- 2S) 
But k=nt1 zZ—W 
u 
|z*—w*| k-1, ~k-2 k-2 k-1 k-1 
————— == |_z""* 42°" *w+...4+zws *+w**| < kr®?,” 
[z—w | 
Hence, 
R(z)—R co 
R,(Z) — R,(w) < »y la, \kr*~? 
Z2—-WwW k=n+1 


Since r < R, x |a,|kr*~ + converges and so for any e > 0 there is an integer 
N, such that for n=QN, 
R(z)— 

(2)— Rw] 
3 
Also, lim s‘(w) = g(w) so there is an integer N, such that |s/(w)—g(w)| < 5 


(z e B(w; §)). 
Z—W 


whenever 2 > N,. Let nm = the maximum of the two integers N, and N,. 
Then we can choose 6 > 0 such that 


5,(Z) — $,(W) 


Z—W 


— s(w)| < 


whenever 0 < |z—w| < 6. Putting these inequalities together with equation 
(2.8) we have that 


f(z)—f() 
———— — g(w) 
Z2—W 


for 0 < |z—w| < 6. That is, f’(w) = g(v). 


<€ 
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(c) By a straightforward evaluation we get f(0) = f°(0) = ao. Using 
(2.6) (for a = 0), we get f(0) = k!a, and this gives formula (2.7). 


2.9 Corollary. If the series > a,(z—a)" has radius of convergence R > O then 
f@%) = y a,(z—a)" is : analytic in Bla; R). 
n=0 
Hence, exp z = y" z"/n! is analytic in C. Also, polynomials (finite power 
n=0 

series!) are analytic in C and, therefore, rational functions are analytic in 
the complement of the set of zeros of the denominator. Before further 
examining the exponential function and defining cos z and sin z, the 
following result must be proved. 


2.10 Proposition. Jf G is open and connected and f:G —C is differentiable 
with f’(z) = 0 for all z in G, then f is constant. 


Proof. Fix Z, in G and let wy) = f(Z,). Put A = {zeG: f(z) = wo}; we will 
show that A = G by showing that A is both open and closed in G. Let ze G 
and let {z,} < A be such that z = lim z,. Since f(z,) = wo for each n > 1 
and fis continuous we get f(z) = wo, or ze A. Thus, A is closed in G. Now 
fix ain A, and let e > 0 be such that B(a; «) < G. If ze Ba; «), set g(M= 
f(tz+U—da), 0 < t < 1. Then 


sas) _ (a8) (t= )z+6— Da 


2.11 = 
t—s (t—s)z+(s—dta t—s 


Thus, if we let t > s we get 


t 
lim fOr 85) _ 95741 —s)a)-(¢—a) = 0. 
ts 
That is, g’(s) = 0 for 0 < s < 1, implying that g is a constant. Hence, 
f(z) = g(1)=g(0) = f(a) = wo. That is, B(a; «) < A and A is also open. 
Now differentiate f(z) = e?; we do this by Proposition 2.5. This gives 
that 


f'@ = phe > oe =) 2" = fie) 


Thus the complex exponential function has the same property as its real 
counterpart. That is 

d 
2.12 —e = @ 

dz 
Put g(z) = e’e*” for some fixed a in C; then g’(z) = e’e*"?+e7(—e* 7) = 0. 
Hence g(z) = w for all z in C and some constant w. In particular, using 
e° = 1 we get w = 9(0) = e*. Then e’e*~” = e* for all z. Thus e7*? = e*e? 
for all a and 5 in C. This also gives 1 = e’e ” which implies that e? 4 0 
for any z and e * = 1/e’. Returning to the power series expansion of e’, 
since all the coefficients of this series are real we have exp Z = exp z. In 
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particular, for 9 a real number we get |e’®|? = e'’e~'® = e° = 1. More 
generally, |e7|7 = e7e* = e?** = exp (2 Re z). Thus, 


2.13 lexp z| = exp (Rez). 


We see, therefore, that e? has the same properties that the real function e* 
has. Again by analogy with the real power series we define the functions 
cos z and sin z by the power series 


72 zt gen 
cosz= 1 — rT + A +e.“ on, +... 

33 z> 2n+1 
sinz=z— a tate tM oy +... 


Each of the series has infinite radius of convergence and so cos z and sin z 
are analytic in C. By using Proposition 2.5 we find that (cos z)’ = —sin z 
and (sin z)’ = cos z. By manipulating power series (which is justified since 
these series converge absolutely) 


oo . 1... 
2.14 cos z = #(e”+e ”) sin z = —(e”—e ") 
This gives for z in C, cos” z+sin? z = 1 and 

2.15 e’= = cosz+isin z. 


In particular if we let z = a real number @ in (2.15) we get e’® = cis @. 
Hence, for z in C 


2.16 z = |zle® 


where 6 = arg z. Since e**'” = e*e'” we have |e?| = exp (Re z) and arg e” = 
Im z. 

A function f is periodic with period c if f(z+c) = f(z) for all z in C. 
If c is a period of e? then e* = e*** = e’e* implies that e° = 1. Since 1 = 
|e*| = exp Re(c), Re(c) = 0. Thus c = 70 for some @ in R. But 1 = e° = e’? 
= cos #+i sin @ gives that the periods of e? are the multiples of 27i. Thus, 
if we divide the plane into infinitely many horizontal strips by the lines 
z = 2mik, k any integer, the exponential function behaves the same in each 
of these strips. This property of periodicity is one which is not present in the 
real exponential function. Notice that by examining complex functions we 
have demonstrated a relationship (2.15) between the exponential function 
and the trigonometric functions which was not expected from our knowledge 
of the real case. 

Now let us define log z. We could adopt the same procedure as before 
and let log z be the power series expansion of the real logarithm about some 
point. But this only gives log z in some disk. The method of defining the 
logarithm as the integral of t~' from 1 to x, x > 0, is a possibility, but 
proves to be risky and unsatisfying in the complex case. Also, since e” is not 
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a one-one map as in the real case, log z cannot be defined as the inverse of e’. 
We can, however, do something similar. 

We want to define log w so that it satisfies w = e? when z = log w. 
Now since e” 4 0 for any z we cannot define log 0. Therefore, suppose e* = w 
and w # 0; if z = x+iy then |w| = e* and y = arg w+2zk, for some k. 
Hence 


2.17 {log |w|+i(arg w+27k): k is any integer } 
is the solution set for e* = w. (Note that log |w| is the usual real logarithm.) 


2.18 Definition. If G is an open connected set in C and f: G > C is a con- 
tinuous function such that z = exp f(z) for all z in G then fis a branch of 
the logarithm. 

Notice that 0 ¢G. 

Suppose f is a given branch of the logarithm on the connected set G 
and suppose k is an integer. Let g(z) = f(z)+2zaki. Then exp g(z) = exp f(z) 
= z, so g is also a branch of the logarithm. Conversely, if f and g are both 
branches of log z then for each z in G, f(z) = g(z)+27ki for some integer k, 
where k depends on z. Does the same k work for each z in G? The answer is 


1 
yes. In fact, if A(z) = Fai [f(z)—g(z)] then / is continuous on G and 1(G) 
vis 


< Z, the integers. Since G is connected, A(G) must also be connected 
(Theorem II. 5.8). Hence there is a k in Z with f(z)+2zki = g(z) for all z in 
G. This gives 


2.19 Proposition. Jf G < C is open and connected and f is a branch of log z 
on G then the totality of branches of log z are the functions f(z)+2zki, k € Z. 
Now let us manufacture at least one branch of log z on some open 
connected set. Let 
G = C- {z:z < 0}; 


that is, “slit” the plane along the negative real axis. Clearly G is connected 
and each z in G can be uniquely represented by z = |z|e’® where —z < 0 < zz. 
For @ in this range, define f(re’®) = log r+i0. We leave the proof of con- 
tinuity to the reader (Exercise 9). It follows that fis a branch of the logarithm 
on G. 

Is f analytic? To answer this we first prove a general fact. 


2.20 Proposition. Let G and Q be open subsets of C. Suppose that f: G > C 
and g: (2->C are continuous functions ‘such that f(G) < Q and g(f(z)) = z 
for all z in G. If g is differentiable and oe # 0, f is differentiable and 


IO=- Ue) 


If g is analytic, f is analytic 
Proof. Fix a in G and let he C such that h # 0 and a+heG. Hence a = 


40 Elementary Properties and Examples of Analytic Functions 


g(f(@) and a+h = g(f(a+h)) implies f(a) # f(at+h). Also 


| sfla+h)-8@) 


h 
_ 8fath))-8F%@)  fla+h-I@ 
f(at+h)-f@ h ) 


Now the limit of the left hand side as h > 0 is, of course, 1; so the limit 
of the right hand side exists. Since lim [f(a+/)—f(a)] = 0, 
h->0 


_ a(flath)-sf@) _., 
ny fati—sf@ ~ °F 


Hence we get that 


li 
h-O 
exists since g’(f(a)) # 0, and 1 = g’(f(a)) f(a). 
Thus, f’(z) = [2’(/(z))]*. If g is analytic then g’ is continuous and this 
gives that f is analytic. Jj 


. flath)—f(a) 
h 


2.21 Corollary. A branch of the logarithm function is analytic and its derivative 
isz~}. 

We designate the particular branch of the logarithm defined above 
on C—{z: z < 0} to be the principal branch of the logarithm. If we write 
log z as a function we will always take it to be the principal branch of the 
logarithm unless otherwise stated. 

If fis a branch of the logarithm on an open connected set G and if b in C 
is fixed then define g: G > C by g(z) = exp (bf(2)). If 5 is an integer, then 
g(z) = z°. In this manner we define a branch of z’, b in C, for an open con- 
nected set on which there is a branch of log z. If we write g(z) = z? as a 
function we will always understand that z? = exp (b log z) where log z is 
the principal branch of the logarithm; z’ is analytic since log z is. 

As is evident from the considerations just concluded, connectedness 
plays an important role in analytic function theory. For example, Proposition 
2.10 is false unless G is connected. This is analogous to the role played by 
intervals in calculus. Because of this it is convenient to introduce the term 
“region.” A region is an open connected subset of the plane. 

This section concludes with a discussion of the Cauchy-Riemann equa- 
tions. Let f: GC be analytic and let u(x. y) = Re f(x+ iy), v(x, y) = Im 
S(x+iy) for x+iy in G. Let us evaluate the limit 


h) — 
2) = tim ZPDLO) 
h-0 h 
in two different ways. First let h +0 through real values of h. For h 4 0 
and h real we get 
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FEtA)-SE) _ fxthtiy)—fxty) 


h h 
u(x +h, y)—ulx, y) Ux+h, y) —v(x, y) 
NS Ee 
h h 
Letting 4 — 0 gives 
222 ( _ Ou ) +52 ) 
I’) = ay OY i Oy 


Now let A +0 through purely imaginary values; that is, for h 4 0 and 
h real, 


f(z +ih) —f(z) U(x, y+h)—ulx, y) | vox, y+ h)—v(, y) 
ee pg 
ih h h 
Thus, 


2.23 re = -it@y + 2iey) 
. 2) >= oy woe ay? 


Equating the real and imaginary parts of (2.22) and (2.23) we get the 
Cauchy- Riemann equations 


2.24 — = — 
Suppose that uw and v have continuous second partial derivatives (we will 


eventually show that they are infinitely differentiable). Differentiating the 
Cauchy-Riemann equations again we get 


Ou = *v 07 u 670 
—, = —— and —>5 = -—- —-— 
Ox* = axdy — dy ayax 
Hence, 
Cu au 
2.25 —+—, = 0. 
Ox? * oy 


Any function satisfying (2.25) is said to be harmonic. In a similar fashion, 
v is also harmonic. We will study harmonic functions in Chapter X. 

Let G be a region in the plane and let u and v be functions defined on G 
with continuous partial derivatives. Furthermore, suppose that u and v 
satisfy the Cauchy-Riemann equations. If f(z) = u(z)+iv(z) then f can be 
shown to be analytic in G. To see this, let z = x+iyeG and let B(z; r) < G. 
Ifh = s+it ¢ B(O; r) then 


u(xt+s, y+t)—u(x, y) = [ux+s, y+ )—u(x, y+] +[ue, y+1)—ule, y)] 
Applying the mean value theorem for the derivative of a function of one 
iriable to each of these bracketed expressions, yields for each s+it in 

B(O; r) numbers s, and ¢, such that |s,| < |s| and |z,| < |¢| and 
226 ux+s, y+t)—u(x, y+t) = u(xts,, y+o)s 
u(x, y+t—ulx, y) = u,(Xx, yrt,)t 
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Letting 


Hs, t) = [u(x+s, yr t) ~~ u(x, y)l ™~ [u,(x, y)s+ U,(x, y)t] 
(2.26) gives that 


7(s, t) s 
stit  s+it 


[uale+s, y+) uC, 9] + bugle, y+t) Uy J) 


But |s| < |s+it], |t] < |s+it|, |s,| < |s|, |t,| < |¢|, and the fact that wu, and u, 
are continuous gives that 


af 
2.27 tim %2 _ 9 
stit>o S+it 


Hence 
u(x+s, y+t)—ulx, y) = uO, y)st+u,(x, y)t+o(s, 2) 
where » satisfies (2.27). Similarly 


Ux+s, yr t) — u(x, y) = A(X, y)s+ v(x, y)t+H(s, t) 
where 7 satisfies 


t 
2.28 lim Hs, 0 = 0 


stitoo S+ it 
Using the fact that u and v satisfy the Cauchy-Riemann equations it is easy to 
see that 


fE+S+IN~SO _ 1) in (e) 4 PDTVOD 
S+it Stil 
In light of (2.27) and (2.28), f is differentiable and f’(z) = u,(z)+iv,(z). 


Since u, and v, are continuous, f’ is continuous and f is analytic. These 
results are summarized as follows. 


2.29. Theorem. Let u and v be real-valued functions defined on a region G 
and suppose that u and v have continuous partial derivatives. Then f: G > C 
defined by f(z) = u(z)+ iv(z) is analytic iff u and v satisfy the Cauchy-Riemann 
equations. 


Example. Is u(x, y) = log (x?+ y?)* harmonic on G = C— {0}? The answer 
is yes! This could be shown by differentiating u to see that it satisfies (2.25). 
However, it can also be shown by observing that in a neighborhood of each 
point of G, u is the real part of an analytic function defined in that neighbor- 
hood. (Which function?) 

Another problem concerning harmonic functions which will be taken 
up in more detail in Section VIII. 3, is the following. Suppose G is a region 
in the plane and uw: G — R is harmonic. Does there exist a-harmonic function 
v: G — R such that f = u+iv is analytic in G? If such a function v exists it is 
called a harmonic conjugate of u. If v, and v, are two harmonic conjugates 
of u then i(v, —v2) = (u+iv,)—(utiv2) is analytic on G and only takes on 
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purely imaginary values. It follows that two harmonic conjugates of a 
harmonic function differ by a constant (see Exercise 14). 

Returning to the question of the existence of a harmonic conjugate, the 
above example u(z) = log |z| of a harmonic function on the region G = C— 
{0} has no harmonic conjugate. Indeed, if it did then it would be possible to 
define an analytic branch of the logarithm on G and this cannot be done. 
(Exercise 21.) However, there are some regions for which every harmonic 
function has a conjugate. In particular, it will now be shown that this is the 
case when G is any disk or the whole plane. 


2.30 Theorem. Let G be either the whole plane C or some open disk. If 
u: G—>R is a harmonic function then u has a harmonic conjugate. 


Proof. To carry out the proof of this theorem, Leibniz’s rule for differentiating 
under the integral sign is needed (this is stated and proved in Proposition IV. 
2.1). LetG = BO; R),0 < R < ow, and let u: G — R bea harmonic function. 
The proof will be accomplished by finding a harmonic function v such that 
u and v satisfy the Cauchy-Riemann equations. So define 


y 


v(x, y) = | u(x, Ddt-+9(x) 
O 


and determine @ so that v, = —u,. Differentiating both sides of this equation 
with respect to x gives 


y 
v(x, 9) = | Uys(x, 1) dt+9(x) 
0 
y 
— | Uyy(x, t) dt-+@'(x) 
0 
= —Uu,(x, y) +u,(x, 0)+9'(x) 
So it must be that y’(x) = —u,(x, 0). It is easily checked that u and 


x 


v(x, y) = { u,(x, t)dt — | u,(s, O)ds 
8) 0 


do satisfy the Cauchy-Riemann equations. 

Where was the fact that G is a disk or C used? Why can’t this method of 
proof be doctored sufficiently that it holds for general regions G? Where 
does the proof break down when G = C— {0} and x(z) = log |z|? 


Exercises 


1. Show that f(z) = |z|? = x?+y? has a derivative only at the origin. 

2. Prove that if 5,, a, are real and positive and 0 < 6 = lim b,, a = lim 
sup a, then ab = lim sup (a,5,). Does this remain true if the requirement of 
positivity is dropped? 

3. Show that lim n'” = 1. 
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4. Show that (cos z)’ = —sin z and (sin z)’ = cos z. 
5. Derive formulas (2.14). 
6. Describe the following sets: {z: e? = i}, {z: e? = —1}, {z: e? = —i}, 


{z: cos z = 0}, {z: sin z = O}. 
7. Prove formulas for cos (z+ w) and sin (z+ w). 


sin z e e e bd 
8. Define tan z = ——— ; where is this function defined and analytic? 
cos 


9. Suppose that z,, z¢G = C—{z: z < 0} and z, = r,e'", z = re'® where 
—a < 6,6, < a. Prove that if z, — z then 6, > @ and r, > r. 

10. Prove the following generalization of Proposition 2.20. Let G and 2 be 
open in C, G connected, and suppose f and A are functions defined on G, 
g: QC and suppose that f/(G) < ©. Suppose that g and # are analytic, 
that f is continuous, A is one-one, and that they satisfy A(z) = g(/(z)) for 
z in G. Show that fis analytic. Give a formula for f’(z). 

11. Suppose that f: G-—C is a branch of the logarithm and that 7 is an 
integer. Prove that z” = exp (nf(z)) for all z in G. 

12. Show that the real part of the function z* is always positive. 

13. Let G = C—{z: z < 0} and let x be a positive integer. Find all analytic 
functions f: G->C such that z = (/(z))” for all zeG. 

14. Suppose f: G—C is analytic and that G is connected. Show that if 
F(z) is real for all z in G then fis constant. 


J 
15. Forr > Olet A = Ie w = exp () where 0 < |z| < , ; determine the 
Z 


set A. 

16. Find an open connected set G < C and two continuous functions f and 
g defined on G such that f(z)* = g(z)* = 1—z? for all z in G. Can you make 
G maximal? Are f and g analytic? 

17. Give the principal branch of ./1 —z. 

18. Let f: GC and g: G +C be branches of z* and z? respectively. Show 
that fg is a branch of z**? and f/g is a branch of z*~°. Suppose that f(G) < G 
and g(G) < G and prove that both fo g and go f are branches of 2”. 

19. Let G be a region and define G* = {z: zeG}. If f: G—>C is analytic 
prove that f*: G* — C, defined by f*(z) = f(z), is also analytic. 

20. Let z,,22,...,Z, be complex numbers such that Rez, > O and Re(z,... 
z,.) > 0 for 1 < k <n. Show that log (z,...z,) = logz,+ ... + log z,, 
where log z is the principal branch of the logarithm. If the restrictions on the 
z, are removed, does the formula remain valid? 

21. Prove that there is no branch of the logarithm defined on G = C— {0}. 
(Hint: Suppose such a branch exists and compare this with the principal 
branch.) 


§3. Analytic functions as mappings. Mobius transformations 


Consider the function defined by f(z) = z*. If z = x+iy and p+iv=f(z) 
then p = x?—y?, v = 2xy. Hence, the hyperbolas x?—y? = c and 2xy = d 
are mapped by / into the straight lines » = c, v = d. One interesting fact is 
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that for c and d not zero, these hyperbolas intersect at right angles, just as 
their images do. This is not an isolated phenomenon and this property will 
be explored in general later in this section. 

Now examine what happens to the lines x = c and y = d. First consider 
x = c(y arbitrary); fmaps this line into » = c?—y* andv = 2cy. Eliminating 
y we get that x = cis mapped onto the parabola v? = —4c?(u—c?). Similarly, 
f takes the line y = d onto the parabola v? = 4d*(u+d’). These parabolas 
intersect at (c?—d?, +2|cd]). It is relevant to point out that as c > 0 the 
parabola v? = —4c?(u—c?’) gets closer and closer to the negative real axis. 
This corresponds to the fact that the function z* maps G = C— {z: z < 0} 
onto {z: Rez > 0}. Notice also that x = cand x = —c(andy = d,y = —d) 
are mapped onto the same parabolas. 

What happens to a circle centered at the origin? If z = re’® then f(z) = 
r?e?"®; thus, the circle of radius r about the origin is mapped onto the circle 
of radius r? in a two to one fashion. 

Finally, what happens to the sector S(a«, 8) = {z: « < arg z < B}, for 
a < PB? It is easily seen that the image of S(a, 8) is the sector S(2«, 28). The 
restriction of f to S(«, 8) will be one-one exactly when B—« < 7. 

The above discussion sheds some light on the nature of f(z) = z* and, 
likewise, it is useful to study the mapping properties’ other analytic functions. 
In the theory of analytic functions the following problem holds a paramount 
position: given two open connected sets G and Q, is there an analytic function 
f defined on G such that f(G) = 2? Besides being intrinsically interesting, 
the solution (or rather, the information about the existence of a solution) 
of this problem is very useful. 


3.1 Definition. A path in a region G < C is a continuous function y: [a, b] > 
G for some interval [a, b] in R. If y’(t) exists for each ¢ in [a, b] and y’[a, 5] 
—> C is continuous then y is a differentiable path. Also y is piecewise differenti- 
able if there is a partition of [a, b], a = to < ty <...<t#, = 5, such that y is 
differentiable on each subinterval [¢;_,, ¢,], 1 <j <n. 

Some remarks are in order. First, to say that a function y: [a, b] ~C 
has a derivative y'(t) for each point ¢ in [a, b] means that 


yttA—-v) __, 


lim y(t) 


h-0 h 
exists for a < ¢ < 6} and that the right and left sided limits exist for t = a 
and t = b, respectively. This is, of course, equivalent to saying that Re y and 
Im y have a derivative (see Appendix A). Second, the continuity of y’ is 
included in the definition of differentiable in order to avoid repetitive use of 
“continuously differentiable’? when we won’t be interested in paths whose 
derivative exist but are not continuous. 

Suppose y: [a, b] + G is a differentiable path and that for some fy in 
(a, b), y'(to) # 0. Then y has a tangent line at the point z) = y(t,). This 
line goes through the point Z, in the direction of (the vector) y(t); or, the 
slope of the line is tan (arg y’ (f9)). If y, and y, are two differentiable paths 
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with y,(t,) = y2(t.) = Zo and y,(t,) 4 0, y3(t.) # 0, then define the angle 
between the paths y, and y, at Zo to be 


arg y2(t2)—arg yi(¢,). 

Suppose y is a differentiable path in G and f: G — C is analytic. Then 
o = foyis also a differentiable path and o'(t) = f'(p(d))y'(O. Let Z5 = v(to), 
and suppose that y(t.) # 0 and f’(z,.) # 0; then o’(t)) 4 0 and arg o'(f) 
= arg f'(z))+arg y’ (f9). That is, 
3.2 arg o’ (fo)—arg y’ (to) = arg f” (Zo). 

Now let y, and y, be differentiable paths with y,(¢,) = y2(t,) = Zo and 
vi(t;) #0 # y5(t2); let o, = foy, and o, = foy,. Also, suppose that the 


paths y, and y, are not tangent to each other at Z); that is, suppose y;(t,) # 
y3(t,). Equation (3.2) gives 


3.3 arg y2(t2)—arg yi(t,) = arg o2(t2)—arg o;(¢;). 
This says that given any two paths through Z,, f maps these paths onto two 


paths through w, = f(z,) and, when f’(z,)) # 0, the angles between the curves 
are preserved both in magnitude and direction. This summarizes as follows. 


3.4 Theorem. /f f: G—C is analytic then f preserves angles at each point 
Zo Of G where f'(Z,) # 0. 
A function f: G —> C which has the angle preserving property and also has 
fm LOS! 
im ———_— 
za = [Z—a| 
existing is called a conformal map. If f is analytic and f’(z) # 0 for any z 
then fis conformal. The converse of this statement is also true. 

If f(z) = e’ then f is conformal throughout C; let us look at the expo- 
nential function more closely. If z = c+iy where c is fixed then f(z) = re’” 
for r = e°. That is, f maps the line x = c onto the circle with center at the 
origin and of radius e°. Also, f maps the line y = d onto the infinite ray 
fre'4: 0 <r < oo}. 


We have already seen that e” is one-one on any horizontal strip of width 
<2. Let G = {z: —a < Imz < a}. Then f(G) = Q = C— {z:z < 0}; also 
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jf maps the vertical segments {z = c+iy, —m < y < 7} onto the part of the 
circle {ece!®: —a < 0 < zw}, and the horizontal line y = d, —7 < d < 7a, 
goes onto the ray making an angle d with the positive real axis. 

Notice that log z, the principal branch of the logarithm, does the opposite. 
It maps 2 onto the strip G, circles onto vertical segments in G, rays onto 
horizontal lines in G. 

The exploration of the mapping properties of cos z, sin z, and other 
analytic functions will be done in the exercises. We now proceed to an 
amazing class of mappings, the Mobius transformations. 


3.5 Definition. A mapping of the form S(z) = 


b 
_ 7 is called a linear frac- 
tional transformation. If a, b, c, and d also satisfy ad—bc # 0 then S(z) is 
called a Mobius transformation. 


If S is a Mébius transformation then S~‘/(z) = satisfies 


—cZ+a 
S(S~'(z)) = S7~'(S(z)) = z; that is, S~* is the inverse mapping of S. If 
S and T are both linear fractional transformations then it follows that So 7 
is also. Hence, the set of M6bius maps forms a group under composition. 
Unless otherwise stated, the only linear fractional transformations we will 
consider are MObius transformations. 


b 
Let S(z) = oo ; if A is any non-zero complex number, then 
(Aa)z + (Ab) 
(Ac)z+(Ad) ” 


That is, the coefficients a, b, c, d are not unique (see Exercise 20). 

We may also consider S as defined on C,, with S(oo) = a/c and S(—d/c) 
= 00. (Notice that we cannot have a= 0=c or d=0-=c since either 
situation would contradict ad—bc # 0.) Since S has an inverse it maps C,, 
onto C,. 

If S(z) = z+a then S is called a translation; if S(z) = az with a # 0 
then S is a dilation; if S(z) = e'®z then it is a rotation; finally, if S(z) = 1/z 
it is the inversion. 


S(z) = 


3.6 Proposition. /f S is a Mobius transformation then S is the composition of 
translations, dilations, and the inversion. (Of course, some of these may be 
missing.) 
Proof. First, suppose c = 0. Hence S(z) = (a/d)z+(6/d) so if S,(z) = (a/d)z, 
S,(z) = z+(6/d); then S, oS, = S and we are done. 

(bc —ad) ; 


Now let c # 0 and put S,(z) = z+d/c, S,(z) = 1/z, S3(z) = m2 9 


S,4(z) = zt+alc. Then S = S4 i] S3 e) S, ) Si. a 
What are the fixed points of S? That is, what are the points z satisfying 
S(z) = z. If z satisfies this condition then 


cz*+(d—a)z—b = 0. 


48 Elementary Properties and Examples of Analytic Functions 


Hence, a Mobius transformation can have at most two fixed points unless 
S(z) = z for all z. 

Now let S be a MObius transformation and let a, b, c be distinct points 
in C,, with « = S(a), B = S(b), y = S(c). Suppose that T is another map 
with this property. Then T~/ © S has a, b, and c as fixed points and, there- 
fore, T~'o S = J = the identity. That is, S = 7. Hence, a Mébius map is 
uniquely determined by its action on any three given points in C,,. 

Let 22, Z3, Z4 be points in C,,. Define S: C,, > C, by 


S(z) = (3) (253) if z,,23,24¢€C; 
Z—Z4 Z2—-Z4 


Z—Z . 

S(z) = 5 if z, = 0; 
z2—Z 
25-2 

S(z) = 3 if z3;= ©; 
Z—Z4 
Z—Z . 

S(z) = 2 if z4 = 0. 
22-23 


In any case S(z,) = 1, S(z3) = 0, S(z4) 
tion having this property. 


co and S is the only transforma- 


3.7 Definition. If z, ¢ C,, then (z,, Z,, 23, 24). (The cross ratio of z,, Z2, Z3, 
and z,) is the image of z, under the unique Md6bius transformation which 
takes z, to 1, z; to 0, and z, to oo. 

For example: (z,, Z>, 23, Z,) = 1 and (z, 1, 0, «) = z. Also, if M is any 
Mobius map and w,, w3, w, are the points such that Mw, = 1, Mw; = 0, 
Mw, = o then Mz = (Zz, wW2, wW3, W4). 


3.8 Proposition. /f z,, z3, 2, are distinct points and T is any Mobius trans- 
formation then 

(21, 22, 23, Z4) = (124, Tz2, Tz3, TZ 4) 
for any point z,. 


Proof. Let Sz = (z, 25, Z3, Z4); then S is a Mobius map. If M = ST™! 
then M(Tz,) = 1, M(Tz3) = 0, M(Tz,) = 0; hence, ST~!z = (z, Tzp, 
Tz, Tz,) for all zin C,,. In particular, if z = Tz, the desired result follows. Ij 


3.9 Proposition. [f z,, z3, 2, are distinct points in C,, and w5, 03, w4 are also 
distinct points of C,,, then there is one and only one Mobius transformation S 
such that Sz, = w,, SZ, = w3, SZ4 = wy, 


Proof. Let Tz = (z, Z, 23, Z4), Mz = (z, w2, w3, w,4) and put S = M~'T. 
Clearly S has the desired property. If R is another Mobius map with Rz, = 
w, for j = 2, 3, 4 then R~* o S has three fixed points (z,, z3, and z,). Hence 
R'oS=lLoS=R. 9 

It is well known from high school geometry that three points in the plane 
determine a circle. (Recall that a circle in C,, passing through oo corresponds 
to a straight line in C. Hence there is no need to inject in the previous state- 
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ment the word “‘non-colinear.)) A straight line in the plane will be called a 
circle.) The next result explains when four points lie on a circle. 


3.10 Proposition. Let z,, 22, 23, 24 be four distinct points in C,,. Then (Z,, Z2, 
Z3, Z4) is a real number iff all four points lie on a circle. 


Proof. Let S: C,, > C,, be defined by Sz = (z, z2, Z3, Z4); then S~*(R) = the 
set of z such that (z, z,, Z3, Z4) is real. Hence, we will be finished if we can 
show that the image of R, under a Mobius transformation is a circle. 
b 
Let Sz = —— -ifz = xe Rand w = S~‘(x) then x = Sw implies that 
Zz 

S(w) = S(w). That is, 

aut+b  da+b 

cotd Ga+d 
Cross multiplying this gives 
3.11 (aé— dc) |w|? + (ad—bc)w + (bé— da)a +(bd—bd) = 0. 


If aé is real then a€—dc = 0; putting « = 2(ad—hbc), B = i(bd—bd) and 
multiplying (3.11) by 7 gives 


3.12 0 = Im (aw)—B = Im (aw —f) 


since f is real. That is, w lies on the line determined by (3.12) for fixed « and 
B. If aé is not real then (3.11) becomes 


|w|7 + Fw +ya—5 = 0 


for some constants y in C, 6 in R. Hence, 


3.13 lwty] =A 
where 
L d—b 
A = (ly|? +8)? = —~—*| > 0. 
dc—~acé 


Since y and A are independent of x and since (3.13) is the equation of a circle, 
the proof is finished. Ij 


3.14 Theorem. A Mobius transformation takes circles onto circles. 


Proof. Let T be any circle in C,, and let S be any MObius transformation. 
Let z2, 23, Z4 be three distinct points on I‘ and put w, = Sz, for j = 2, 3, 4. 
Then w,, w3, w, determine a circle I’. We claim that S(1) = I’. In fact, 
for any z in C,, 


3.15 (Z, 22, 23, Z4) = (SZ, w2, w3, w4) 


by Proposition 3.8. By the preceding proposition, if z is on TI then both 
sides of (3.15) are real. But this says that Sze I’. 

Now let T' and [’’ be two circles in C,, and let Z,, 23, z, € 1; w., w3, w4 € 
I’, Put Rz = (z, 22, 23, Z4), SZ = (Z, wo, w3, 4). Then T = S~'o R maps 
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P onto I’. In fact, Tz; = w, for j = 2, 3, 4 and, as in the above proof, it 
follows that F(1) = I~. 


3.16 Proposition. For any given circles T and T’ in C,, there is a Mébius 
transformation T such that T(V) = 1’. Furthermore we can specify that T 
take any three points on T onto any three points of 1’. If we do specify Tz; 
for j = 2, 3, 4 (distinct z,; in TY) then T is unique. 


Proof. The proof, except for the uniqueness statement, is given in the previous 
paragraph. The uniqueness part is a trivial exercise for the reader. Jj 

Now that we know that a Mébius map takes circles to circles, the next 
question is: What happens to the inside and the outside of these circles? 
To answer this we introduce some new concepts. 


3.17 Definition. Let [° be a circle through points z,, z3, z,. The points z, 
z* in C,, are said to be symmetric with respect to [ if 


3.18 (2*, Z2, 23, Z4) = (Z, 22, 23, 24). 


As it stands, this definition not only depends on the circle but also on the 
points Z5, 23, Z4.,[t is left as an exercise for the reader to show that symmetry 
is independent of the points chosen (Exercise 11). 

Also, by Proposition 3.10 z is symmetric to itself with respect to [ if 
and only if ze TI. 


Let us investigate what it means for z and z* to be symmetric. If T is a 
straight line then our linguistic prejudices lead us to believe that z and z* 
are symmetric with respect to [ if the line through z and z* is perpendicular 
to I‘ and z and z* are the same distance from I but on opposite sides of I. 
This is indeed the case. 

If Tf is a straight line then, choosing z, = 00, equation (3.18) becomes 


z*—Z, Z-—Z3; 


2223 Z2—Z3 


This gives |z*—z,| = |z—z,]|; since z, was not specified, we have that z 
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and z* are equidistant from each point on I’. Also 


* — — 
Zz —Z3 Z2—Z3 
Im ——— = Im —— 
24-23 22-23 

Z—Z3 

= —Im—— 

22-23 


Hence, we have (unless z e I’) that z and z* lie in different half planes deter- 
mined by I. It now follows that [z, z*] is perpendicular to I. 

Now suppose that [ = {z: |z—a| = R} (0 < R < oo). Let z,, 23, z, be 
points in I’; using (3.18) and Proposition 3.8 for a number of Mobius trans- 
formations gives 

(2*, 22, 23, 24) = (2, Z2, 23, 24) 


= (Z—4@, Z2—a, Z3—a, Z4—) 


_ _ R? R2 R? 
=| 2-4, 9 9 
Z2—-@Q 23a Z4—@Q 


R? 
-( = 5 Z—a, 23-4, Z4—aQ 


zZ—a 
R?2 
= (; - + Qa, 22, 23; zs] 
zZ—a 
Hence, z* = a+ R?(zZ—4)~! or (2* —a) (Z—4) = R*. From this it follows that 
z*—-a_ oR? 
z—a  |z-al?~ 


so that z* lies on the ray {a+t(z—a): 0 < t < oo} from a through z. Using 
the fact that |z—a| |z*—a| = R* we can obtain z* from z (if z lies inside I’) 
as in the figure below. That is: Let L be the ray from a through z. Construct 


a line P perpendicular to L at z and at the point where P intersects I’ con- 
struct the tangent to I. The point of intersection of this tangent with L is 
the point z*. Thus, the points a and oo are symmetric with respect to I. 


3.19 Symmetry Principle. Jf a Mobius transformation T takes a circle T, 
onto the circle 1', then any pair of points symmetric with respect to T, are 
mapped by T onto a pair of points symmetric with respect to T >. 
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Proof. Let z,, z3, z,¢1,; it follows that if z and z* are symmetric with 
respect to [, then 


(Tz*, TZ, IZ3, Tz 4) = (z*, 22, 235 Z4) 


= (z, 225 235 Z4) 
= (Tz, TZ, 1Z3, Tz 4) 


by Proposition 3.8. Hence 7z* and Jz are symmetric with respect to T',. 

Now we will discuss orientation for circles in C,,; this will enable us to 
distinguish between the “inside”? and “outside”? of a circle in C,,. Notice 
that on C,, (the sphere) there is no obvious choice for the inside and outside 
of a circle. 


3.20 Definition. If I is a circle then an orientation for I is an ordered triple 
of points (z;, 22, 23) such that each z, is in I’. 

Intuitively, these three points give a direction to [. That is we “go” 
from z, to z, to z;. If only two points were given, this would, of course, be 
ambiguous. 
az+b 
cz+d_ 
Since 7(R,,) = R,, it follows that a, b, c, dcan be chosen to be real numbers 
(see Exercise 8). Hence, 


_ az+b 
7= cz+d 
az+b 
~ lez+dl? 


Let [ = R and let z,, z,, z3 ¢ R; also, put 7z = (z, z,, Z2, 23) = 


- (cZ+d) 


1 
= lez+d/ [ac|z|? + bd+ bcZ + adz] 


Hence, 
d—b 
(ad—be) 


Im (z, 215 Z2; Z3) = \cz+d|? ° 


Thus, {z: Im (z, Z,, Z2, Z3) < 0} is either the upper or lower half plane 
depending on whether (ad—bc) > 0 or (ad—bc) < 0. (Note that ad—bc is 
the “‘determinant” of T.) 

Now let [ be arbitrary, and suppose that z,, z,, z, are on IT’; for any 
Mobius transformation S we have (by Proposition 3.8) 


{z: Im (z, 2,, Z2, 23) > 0} = {z: Im (Sz, Sz,, Sz,, Sz3) > 0} 
= S§~+{z:Im(z, Sz,, SZ2, $z3) > 0} 


In particular, if S is chosen so that S maps [ onto R,, then {z: Im (z, z, 
Z, Z3) > 0} is equal to S~* of either the upper or lower half plane. 

If (z,, Z2, Z3) is an orientation of I then we define the right side of T 
(with respect to (z,, Z2, Z3)) to be 


{z: Im (Z, 21, Z2, 23) > O}. 
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Similarly, we define the left side of T to be 
{z: Im (z, Z;, Z2, 23) < 0}. 
The proof of the following theorem is left as an exercise. 


3.21 Orientation Principle. Let ', and I’, be two circles in C,, and let T be 
a Mobius transformation such that T(V,) = 1. Let (z;, 22, Z3) be an orienta- 
tion for .,. Then T takes the right side and the left side of , onto the right 
side and left side of T, with respect to the orientation (Tz,, Tz,, Tz;3). 

Consider the orientation (1, 0, 00) of R. By the definition of the cross 
ratio, (z, 1, 0, oo) = z. Hence, the right side of R with respect to (1, 0, «) 
is the upper half plane. This fits our intuition that the right side lies on our 
right as we walk along R from | to 0 to oo. 

As an example consider the following problem: Find an analytic function 
f: G > C, where G = {z: Rez > 0}, such that f/(G) = D = {z: |z| < 1}. We 
solve this problem by finding a Mébius transformation which takes the 
imaginary axis onto the unit circle and, by the Orientation Principle, takes 
G onto D (that is, we must choose this map carefully in order that it does not 
send G onto {z: |z] > 1}). 

If we give the imaginary axis the orientation (—i, 0, i) then {z: Re z > 0} 
is on the right of this axis. In fact, 

2z 


(z, —t, 0, i) = 
Z-—l 


22 Z+i 


eatummnanempeeeaed 


Z—-i Z+i 


2 , 
= z—i/2 ° (\2|? + éz) 
Hence, {z: Im (z, —i, 0, i) > 0} = {z: Im (iz) > 0} = {z: Re z > 0}. 
Giving I the orientation (—i, —1, 7) we have that D lies on the right of P. 
Also, 

2i z+l 


p-type ZL 
@ 8 LD 


SZ = ae and Rz= (4) (5) 
zZ—i i- |] zZ—i 


then T = R~!S maps G onto D (and the imaginary axis onto I). By algebraic 
manipulations we have 


If 


z—1 
Tz = —— 
z+1 
é — 
Combining this with previous results we have that g(z) = al maps 
the infinite strip {z: |Im z| < 7/2} onto the open unit disk D. (It is worth 
e*—] 
mentioning that ——— = tanh (2/2). 
ioning that (2/2).) 
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Let G,, G, be open connected sets; to try to find an analytic function f 
such that f(G,) = G, we try to map both G, and G, onto the open unit disk. 
If this can be done, f can be obtained by taking the composition of one 
function with the inverse of the other. 


As an example, let G be the open set inside two circles [', and I, inter- 
secting at points a and b (a # b). Let L be the line passing through a and b 
and give L the orientation (0, a, b). Then Tz = (z, ©, a, b) = (=) 
maps L onto the real axis (To = 1, Ta = 0, Tb = oc). Since T must map 
circles onto circles, T maps [’, and [’, onto circles through 0 and oo. That is, 
T(U,) and 7(T,) are straight lines. By the use of orientation we have that 
T(G) = {w—«a < arg w < «} for some « > 0, or the complement of some 
such closed sector. By the use of an appropriate power of z and possibly a 
rotation we can map this wedge onto the right half plane. Now, composing 
with the map (z—1) (z+1)~* gives a map of G onto D = {z: |z| < 1}. 


Exercises 


1, Find the image of {z: Re z < 0, |Im z| < 7} under the exponential 
function. 

2. Do exercise 1 for the set {z: [Im z| < 7/2}. 

3. Discuss the mapping properties of cos z and sin z. 

4. Discuss the mapping properties of z” and z‘/ for n > 2. (Hint: use polar 
coordinates.) 

5. Find the fixed points of a dilation, a translation and the inversion on C,. 
6. Evaluate the following cross ratios: (a) (7+i, 1, 0, 0) (b) (2, 1—i, 1, 1+) 
(c) (0, 1, i, —1) (d) G—1, «©, 1+, 0). 


1. T: = 2 
cz+d 


find z,, Z3, Z, (in terms of a, b, c, d) such that Tz = (z, 


Z2, 23, 24) 
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8. If 7z = az+6 
cz+d 


show that 7(R,,) = R,, iff we can choose a, b, c, d to be 


real numbers. 


b 
9. If Tz = i find necessary and sufficient conditions that 7(I) = [ 


where I is the unit circle {z: |z| = 1}. 

10. Let D = {z: |z| < 1} and find all Mobius transformations T such that 
T(D) = D. 

11. Show that the definition of symmetry (3.17) does not depend on the 
choice of points z,, 73, Z4. That is, show that if w,, w3, w, are also in I’ then 
equation (3.18) is satisfied iff (z*, w,, w3, w4) = (Z, w2, w3, #4). (Hint: Use 
Exercise 8.) 

12. Prove Theorem 3.4. 

13. Give a discussion of the mapping f(z) = 4(z+1/z). 

14. Let G be the open connected set between two circles which are tangent 
at the point a. Map G conformally onto the open unit disk. (Hint: first try 
(z—a)~*.) 

15. Let G = {z: 0 < |z| < 1}; can you map G conformally onto the open 
unit disk? 

16. Map G = C—{z: —1 < z < 1} onto the open unit disk by an analytic 
function f. Can f be one-one? 

17. Let G be a region and suppose that f: G — C is analytic such that f(G) 
is a subset of a circle. Show that fis constant. 


18. Let -0 <a<b< o and put Mz= — Define the lines L, = 


{z: Im z = b}, L, = {z: Im z = a} and L, = {z: Re z = 0}. Determine 
which of the regions A, B, C, D, E, F in Figure 1, are mapped by M onto the 
regions U, V, W, X, Y, Z in Figure 2. 


Figure 1 Figure 2 
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19. Let a, b, and M be as in Exercise 18 and let log be the principal branch of 
the logarithm. 

(a) Show that log (Mz) is defined for all z except z = ic, a< c < b; and 
if h(z) = Im [log Mz] then 0 < A(z) < aw for Rez > 0. 

(b) Show that log (z—ic) is defined for Re z > 0 and any real number c; 


also prove that [Im log (z—ic)| < 5 if Rez > 0. 


(c) Let A be as in (a) and prove that A(z) = Im [log (z—ia)—log (z—ib)]. 
(d) Show that 
° d 
| f = i[log (z—ib)—log (z—ia)] 
z—it 


(Hint: Use the Fundamental Theorem of Calculus.) 
(ce) Combine (c) and (d) to get that 


b 
— —b 
h(x+iy) = lare=p dt = arctan (=) — arctan (=) 


a 


(f) Interpret part (e) geometrically and show that for Re z > 0 A(z) is the 
angle depicted in the figure. 


90. Let Sz = et ana Te = tPF 
cz+d yz+6 


complex number A such that « = Aa, B = Ab, y = Ac, 6 = Ad. 


; show that S = T iff there is a non zero 
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21. Let J be a MObius transformation with fixed points z, and z,. If Sisa 
Mobius transformation show that S~'7S has fixed points S~*'z, and S~!z,. 
22. (a) Show that a Médbius transformation has 0 and o0 as its only fixed 
points iff it is a dilation. 

(b) Show that a Mobius transformation has 00 as its only fixed point iff 
it is a translation. 

23. Show that a Mobius transformation T satisfies T(0) = 00 and T(0o) = 0 
iff Tz = az~' for some a in C. 

24. Let T be a MObius transformation, 7 + the identity. Show that a 
Mobius transformation S satisfies ST = TS iff S and T have the same fixed 
points. (Hint: Use Exercises 21 and 22. Also note that for a given 7 the 
set {S: TS = ST} is an abelian group by Exercises 21 and 22.) 

25. Find all the abelian subgroups of the group of MObius transformations. 
26. (a) Let GL,(C) = all invertible 2x2 matrices with entries in C and 
let .Z@ be the group of Mobius transformations. Define p: GL,(C) > Z@ by 


b 
(3 1) = oe . Show that ¢ is a group homomorphism of GL,(C) onto Z. 


Find the kernel of ¢. 

(b) Let SL,(C) be the subgroup of GL,(C) consisting of all matrices of 
determinant 1. Show that the image of SL,(C) under g is all of 4. What 
part of the kernel of ¢ is in SL,(C)? 

27. If Y isa group and./ is a subgroup then_Y is said to be a normal subgroup 
of Y if S~'TSeW whenever TeV and Se FY. is a simple group if the 
only normal subgroups of Y are {7} (J = the identity of*Y) and @ itself. 
Prove that the group .Z of Mobius transformations is a simple group. 


Chapter IV 


Complex Integration 


In this chapter results are derived which are fundamental in the study of 
analytic functions. The theorems presented here constitute one of the pillars 
of Mathematics and have far ranging applications. 


§1. Riemann-Stieltjes integrals 


We will begin by defining the Riemann-Stieltjes integral in order to 
define the integral of a function along a path in C. The discussion of this 
integral is by no means complete, but is limited to those results essential to 
a cogent exposition of line integrals. 


1.1 Definition. A function y: [a, b] + C, for [a, b] < R, is of bounded variation 
if there is a constant M > 0 such that for any partition P = {a = ty < t, 
<...<t,, = 6} of [a, 5] 


yi P)= 2. e)—re-1)| <M. 
The total variation of y, V(y), is defined by 


V(y) = sup {v(y; P): Pa partition of [a, b}}. 


Clearly V(y) < M < oo. 

It is easily shown that y is of bounded variation if and only if Re y 
and Im y are of bounded variation. If y is real valued and is non-decreasing 
then -y is of bounded variation and V(y) = y(b)—y(a). (Exercise 1) Other 
examples will be given, but first let us give some easily deduced properties of 
these functions. 


1.2 Proposition. Let y: [a, b] — C be of bounded variation. Then: 

(a) If P and Q are partitions of [a, b] and P < Q then v(y; P) < v(y; Q); 

(b) If ca: [a, b] + C is also of bounded variation and «, Be C then «y+ Boa 

is of bounded variation and V(ay+ Bo) < |«| V(y)+ |B] V(c). 

The proof is left to the reader. 

The next proposition gives a wealthy collection of functions of bounded 
variation. In actuality this is the set of functions which is of principal concern 
to us. 


1.3 Proposition. Jf y: [a, b] — C is piecewise differentiable then y is of bounded 
variation and 


b 
V(y) = | ly’@O| at 


38 
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Proof. Assume that y is differentiable (the complete proof is easily deduced 
from this). Recall that when we say that y is differentiable this includes the 


assumption that y’ is continuous. 
Let P = {a = ty < t, <...<t,, = 5b}. Then, from the definition, 


uy; P)= ), t—-vG-vI 


k 


ins 


Af roar 


k te—1 


IA 


yf Wola 


~" tent 


b 
= | ly’(O| dt 


Hence V(y) < f° |y’(d| dt, so that y is of bounded variation. 

Since y’ is continuous it is uniformly continuous; so if « > 0 is given we 
can choose 6, > 0 such that |s—z| < 5, implies that |y’(s)—y’(d)| < «. Also, 
we may choose 6, > 0 such that if P= {a = ty < t,<...<t,, = b} and 
|P|| = max {(t,-¢4,-,): 1 < k < m} < 6, then 


<€ 


b m 
| ly"(O| dt — >> ly’(7)| (4 — te ~ 1) 


where 7, is any point in [t,_,, t,]. Hence 


b m 
{ l’@| dt <¢« + 2» ly'(r)| ae fe) 


tk 


=e + » | y'(7,) at 
k=1 th-1 
m the m tc 

<et+ D| | Od-r Ola + LY] [ roa 
k=1 th—-1 k=1 tht 


If ||P|| < 6 = min (6,, 63) then |y’(7,)—y'(0|_ < ¢ for 7, in [t,_,, t,] and 


| b’'@l dt < e+eb-@) + x lv) — W(t. 1)| 


= e[1+(b—a)]+v(y; P) 
< ¢(1+(b—a)]+ Vy). 
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Letting « > 0+, gives 


[ll at < VO), 


which yields equality. Jj 

1.4 Theorem. Let y: [a, b] ~C be of bounded variation and suppose that 
f: [a, 6] > C is continuous. Then there is a complex number I such that for 
every « > O there is a 8 > 0 such that when P = {ty < t; <...<t,} is a 
partition of [a, b] with ||P|| = max {(t,—t,-,): 1 < k < m} < 6 then 


| T= ¥ fl) bt) 


<€ 


for whatever choice of points 7, th, < Ty < ty 
This number J is called the integral of f with respect to y over [a, b] and 
is designated by 


b b 
I= | fay = {0 ao. 
Proof. Since f is continuous it is uniformly continuous; thus, we can find 
(inductively) positive numbers 6, > 6, > 6, >... such that if |s—t| < 4,,, 
1 
| f(s) -—f(t)| < 7 For each m > 1 let A&,, = the collection of all partitions P 
of [a, b] with ||P|| < 5,,; so A, > A, > --:. Finally define F,, to be the 


closure of the set: 


1.5 PRCOUC Cane PePy and ty» << th. 


The following are claimed to hold: 
f > F, >: and 


1.6 diam F,, < 2 V(y) 
m 
If this is done then, by Cantor’s Theorem (II. 3.7), there is exactly one com- 
plex number J such that Je F., for every m = 1. Let us show that this will 
complete the proof. If « > 0 let m > (2/e) V(y); then « > (2/m) V(y) = 
diam F,,. Since Je F,,, F,, < BU; «). Thus, if § = 6,, the theorem is proved. 
Now to prove (1.6). The fact that F, > F, >... follows trivially from 


2 
the fact that FP, > A, >... . To show that diam F,, < 7 V(y) it suffices 


2 
to show that the diameter of the set in (1.5) is < - V(y). This is done in two 


stages, each of which is easy although the first is tedious. 
If P = {to<...<t,} is a partition we will denote by o(P) a sum of the 
form )) f(7,) (y(t) —y(%-1)] where 7, is any point with t,-, < ™ < 


Riemann-Stieltjes integrals 61 
Fix m > 1 and let Pe #,,; the first step will be to show that if P < Q (and 


1 
hence Qe F,,) then |o(P)—o(Q)| < - V(y). We only give the proof for the 


case where Q is obtained by adding one extra partition point to P. Let 
1 <p <m and let t,_, < t* < t,; suppose that PU {t*} = Q. If th, < 
o<i*,t* <o' <t,, and 


(0) = ¥ flow) At) Hbe-D1+M) A) —Hbp- +L) HG) 0) 
then, using the fact that | f(7)—f(o)| < — for |r—o| < 6,,, 
oP) —o(0)] = |B 1) — fled] AG) Hha-D4S) Wt) ly) 
—f(o) Xt) —(t,-DI-fe) bt, —v@9] 
<1 DW) —rG-vIFIG) SOMO —vtp_v] 
Mk#¥p 
+e) FO Dt, —109] 


1 Ly 
<= m » It) — (4-1) + m ly ) y(tp-1)| 


1 
+= v(t) — v(t*)| 


<+ VQ) 
m 


For the second and final stage let P and R be any two partitions in F,,. Then 
Q = PU Risa partition and contains both P and R. Using the first part 
we get 


lo(P)—o()| < lo(P)—2(0)|+ lo(@)—o(8)| < = VO). 
It now follows that the diameter of (1.5) is < : V(y). B 


The next result follows from the definitions by a routine e—6 argument. 


1.7 Proposition. Let f and g be continuous functions on [a, b] and let y and o 
be functions of bounded variation on [a, b]. Then for any scalars « and B: 

(a) J? (af+Bg) dy = « [2 fdy+B M0 ady 

(b) Jo fd(ay +Bo) = af2 fdy+B Jj fac. 


The following is a very useful result in calculating these integrals. 


1.8 Proposition. Let y: [a, b] -> C be of bounded variation and let f: [a, b] > C 
be continuous. If a = to < t, <*°+< t, = 5b then 


j fay = x f fay. 


te=1 
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The proof is left as an exercise. 
As was mentioned before, we will mainly be concerned with those y 
which are piecewise differentiable. The following theorem says that in this 
case we can find | fdy by the methods of integration learned in calculus. 


1.9 Theorem. [f y is piecewise differentiable and f: [a, b] > C is continuous 
then 


b b 
| fay = [ fOr'@ at. 


Proof. Again we only consider the case where y is differentiable. Also, by 
looking at the real and imaginary parts of y, we reduce the proof to the case 
where >([a, b]) < R. Let « > 0 and choose 6 > O such that if P = {a = fy 
<:+:+< ¢t, = b} has ||P|| < 6 then 


b n 
1.10 | fay — X Fd )—Vlt-v)]] < 4 
and 
b n 
1.11 [£@r'O dt — Y fdr Gd ete] < 46 


for any choice of 7, in [t,_,, ¢,]. If we apply the Mean Value Theorem for 
derivatives we get that there is a 7, in [t,_,, t,] with y’(7,) = [y(t) —yv(&_1)] 
(t,—t,-1)?. (Note that the fact that y is real valued is needed to apply the 
Mean Value Theorem.) Thus, 


», f (7) (YG) ~-V4- 1] = » Id (te) (a te- 1). 
Combining this with inequalities (1.10) and (1.11) gives 


< €, 


b b 
| fe - [ fOr'@ at 


Since « > 0 was arbitrary, this completes the proof of the theorem. 

We have already defined a path as a continuous function y: [a, b] > C. 
If y: [a, b] + C is a path then the set {)(¢): a < t < b} is called the trace of y 
and is denoted it by {7}. Notice that the trace of a path is always a compact 
set. y is a rectifiable path if y is a function of bounded variation. If P is a 
partition of [a, b] then v(y; P) is exactly the sum of lengths of line segments 
connecting points on the trace of y. To say that y is rectifiable is to say that 
y has finite length and its length is V(y). In particular, if y is piecewise 
differentiable then y is rectifiable and its length is [? |y’| dt. 

If y: [a, b] +C is a rectifiable path with {y} ¢ E< C and f: E>C 
is a continuous function then fo y is a continuous function on [a, b]. With 
this in mind the following definition makes sense. 
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1.12 Definition. If »: [a, b] ~C is a rectifiable path and f is a function 
defined and continuous on the trace of y then the (/ine) integral of f along y is 


b 
| FOO) 40. 


This line integral is also denoted by f, f = J, f(z) ad. . 
As an example let us take y: [0, 27] > C to be y(t) = e” and define 


1 
f(z) = for z # 0. Now y is differentiable so, by Theorem 1.8 we have 


I eg 
Sys dz = ({" e~ (ie) dt = 2ni. 


Using the same definition of y and letting m be any integer > O gives 
f, 2" dz = [& ee") dt = JR" exp ((m+1)) dt = [J cos (m+1)t dt+i |7 
sin (m+1) dt = 0. 

Now let a, be C and put y(t) = th+(Ui—d‘a for0 < ¢ < 1. Then y(t) = 
b—a, and using the Fundamental Theorem of Calculus we get that for 
n>0, J, 2"dz = (b—a) fj [th+(1—-da)" at = i (b"t! —q"*), 

There are more examples in the exercises, but now we will prove a certain 
“invariance”’ result which, besides being useful in computations, forms the 
basis for our definition of a curve. 

If y: [a, b] > C is a rectifiable path and 9: [c, d] — [a, b] is a continuous 
non-decreasing function whose image is all of [a, b] (1.e., o(c) = a and 
g(d) = b) then yo : [c, d] > C is a path with the same trace as y. Moreover, 
yo is rectifiable because if c = 59 < 5; <°::< 5, = d then a = q(5) < 
9(5;) <°°* < 9(s,) = Bb is a partition of [a, b]. Hence 


Y, Welsy)—res.-)| < VO) 


so that Viyo@) < V(y) < o. So if f is continuous on {y} = {yo} then 
|, of is well defined. 


1.13 Proposition. /f y: [a, b] + C is a rectifiable path and ¢: [c, d] > [a, bj 
is a continuous non-decreasing function with o(c) = a, v(d) = b; then for any 


function f continuous on {y} 
Jf= Jo 


yop 


Proof. Let « > 0 and choose 6, > O such that for {s9 < 5s, <--:<5,}, a 
partition of [c, d] with (s,—s,~,) < 5,, and s,_, < o, < 5, we have 


1.14 < de 


[ =D foo od) bo 96) 7° 65.1) 


Y 


Similarly choose 6, > 0 such that if {t9 < t, <-::< ¢,} is a partition of 
[a, b] with (t,-4,-,) < 6, andt,_, < 7 < 4,, then 
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1.15 {Ff — x SV) Kil] < $e. 


But » is uniformly continuous on [c, d]; hence there is a 6 > 0, which can be 
chosen with 6 < 8,, such that |p(s)—¢(s’)| < 5, whenever |s—s’| < 8. So if 
{So < 5, <*++< 5,} is a partition of [c, d] with (s,—s,_,) < 5 < 6, and 
t, = 9(s,), then {fo < t, <:-:< t,} is a partition of [a, b] with (t,—¢,-,) 
< 6. If 5... < o, < 5s, and 7, = ¢(o,) then both (1.14) and (1.15) hold. 
Moreover, the right hand parts of these two differences are equal! It follows 


that 
jf- Js 


yoo 


<€ 


Since « > 0 was arbitrary, equality is proved. Ij 

We wish to define an equivalence relation on the collection of rectifiable 
paths so that each member of an equivalence class has the same trace and 
so that the line integral of a function continuous on this trace is the same for 
each path in the class. It would seem that we should define o and y to be 
equivalent if o = yo for some function » as above. However, this is not 
an equivalence relation! 


1.16 Definition. Let o: [c, d] > C and y: [a, b] ~C be rectifiable paths. 
The path o is equivalent to y if there is a function ¢: [c, d] — [a, b] which is 
continuous, strictly increasing, and with ¢(c) = a, ¢(d) = b; such that 
o = yog. We call the function » a change of parameter. 

A curve is an equivalence class of paths. The trace of a curve is the trace 
of any one of its members. If fis continuous on the trace of the curve then the 
integral of f over the curve is the integral of f over any member of the curve. 

A curve is differentiable (piecewise differentiable) if and only if some one 
of its representatives is differentiable (piecewise differentiable). 

Henceforward, we will not make this distinction between a curve and its 
representative. In fact, expressions such as “‘let y be the unit circle tra- 
versed once in the counter-clockwise direction” will be used to indicate a 
curve. The reader is asked to trust that a result for curves which is, in fact, 
a result only about paths will not be stated. 

Let y: [a, b] > C be a rectifiable path and for a < t < J, let |y| (¢) be 
V(y; [a, t]). That is, 


Iy| (1) = sup >, bt) — rte] {tos «++ ta} 18 a partition of [a, A} 


Clearly |y| (¢) is increasing and so |y|: [a, b] > C is of bounded variation. If 
fis continuous on {y} define 


| fldz] = [ Fo@) dy] (0. 


If y is a rectifiable curve then denote by —+y the curve defined by (—y) (4) = 
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¥(—t) for —b < t < —a. Another notation for this is y~'. Also if ce C 
let y+c denote the curve defined by (y+c) (¢) = y(t)+c. The following 
proposition gives many basic properties of the line integral. 


1.17 Proposition. Let y be a rectifiable curve and suppose that f is a function 
continuous on {y}. Then: 


(a) J, f= _ ff; 

(b) If, fl < J, fl ldz| < VO) sup [|f@)|: 2 € fy]: 

(c) If ceC then J, f(z) dz = f,,,f(z—c) dz. 

The proof is left as an exercise. 

The next result is the analogue of the Fundamental Theorem of Calculus 
for line integrals. 


1.18 Theorem. Let G be open in C and let y be a rectifiable path in G with 
initial and end points « and B respectively. If f: G —> C is a continuous function 
with a primitive F: G— C, then 


[f= F®@-FE) 


(Recall that F is a primitive of f when F’ = f.) 
Proof. We consider two special cases before proving the full result. 


Case I. Suppose y: [a, b]->C is piecewise differentiable. Then f, f= [? 
f(y) y'(Odt = Ji F'GO)y'Odt = Jo (Fe y)' (dt = Fb) — FO) = FP) 
— F(«) by the Fundamental Theorem of Calculus. 


Case IT. Suppose G is an open disk but y is arbitrary. 

Let G = Bc; r) = {z: |z—c| <r}; since {y} is compact we have d = 
dist ({y}, 2G) > 0. It follows that {y} < B(c; p), where p = r—4d. 

The reason for choosing this smaller p is that f is uniformly continuous, 
on B(c; p) < B(c; p) < G. Hence we may assume, without loss of generality, 
that fis uniformly continuous on G. 

Let « > 0 and choose 6 > 0 such that | f(z)—f(w)| < « whenever |z—w| 
< 6. Since y is also uniformly continuous on [a, b] there is a partition 
{to < t; <-°::< t,} of [a, b] such that 


1.19 ly()— (| < 8 


if t,-, < 5, t < t,; and such that for t,_, < 7, < t, we have 


1.20 [f= Y fred) -ee-aI} < « 


Define T°: [a, b] + C by 


T(t) = 


1 (4. —-DvG-)+C-4- Dv)! 
kt 


if 4,1, < ¢t < ¢t,. That is for ¢ in [t,_,, t¢,], P() traces out the straight line 
from y(¢,—,) to y(t,). From inequality (1.19) 
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1.21 IT) —r(7,)| < 3 for te-1 <f<x ty. 


But I is a polygon so, from Case I, 
[f= FO®)-FC@) = F@)-Fe) 
r 


Also, using the fact that f. f= [2 ST M)I’Od, 


|r, f= 5 | ery y(t, =) J f(C(o)dt 


Using these two expressions for [, f and inequality (1.20) we obtain that 


[ S-IFO-FO)] < <+|F®@-FO) - Y fol) i) -Hev) 


: [ered ae (4-1) 
k=1 tel 4 


< e+ 


c+ «| | LAP) foo) 


"\ 


c+) mos) f LAT()) fon) dt. 


tk—-1 


But (1.21) implies that | f(T'\(@)—/Q(7,)| < ¢ for _, < t < t,. Substituting 
this in the above inequality gives 


| /-lF®@)-FO! 


< ete x I(t.) (ty) 


< e1+V(y)) 
Letting « > 0+ gives that j,, f = F(8)— F(a). 


‘Case III. The General Case. Since {y} is compact there is a number r with 
0 <r < dist ({y}, C—G). Choose 6 > 0 so that when |s—z| < 5 we have 
lv(s)—y()| <r. If P = {ty < t, <:+::< t,} is a partition of [a, b] with 
IP || < 6 then |y()—y(t,_,)| < r for ._, < t < t,. That is, if y,: [t,-1, t,] 
> G is defined by y,(t) = y(t) then {y,} < BO(4,-,); rf) for 1<k <m. 
Using Case II, 


J f= f f= ¥ FOW)-Foe-d) = FO-FO. 
aan 
This completes the proof of the theorem. 
The reader should make an effort to fully understand this proof. In 
particular, he should examine the methods used to go from the case of a 
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differentiable curve to one which is only assumed to be rectifiable. This 
detailed analysis will not be the usual course of events in the future. Hence- 
forward, results will be stated for rectifiable curves where possible, but, 
unless the proof of this general case is of a particularly sanguineous nature, 
only the details for the case where the curve is differentiable will be given. 
To pass to the case where the curve is piecewise differentiable is a triviality. 
The proof of the general case can usually be carried out by an analysis 
similar to that done in the proof of the preceding theorem. 

A curve y: [a, b] + C is said to be closed if y(a) = y(6). 


1.22 Corollary. Let G, y, and f satisfy the same hypothesis as in Theorem 
1.18. If y is a closed curve then 


jr=o 


The Fundamental Theorem of Calculus says that each continuous 
function has a primitive. This is far from being true for functions of a 
complex variable. For example let f(z) = |z|*? = x?+ 7. If F is a primitive 
of f then F is analytic. So if F = U+iV then x?+y” = F(x+iy). Now, 
using the Cauchy-Riemann equations, 

cu WV. aU OV 
ox = x*+y° and 3 


ou 
But by = 0 implies that U(x, y) = u(x) for some differentiable function u. 


oe oU a 
But this gives x*-+y? = ae u(x), a clear contradiction. Another way to 


see that |z|* does not have a primitive is to apply Theorem 1.18 (see Exercise 
8). 


Exercises 


1. Let y: [a, 5] ~ R be non decreasing. Show that y is of bounded variation 
and V(y) = y(5)—7(@). 

2. Prove Proposition 1.2. 

3. Prove Proposition 1.7. 

4. Prove Proposition 1.8 (Use induction). 

5. Let y(t) = exp (—1+ it~") for 0 < t < 1 and ¥(0) = 0. Show that y is 
a rectifiable path and find V(y). Give a rough sketch of the trace of y. 

6. Show that if y; [a, b] + C is a Lipschitz function then y is of bounded 
variation. 


1 
7. Show that y: [0, 1] > C, defined by y(t) = t+iz¢ sin ; for ¢t 4 0 and 


(0) = 0, is a path but is not rectifiable. Sketch this path. 
8. Let y and o be the two polygons [1, i] and [1, 1+ i, i]. Express y and o as 
paths and calculate [, f and |, f where f(z) = ||’. 
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9. Define y: [0, 27] —> C by y(t) = exp (int) where n is some integer (positive, 


; ] 
negative, or zero). Show that | - dz = 2zin. 
Zz 


Y 
10. Define y(t) = e for 0 < ¢ < 27 and find J, z” dz for every integer n. 
11. Let y be the closed polygon [1—i, 1+7%, —1+i, —1—i, 1—i]. Find 


1 
| — dz. 
v2 iz 


12. Let J(r) = | — dz where y: [0, z] —> C is defined by (ft) = re". Show 
y 
that lim J(r) = 0. 


13. Find [, z~* dz where: (a) y is the upper half of the unit circle from 
+1 to —1:(b) y is the lower half of the unit circle from +1 to —1. 

14. Prove that if p: [a, b] >[c, d] is continuous and 9(a) = ¢, 9(b) = d 
then ¢ is one-one iff ¢ is strictly increasing. 

15. Show that the relation in Definition 1.16 is an equivalence relation. 
16. Show that if y and o are equivalent rectifiable paths then V(y) = V(c). 
17. Show that if y: [a, b] ~ C is a path then there is an equivalent path 
o: [0, 1] > C. 

18. Prove Proposition 1.17. 

19. In the proof of Case II of Theorem 1.18, where was the assumption that 
y lies in a disk used. 

20. Let (7) = 1+e" for 0 < t < 2m and find J, (z7—1)~* dz. 

21. Let y(t) = 2e" for —a < t < wand find J, (z?—1)7' dz. 

22. Show that if F, and F, are primitives for f: G -> C and G is connected 
then there is a constant c such that F,(z) = c+ F,(z) for each z in G. 

23. Let y be a closed rectifiable curve in G and a ¢ G. Show that for n = 2, 
|, (g-a)~" dz = 0. 

24. Prove the following integration by parts formula. Let fand g be analytic 
in G and let y be a rectifiable curve from a to b in G. Then J, fg’ = f(b)g(b)— 
f@g(a)-J, F's: 


§2. Power series representation of analytic functions 


In this section we will see that a function f| analytic in an open set G, 
has a power series expansion about each point of G. In particular, an analytic 
function is infinitely differentiable. 

We begin by proving Leibniz’s rule from Advanced Calculus. 


2.1 Proposition. Let p: [a, b]x[c, d] > C be a continuous function and define 
g:[c, d] > C by 
b 


2.2 g(t) = | os, t) ds. 


a 


op 
Then g is continuous. Moreover, if or exists and is a continuous function on 
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[a, b]x[c, d] then g is continuously differentiable and 
b 


2.3 g() = \2 (s, t) ds. 


a 


Proof. The proof that g is continuous is left as an exercise. Notice that if we 
prove that g is differentiable with g’ given by formula (2.3) then it will follow 


0 
from the first part that g’ is continuous since "i is continuous. Hence, we 
need only verify formula (2.3). 
0 
Fix a point ty in [c, d] and let « > 0. Denote xe by ¢.; it follows 


that », must be uniformly continuous on [a, b] x [c, d]. Thus, there is a 5 > 0 
such that |p,(s’, t')—¢2(s, t)| < « whenever (s—s’)?+(t—t')? < 5*. In 
particular 


2.4 lpa(s, 1)— 25, to)| < € 
whenever |t—t)| < 5 and a < s < b. This gives that for |t—t | < 5 and 
a<s<b, 


2.5 < ¢lt—fol. 


| lea(s, vals, to)] ar 


But for a fixed s in [a, b] ®(t) = ¢(s, 1)—te-,(s, ty) is a primitive of y2(s, t)— 
92(s, to). By combining the Fundamental Theorem of Calculus with in- 
equality (2.5), it follows that 


le(s, t) — o(s, to) —(t—to)p2(s, to)| Se€ |t—to 


for any s when |t—f,| < 5. But from the definition of g this gives 


b 
s(t) — 8(to) ~ | vals, to) ds| < e(b—a) 
t—to J 
when 0 < |t—t,| < 5. 
This result can be used to prove that 
2n 
e's 
| = —ds=2n if |z| <1. 
es —Zz 


0 


Actually, we will need this formula in the proof of the next proposition. 


Let o(s, t) = 


is for0 < ¢ < 1,0 < s < 27; (Note that ¢ is continuously 
e*—1z 


differentiable because |z| < 1.) Hence g(t) = 9" 9(s, 4) ds is continuously 
differentiable. Also, g(0) = 27; so if it can be shown that g is a constant, 
then 27 = g(1) and the desired result is obtained. 
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Now 


2n 
ze's 
(t) = | ds 
8 (t) | wom 
0) 


but for ¢ fixed, ®(s) = zi(e*—tz)"! has ®'(s) = —zi(e'*—tz)~ (ie) = 
ze*(e's— tz)~?, Hence g’(t) = ®(27) —®(0) = 0, so g must be a constant. 

The next result, although very important, is transitory. We will see a 
much more general result than this—Cauchy’s Integral Formula; a formula 
which is one of the essential facts of the theory. 


2.6 Proposition. Let f: G—> C be analytic and suppose B(a; r) < G(r > 0). 
If y(t) = a+re'', 0 < t < 2m, then 


IW) 4 


w- 24 


fe) = 5 


for |z—al| <r. 


1 
Proof. By considering G, = ‘ (z—a): ze 6| and the function g(z) = f(a+ 
r 


rz) we see that, without loss of generality, it may be assumed that a = 0 
and r = 1. That is we.may assume that BO; 1) < G. 


Fix z, |z| < 1; it must be shown that 


f= | a 
w— 3 


Y 


(flere | 


| eS—z 


, 


that is, we want to show that 


2n “ois 
0 = | Kee ds —2nf(2) 
e@ -—-Z 


- [ane - fz | a 
é€ 


We will apply Leibniz’s rule by letting 


of, ) = ETM __ pe, 


Z 


for 0 <t<1 and O0<s < 2m. Since |z+1t(e*—z)| = |z(1—O+te*| < 1, 
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y is well defined and is continuously differentiable. Let g(t) = |@* 9(s, t) ds; 
so g has a continuous derivative. 

The proposition will be proved if it can be shown that g(1) = 0; this is 
done by showing that g(0) = 0 and that g is constant. To see that g(0) = 0 
compute: 


22 


(0) = | 9(s, 0) ds 


0 


2n . 
-| | Se - 16) | 
e@ —Z 
0 
2n is 
= fee) | 5 ds—2nf(2) 
e€ —Z 
= QO, 
22 is 


since we showed that | ds = 27 prior to the statement of this pro- 


0 es — 
position. | 
To show that g is constant compute g’. By Leibniz’s rule, g'(4) = an 


y2(s, t) ds where 
p(s, t) = e8f'(z+t(e*—z)). 


However, for 0 < ¢< 1 we have that ®(s) = —it~1f(z+1t(e"—z)) is a 
primitive of ¢,(s, t). So g’(t) = O(27)— (0) = 0 for 0 < ¢ < 1. Since g’ is 
continuous we have g’ = 0 and g must be a constant. J 

How is this result used to get the power series expansion? The answer is 
that we use a geometric series. Let |z—a] < r and suppose that w is on the 
circle |w—al = r. Then 


W-Z wa | = w= a) D (=) 
w—a 


since |z—a| < r = |w—a|. Now, multiplying both sides by [f(w)/27i] and 
integrating around the circle y: |w—a| = r, the left hand side yields f(z) by the 
preceding proposition. The right hand side becomes—what? To find the 
answer we must know that we can distribute the integral through the infinite 
sum. 


2.7 Lemma. Let y be a rectifiable curve in C and suppose that F, and F are 
continuous functions on {y}. If F = u—lim F, on {y} then 


| F=1im | F,. 
4 Y 
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Proof. Let « > 0; then there is an integer N such that |F,(w)—F(w)| < «/V(y) 
for all w on {y} and n => N. But this gives, by Proposition 1.17(b), 


[F-]FRl=|[@-F 


< { |FQ)—F,()| [az 


<€ 


whenever 2 > N. 


2.8 Theorem. Let f be analytic in B(a; R); then f(z) = >, a,(z—a)" for 
n=0 


I ; , 
|z—a| < R where a, = — f (a) and this series has radius of convergence = R. 
n! 


Proof. Let0 <r < Rso that Bia; r) < Ba; R). If y(t) = at+re", 0 < t < 2z, 
then by Proposition 2.6, 


f(z) = ra ee dw for |z—al <r. 


But, since |z—a| <r and w is on the circle {y}, 
f(w)| |z-al" _ M (\z—a\" 
lw—al oF r 


z—a 


where M = max {|f(w)|; |w—al| =r}. Since < 1, the Weierstrass 


M-test gives that )) f(w) (z—a)"/(w—a)"*' converges uniformly for w on 
{y}. By Lemma 2.7 and the discussion preceding it 


wf f(¥) vn 
2.9 f(z) = > E Gw—ay*t rs] aw | (z—a) 
If we set 
1p fw) 


"  2ni | (w—a)"*! 
7 


then a, is independent of z, and so (2.9) is a power series which converges 
for |z—al] <r. 


1 
It follows (Proposition IIT. 2.5) that a, = 7 f(a), so that the value of a, 


is independent of y; that is, it is independent of r. So 


2.10 fz) = 


ims 


a,(z— a)" 


for |z—a| < r. Since r was chosen arbitrarily, r < R, we have that (2.10) 
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holds for |z—a| < R; giving that the radius of convergence of (2.10) must 
be at least R. 


2.11 Corollary. If f: G — C is analytic and ae G then f(z) = ). a,(z—a)" for 
|z—a] < R where R = d(a, 0G). ° 


Proof. Since R = d(a, 0G), B(a; R) < G so that f is analytic on B(a; R). 
The result now follows from the theorem. 


2.12 Corollary. If f: G—C is analytic then f is infinitely differentiable. 
2.13 Corollary. If f: G — C is analytic and B(a; r) < G then 


f(a) — ant LH) 


d 
2zai | (w—a ” 
? 


where y(t) = a+re"*, 0 < t < 2z. 


2.14 Cauchy’s Estimate. Let f be analytic in B(a; R) and suppose | f(z)| < M 
for all z in B(a; R). Then 
{mM 
(n) na 


Proof. Since Corollary 2.13 applies with r < R, Proposition 1.17 implies 
that 
n!\ M niM 
(n) —e eee e = een 
[fP'(a)| < (5) 2ur * 


Since r < R is arbitrary, the result follows by letting r—> R—. 
We will conclude this section by proving a proposition which is a special 
case of a more general result which will be presented later in this chapter. 


2.15 Proposition. Let f be analytic in the disk B(a; R) and suppose that y is a 
closed rectifiable curve in B(a; R). Then 


[f=0. 


Proof. This is proved by showing that f has a primitive (Corollary 1.22). 
Now, by Theorem 2.8, f(z) = }\ a,(z—a)" for |z—a| < R. Let 


— (a, n+1 = (On n 
F(z) = » (=) (z—a)""* = (z—a) >, ( Jena . 


Since lim (n+1)'™ = 1, it follows that this power series has the same radius 
of convergence as )) a,(z—a)". Hence, F is defined on B(a; R). Moreover, 
F(z) = f(z) for |z—a| < R. Bf 


Exercises 


1. Show that the function defined by (2.2) is continuous. 
2. Prove the following analogue of Leibniz’s rule (this exercise will be 
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frequently used in the later sections.) Let G be an open set and let y be a 
rectifiable curve in G. Suppose that »: {y}x G— C is a continuous function 
and define g: G—>C by 


g(z) = | g(w, z) dw 


Yv 


0 . . . 
then g is continuous. If = exists for each (w, z) in {y}x G and is continuous 
Zz 


then g is analytic and 


0 
g'(z) = | & (w, z) dw. 
OZ 
Y 


3. Suppose that y is a rectifiable curve in C and 9 is defined and continuous 
on {y}. Use Exercise 2 to show that 


HW) 
no = {®< 


is analytic on C— {y} and 
2(z) = n! 


p(w) 


(w—z)"*! 


4. (a) Prove Abel’s Theorem: Let )a, (z—a)" have radius of convergence 1 
and suppose that »y a, converges to A. Prove that 

lim >a," = A. 

r7>1- 
(Hint: Find a summation formula which is the analogue of integration by 
parts.) 
(b) Use Abel’s Theorem to prove that log 2 = 1—4+44-... 
5. Give the power series expansion of log z about z = i and find its radius of 
convergence. 
6. Give the power series expansion of Jz about z = 1 and find its radius of 
convergence. 
7. Use the results of this section to evaluate the following integrals: 


(a) |S dz, y(t) = e*, O<t<2z; 
v 
d: 
(b) Jie y(t) =atre*, O<t <2z; 
Z—-a 
sin . 
(c) feta y(t) = e”, O<t<2z; 


log z ; 
(d) [= dz, y(t) = 1+4e", O<t<27 andn= 0. 
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8. Use a Mobuis transformation to show that Proposition 2.15 holds if the 
disk B(a; R) is replaced by a half plane. 
9. Use Corollary 2.13 to evaluate the following integrals: 


(a) [= 


d , 
(b) le where n is a positive integer and »(f) = e", 0 < t < 27: 
—2 


Zz 
dz where n is a positive integer and y(t) = e*,0 < t < 2m; 


Y 
d ; 
(c) | a] where y(f) = 2e", 0 < ¢ < 27. (Hint: expand (z7+1)~! by 
Zz 
Y 
means of partial fractions); 


(d) ie dz where 7(t) = e', 0 < t < 2z; 
(e) Jena c — dz where y(t) = 1+4e", 0 < t < 2z. 


10. Evaluate jets me dz where 7(t) = re“, 0 < t < 2z, for all possible 


wr 


values of r, 0. <r<2and2 <r< o. 
11. Find the domain of analyticity of 


fe) = £0 e(77F) , 
1 —iz 


also, show that tan f(z) = z (i.e., fis a branch of arctan z). Show that 


1 
i for |z| < 1 


fe) = XG ye 


(Hint: see Exercise III. 3.19.) 
12. Show that 


—. E 
secz=1 + 2k 2k 
DoH! 


for some constants £5, E,,---. These numbers are called Euler’s constants. 
What is the radius of convergence of this series? Use the fact that 1 = cos z 
sec z to show that 


2n 2n 
E,- (>, .) E,,- +(4o" 1) | 4t° +(— 1)" (7 ’) E,+(- 1)" = 0. 


Evaluate Ez, E4, Es, Eg. (Eyo = 50521 and E,, = 2702765). 
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e*—1 o. 
about zero and determine its radius 


13. Find the series expansion of 


Zz 


of convergence. Consider f(z) = Fol and let 
oe) ay . 
{2 =) 72 

Fear k} 


be its power series expansion about zero. What is the radius of convergence? 


Show that 
0 =a) + ("Tat + (a, 


Using the fact that f(z)+4z is an even function show that a, = 0 for k odd 
and k > 1. The numbers B,, = (—1)"~‘a,, are called the Bernoulli numbers 
for n = 1. Calculate B,, By,---Byo. 
14. Find the power series expansion of tan z about z = 0, expressing the 
coefficients in terms of Bernoulli numbers. (Hint: use Exercise 13 and the 
formula cot 2z = 4 cot z—4 tan z.) 


§3. Zeros of an analytic function 


If p(z) and q(z) are two polynomials then it is well known that 
P(z) = 5 (z)q(z)+7(z) where s(z) and r(z) are also polynomials and the degree 
of r(z) is less than the degree of g(z). In particular, if a is such that p(a) = 0 
then choose (z—a) for q(z). Hence, p(z) = (z—a)s(z)+r(z) and r(z) must 
be a constant polynomial. But letting z = a gives 0 = p(a) = r(a). Thus, 
P(z) = (z—a)s(z). If we also have that s(a) = 0 we can factor (z—a) from 
s(z). Continuing we get p(z) = (z—a)” t(z) where 1 < m < degree of p(z), 
and ¢(z) is a polynomial such that ¢(a) 4 0. Also, degree ¢(z) = degree 
p(z)—m. 


3.1 Definition. If f: G— C is analytic and a in G satisfies f(a) = 0 then a 
is a zero of f of multiplicity m = 1 if there is an analytic function g: G>C 
such that f(z) = (z—a)"g(z) where g(a) + 0. 

Returning to the discussion of polynomials, we have that the multiplicity 
of a zero of a polynomial must be less than the degree of the polynomial. 
If n = the degree of the polynomial p(z) and a,,..., a, are all the distinct 
zeros of p(z) then p(z) = (z—a,)"': - -(z—a,)s(z) where s(z) is a polynomial 
with no zeros. Now the Fundamental Theorem of Algebra says that a 
polynomial with no zeros is constant. Hence, if we can prove this result we 
will have succeeded in completely factoring p(z) into the product of first 
degree polynomials. The reader might be pleasantly surprised to know that 
after many years of studying Mathematics he is right now on the threshold 
of proving the Fundamental Theorem of Algebra. But first it is necessary to 
prove a famous result about analytic functions. It is also convenient to 
introduce some new terminology. 
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3.2 Definition. An entire function is a function which is defined and analytic 
in the whole complex plane C. (The term “integral function”’ is also used.) 

The following result follows from Theorem 2.8 and the fact that C 
contains B(O; R) for arbitrarily large R. 


3.3 Proposition. [f f is an entire function then f has a power series expansion 


f@ = > a2” 


with infinite radius of convergence. 

In light of the preceding proposition, entire functions can be considered 
as polynomials of “‘infinite degree’. So the question arises: can the theory of 
polynomials be generalized to entire functions? For example, can an entire 
function be factored? The answer to this is difficult and is postponed to 
Section VII. 5. Another property of polynomials is that no non constant 
polynomial is bounded. Indeed, if p(z) = z"+a,-,2"-'+:°:+ao then 
lim p(z) = lim z” [l+a,_,z~>1+°-+++a9z~"] = 00. The fact that this also 


2—> 0 


Zz 0 
holds for entire functions is an extremely useful result. 


3.4 Liouville’s Theorem. If f is a bounded entire function then f is constant. 
Proof. Suppose |/f(z)| < M for all z in C. We will show that f(z) = 0 for 
all z in C. To do this use Cauchy’s Estimate (Corollary 2.14). Since / is 
analytic in any disk B(z; R) we have that |/’(z)| < M/R. Since R was arbi- 
trary, it follows that f’(z) = 0 for each z in C. 

The reader should not be deceived into thinking that this theorem is 
insignificant because it has such a short proof. We have expended a great 
deal of effort building up machinery and increasing our knowledge of analytic 
functions. We have plowed, planted, and fertilized; we shouldn’t be surprised 
if, occasionally, something is available for easy picking. 

Liouville’s Theorem will be better appreciated in the following applica- 
tion. 


3.5 Fundamental Theorem of Algebra. Jf p(z) is a non constant polynomial 
then there is a complex number a with p(a) = 0. 


Proof. Suppose p(z) # 0 for all z and let f(z) = [p(z)]~’; then fis an entire 
function. If p is not constant then, as was shown above, lim p(z) = ©; 


so lim f(z) = 0. In particular, there is a number R > 0 such that |f(z)| < 1 


zZ—>@ 


if |z| > R. But fis continuous on BO; R) so there is a constant M such that 
|f(z)| < M for |z| < M. Hence fis bounded and, therefore, must be constant 
by Liouville’s theorem. It follows that p must be constant, contradicting our 
assumption. J 


3.6 Corollary. If p(z) is a polynomial and a,,... 4, are its zeros with a; 
having multiplicity k ; then p(z) = c(z—a,)"++-(z—a,,)*™" for some constant c 
and k,+°:-+k,, is the degree of p. 

Returning to the analogy between entire functions and polynomials, the 
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reader should be warned that this cannot be taken too far. For example, if p 
is a polynomial and ae C then there is a number z with p(z) = a. In fact, 
this follows from the Fundamental Theorem of Algebra by considering the 
polynomial p(z)—a. However the exponential function fails to have this 
property since it does not assume the value zero. (Nevertheless, we are able 
to show that this is the worst that can happen. That is, a function analytic 
in C omits at most one value. This is known as Picard’s Little Theorem and 
will be proved later.) Moreover, no one should begin to make an analogy 
between analytic functions in an open set G and a polynomial p defined on 
C; rather, you should only think of the polynomials as defined on G. 


For example, let 
f(z) = cos (7) »(2z| < 1. 
|-z 
. 1+z 
Notice that To, mars D = {z:|z| < 1} onto G = {z: Rez > 0}. The zeros 


ni — 


of f are the points 
hi 


+2 
However, as n —> 00 the zeros approach 1 which is not in the domain of 
analyticity D. This is the story for the most general case. 


2 
-n = 1, 2,-- } ; so f has infinitely many zeros. 


3.7 Theorem. Let G be a connected open set and let f: G > C be an analytic 
function. Then the following are equivalent statements: 

(a) f = 0; 

(b) there is a point a in G such that f(a) = 0 for each n > 0; 

(c) {zeG: f(z) = 0} has a limit point in G. 


Proof. Clearly (a) implies both (b) and (c). (c) implies (b): Let ae G and a 
limit point of Z = {zeG: f(z) = 0}, and let R > 0 be such that Bia; R) < 
G. Since a is a limit point of Z and fis continuous it follows that f(a) = 0. 
Suppose there is an integer n > 1 such that f(a) = f'(a) =--- =f" °@ 
= 0 and f(a) # 0. Expanding f in power series about a gives that 


f@) = )) a{z—a)* 


k=n 


for |z—a| < R.If 


(2) = ¥ ae—ah 


then g is analytic in B(a; R), f(z) = (z—a)"g(z), and g(a) = a, # 0. Since 
g is analytic (and therefore continuous) in B(a; R) we can find anr, 0 < r < 
R, such that g(z) 4 0 for |z—a| < r. But since a is a limit point of Z there 
is a point b with f(b) = 0 and 0 < |b—al < r. This gives 0 = (b—a)"g(b) 
and so g(b) = 0, a contradiction. Hence no such integer n can be found; 
this proves part (b). 

(b) implies (a): Let A = {zeG: f(z) = 0 for all n > 0}. From the 
hypothesis of (b) we have that A # (J. We will show that A is both open 
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and closed in G; by the connectedness of G it will follow that A must be G 
and so f = 0. To see that A is closed let ze A~ and let z, be a sequence in 
A such that z= lim a,. Since each f™ is continuous it follows that 
f(z) = lim f(Z,) = 0. So ze A and A is closed. 

To see that A is open, let ae A and let R > 0 be such that Bia; R) < G. 


1 
Then f(z) = 2 a,(z—a)" for |z—a| < R where a, = "I f™(@ = 0 for each 


n > 0. Hence f(z) = 0 for all z in B(a; R) and, consequently, B(a; R) ¢ A. 
Thus A is open and this completes the proof of the theorem. Jj 


3.8 Corollary. Jf f and g are analytic on a region G then f= g iff {zeG: 
F(z) = g(z)} has a limit point in G. 

This follows by applying the preceding theorem to the analytic function 
f-8. 
3.9 Corollary. If f is analytic on an open connected set G and f is not identi- 
cally zero then for each ain G with f(a) = 0 there is an integer n = 1 and an 
analytic function g: G —-> C such that g(a) # 0 and f(z) = (z—a)"g(z) for all 
z in G. That is, each zero of f has finite multiplicity. 


Proof. Let n be the largest integer (> 1) such that f“~ (a) = 0 and define 
1 
e(z) = (z—a)“"f(z) for z # a and g(a) = I f(a). Then g is clearly analytic 


in G— {a}; to see that g is analytic in G it need only be shown to be analytic 
in a neighborhood of a. This is accomplished by using the method of the 
proof that (c) implies (b) in the theorem. J 


3.10 Corollary. If f: G — C is analytic, ae G, and f(a) = 0 then there is an 
R > 0 such that B(a; R) < G and f(z) # 0 for 0 < |z—al < R. 


Proof. By the above theorem the zeros of f are isolated. Jj 

Notice that Corollary 3.10is exactly the result needed to justify the reason- 
ing that was used to prove the Chain Rule. 

There is one instance where the analogy between polynomials and analytic 
functions works in reverse. That is, there is a property of analytic functions 
which is not so transparent for polynomials. 


3.11 Maximum Modulus Theorem. // G is a region and f: G — C is an analytic 
function such that there is a point a in G with | f(a)| = |f(2)| for all z in G, then 
f is constant. 


Proof. Let B(a; r) < G, y(t) = at+re™ for 0 < t < 2m; according to Pro- 
position 2.6 
f(a) = > | ay 


227i | w—a 
v4 


22 
-1 | flatre'’) dt 
20 
8] 
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Hence 


2 
fla) < 2 | Ifatre")| dt < [fa 
10) 
since | f(a+re'')| < | f(a)| for all t. This gives that 


2n 
0 = { Aa)|-|fla+re")|] ar; 
0 


but since the integrand is non-negative it follows that | f(a)| = | f(a+re")| 
for all t. Moreover, since r was arbitrary, we have that f maps any disk 
B(a; R) < G into the circle |z| = |«| where a = f(a). But this implies that f 
is constant on B(a; R) (Exercise II. 3.17). In particular f(z) = « for |z—a| 
< R. According to Corollary 3.8, f= «. 

According to the Maximum Modulus Theorem, a non-constant analytic 
function on a region cannot assume its maximum modulus; this fact is far 
from obvious even in the case of polynomials. The consequences of this 
theorem are far reaching; some of these, along with a closer examination of 
the Maximum Modulus Theorem, are presented in Chapter VI. (Actually, 
the reader at this point can proceed to Sections VI. 1 and VI. 2.) 


Exercises 


1. Let f be an entire function and suppose there is a constant M, an R > 0, 
and an integer n > 1 such that |f(z)| < M|z|" for |z| > R. Show that fis a 
polynomial of degree < n. 

2. Give an example to show that G must be assumed to be connected in 
Theorem 3.7. 

3. Find all entire functions f such that f(x) = e* for x in R. 

4, Prove that e7** = e7e* by applying Corollary 3.8. 

5. Prove that cos (a+b) = cos acos b—sin a sin b by applying Corollary 3.8. 
6. Let G be a region and suppose that f: G —> C is analytic and ae G such 
that | f(a)| < [f(z)| for all z in G. Show that either f(a) = 0 or fis constant. 
7. Give an elementary proof of the Maximum Modulus Theorem for 
polynomials. 

8. Let G be a region and let f and g be analytic functions on G such that 
f(2)g(z) = 0 for all a in G. Show that either f = 0 or g = 0. 

9. Let U: C ~R be a harmonic function such that U(z) = 0 for all z in C; 
prove that U is constant. 


§4. Cauchy’s Theorem 


We have already proved Cauchy’s Theorem for functions analytic in a 
disk: if G is an open disk then {, f = 0 for any analytic function f and any 
closed rectifiable curve y in G (Proposition 2.15). We wish to know for which 
open connected sets G is this result valid. We have already seen examples 
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which show that every region G does not have this property (Let G = C — {0}, 
f(z) =z", and y(t) = e” for 0 < t < 2m). The difficulty with C— {0} is 
that it has a “hole” (namely {0}). It will be shown that f, f = 0 for every 
closed rectifiable curve y in G and every analytic function f exactly when G 
has no “holes”. Of course, this notion of being hole-less must be made 
precise. 

Our approach will be somewhat more general. For a given G and two 
closed rectifiable curves yg and y, in G, we ask for conditions on y, and y, 
to ensure that [,, f= f,,f for each analytic function f on G. The other 
problem will follow from this by taking y, to be a constant curve. 

Let G = B(a; R) and let y: [0, 1] ~ G be a closed rectifiable curve. If 
O<st<landO<s <1, and we put z = ta+(1—2)y(5); then z lies on the 
Straight line segment from a to 7(s). Hence, z must lie in G. Let y,(s) = tat+ 
(1—f)(s) for O< s <1 and O<t <1. So, yo = y and y, is the curve 
constantly equal to a; the curves y, are somewhere in between. We were able 
to draw y down to a because there were no holes. If a point inside y were 
missing from G (imagine a stick protruding up from the disk with its base 
inside y), then as y shrinks it would get caught on the hole and could not go 
to the constant curve. 


4.1 Definition. Let yo, y,: [0, 1] ~ G be two closed rectifiable curves in a 
region G; then yp is homotopic to y, in G if there is a continuous function 
I: [0, 1]}x[0, 1] ~ G such that 


Is, 0) = y(s) and I(s,1) = y,(s) OO <s < 1) 
rO,) =Td,) O<rt<) 


So if we define y,: [0, 1] ~ G by y,(s) = T(s, 2) then each y, is a closed 
curve and they form a continuous family of curves which start at y, and go 
to y,. Notice however that there is no requirement that each y, be rectifiable. 
In practice when yg and y, are rectifiable (or differentiable) each of the y, 
will also be rectifiable (or differentiable). 

If yo is homotopic to y, in G write yo ~ y,. Actually a notation such as 
Yo ™ ¥1 (G) should be used because of the role of G. If the range of IT is not 
required to be in G then, as we shall see shortly, all curves would be homo- 
topic. However, unless there is the possibility of confusion, we will only 
write yo ~ y;- 

It is easy to show that “‘~”’ is an equivalence relation. Clearly any curve 
is homotopic to itself. If yy ~ y, and [: [0, 1]x[0, 1] ~G satisfies (4.2) 
then define A(s, 7) = I'(s, 1—7) to see that y, ~ yo. Finally, if yp ~ y, and 
v1 ~ yz with LP satisfying (4.2) and A: [0, 1] x [0, 1] ~ G satisfying A(s, 0) = 
v1(s), A(s, 1) = y2(s), and A(O0, #) = ACI, 2) for all s and ¢t; define ® [0, 1] x 
[0, 1] > G by 


4.2 


0. = {F029 HO: 


A(s,2t—1) if 4 


Then ® is continuous and shows that yp ~ y>. 
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4.3 Definition. A set G is convex if given any two points a and 5 in G the line 
segment joining a and 3, [a, 5], lies entirely in G. The set G is star shaped if 
there is a point a in G such that for each z in G, the line segment [a, z] lies 
entirely in G. Clearly each convex set is star shaped but the converse is just 
as clearly false. 

We will say that G is a— star shaped if [a, z] < G whenever zeG. If G 
is a— star shaped and z and w are points in G then [z, a, w] is a polygon in G 
connecting z and w. Hence, each star shaped set is connected. 


4.4 Proposition. Let G be an open set which is a— star shaped. If yo is the 
curve which is constantly equal to a then every closed rectifiable curve in G is 
homotopic to yo. 


Proof. Let y, be a closed rectifiable curve in G and put I(s, t) = ty,(s)+ 
(1 —t)a. Because G is a— star shaped, [(s, t)e Gfor 0 < s,t < 1. It is easy to 
see that I’ satisfies (4.2). Jj 

If G = C— {0} and y,(s) = e27*, y,(s) = e~7"*§ for 0 < s < 1, then 
Yo and y, are not homotopic in G. This follows from the next theorem. 


4.5 Cauchy’s Theorem (First Version). Let yo and y, be two closed rectifiable 
curves in G such that yo ~~ y,. Then 


Jr Jf 


for every function f analytic in G. 
If G, yo, y; are as in the paragraph preceding the statement of the theorem, 


[ie = 27i, i; dz = —2zi. 
Zz Zz 
Yo V1 


_ oI, . ; 
Since ; is analytic in G the theorem says that y, and y, are not homotopic. 


Before proceeding let us consider a special case. Suppose I satisfies (4.2) 
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and also suppose I’ has continuous second partial derivatives. Hence 


er &r 
ast atas 
throughout the square J? = [0, 1]x[0, 1]. Define 


1 
g(t) = | F(T, 0) - (s, t) ds; 
0 


then g(0) = f,, f and g(1) = f,, f. By Leibniz’s rule g has a continuous 
derivative, 


e'(t) = { Ir ris, TE + KO, 9) ws |“ 


0 


0 or ov ol eT 
— ro) it —_—— = ’ —_ — fe) ia —_—— 5 
Os lu ) | Get) Os Oot tS Os ot 


But 


hence 


s(t) = fd, ))— = (1 t)—f(0O, )) ~ (, t). 


Since I'(1, ¢) = TO, ¢) for all t we get g’(t) = 0 for all t. So g is a constant; 
in particular J,, f = J,, f. 


Proof of Theorem 4.5. Let T: I? + G satisfy (4.2). Since T' is continuous 
and J? is compact, I is uniformly continuous and I'(/”) is a compact subset 
of G. Thus 

r = dT(/’), C—G) > 0 


and there is an integer n such that if (s—s’)?+(t—t')? < 4/n? then 
IT(s, t)—T(s’, t’)| <r. 


Lin = i i) OShk Se 


In= E oa ’ E | 
n n n n 


for 0 < j,k < n—1. Since the diameter of the square Jj, is ~— , it follows 


Let 


and put 


— 


that ['VJ;,) © B(Z;,, 1). So if we let P,, be the closed polygon [Zins Zj+1,ks 
Zj+1,k+1> Zj,k+1> Zl; then, because disks are convex, P,, © BZ, ike oD. But 


from Proposition 2.15 it is known that 

4.6 f=0 
é 

for any function f analytic in G. 
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It can now be shown that f,,f = J,,f by going up the ladder we have 
constructed, one rung at a time. That is, let Q, be the closed polygon [Zo ;, 
Z1.n-++>Zyl. We will show that f,, f = fof =Jof=''°=Jof=Jy,f 
(one rung at a time!). To see that {,, f= J9, f observe that if o(t) = y(t) for 


Jept<e 
n n 


then 0,+[Z;41,0, Zjol (the + indicating that o, is to be followed by the 
polygon) is a closed rectifiable curve in the disk B(Z,9; r) © G. Hence 


Jf-- { f= fo# 


[Zj+1,0, Zjo] ([Zjo,Z; +1, 0] 


Adding both sides of this equation for 0 < j < nyields |, f = Jo, f. Similarly 


),,f= SoS. 
To see that fo, f = Jo,,, f use equation (4.6); this gives 


4.7 o=> IF 
Zjaicett 


Zj+2, kth 


Lijit 


Zj+2, k 


Z 5x 


However, notice that the integral [> J includes the integral over [Zj+1,4; 
Z j+1,n+1] Which is the negative of the integral over [Zj+1,441. Zj+1,ul 
which is part of the integral |p,,,,, f Also, 


Zo,k = (0. ') = iC ") = Zink 
n n 


so that [Zo 441, Zo,n) = —[Zin. Z1,~41]. Hence, taking these cancellations 
into consideration, equation (4.7) becomes 
o=frs- [sr 
Ox Qx+1 


This completes the proof of the theorem. Jj 
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To state the second version of Cauchy’s Theorem some new terminology 
must first be introduced. 


4.8 Definition. If y is a closed rectifiable curve in G then y 1s homotopic to 
zero (y ~ 0) if y is homotopic to a constant curve in G. 


4.9 Cauchy’s Theorem. (Second Version). If G is a region and y is a closed 
rectifiable curve in G which is homotopic to zero then 


jr=e 


for every analytic function f defined on G. 
The proof follows immediately from the first version of Cauchy’s Theorem. 


4.10 Definition. If y,, y,: [0, 1] — G are two rectifiable curves in G such that 
yo(0) = y,(0) = a and y,(1) = y,(1) = b then yo and y, are fixed-end-point 
homotopic (FEP homotopic) if there is a continuous map T': J* -> G such 
that 

I(s, 0) = 7 0(S) Is, 1) = v1(s) 


TO, ) =a Td,)=5 


4.11 


forO <s,t <1. 

Again the relation of FEP homotopic is an equivalence relationship on 
curves from one given point to another (Exercise 3). 

Notice that if y) and y, are rectifiable curves from a to b then yo—y, 
is a closed rectifiable curve. Suppose TI satisfies (4.11) and define y: [0, 1] + G 
by y(s) = y,(3s) for O< s < 4; yp(s) = 5b for 4 < s < 4; and y(s) = y; 
(3—3s) for 3 < s < 1. We will show that y ~ 0. In fact, define A: J? + G by 


N3si—-),A if O< s <4 
A(s, t) = (TU—t, 3s—1+2t—3st) if 4<s < 3 
yi((3—3s)(1—f)) if 4<s<1 
Although this formula may appear mysterious it can easily be understood 
by seeing that for a given value of t, A is the restriction of I‘ to the boundary 


of the square [0, 1 —¢] x [z, 1] (see the figure). It is left to the reader to check 
that A shows y ~ 0. 
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Hence, for f analytic on G the second version of Cauchy’s Theorem gives 


o=fr=fr-fs 
y Yo v1 
This is summarized in the following. 


4.12 Independence of Path Theorem. /f y,. and y, are two rectifiable curves in 
G from a to b and yo, and y, are FEP homotopic then 


[r= [sr 
Yo v1 
for any. function f analytic in G. 
Those regions G for which the integral of an analytic function around a 
closed curve is always zero can be characterized. 


4.13 Definition. An open set G is simply connected if G is connected and every 
closed curve in G is homotopic to zero. 


4.14 Cauchy’s Theorem (Third Version). Jf G is simply connected then 
f, f = 0 for every closed rectifiable curve and every analytic function f. 

Let us now take a few moments to digest the concept of simple connected- 
ness. Clearly every star shaped region is simply connected. Also, examine the 
complement of the spiral r = 6. That is, let G = C— {6e®: 0 < 0 < «}; 
then G is simply connected. In fact, it is easily seen that G is open and 
connected. If one argues in an intuitive way it is not difficult to become 
convinced that every curve in G is homotopic to zero. A rigorous proof will 
be postponed until we have proved the following: A region G is simply 
connected iff C,, — G, its complement in the extended plane, is connected in C,,. 
This will not be proved until Chapter VIII. If this criterion is applied to the 
region G above then G is simply connected since C,,—G consists of the 
spiral r = 6 and the point at infinity. 

Notice that for G = C— {0}, C—G = {0} is connected but C,—G = 
{0, co} is not. Also, the domain of the principal branch of the logarithm is 
simply connected. 

It was shown earlier in this chapter (Corollary 1.22) that if an analytic 
function f has a primitive in a region G then the integral of f around every 
Closed rectifiable curve in G is zero. The next result should not be too sur- 
prising in light of this. 


4.15 Corollary. If G is simply connected and f: G —> C is analytic in G then f 
has a primitive in G. 


Proof. Fix a point a in G and let y,, y, be any two rectifiable curves in G 
from a to a point z in G. (Since G is open and connected there is always a 
path from a to any other point of G.) Then, by Theorem 4.14, 0 = f,,_,, 
f = J,,f—-J,,f (where y,—y, is the curve which goes from a to z along y, 
and then back to a along —y,). Hence we can get a well defined function 
F: G > C by setting F(z) = |, f where y is any rectifiable curve from a to z. 
We claim that F is a primitive of f. 
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If 29 ¢Gandr > Ois such that B(z); r) < G, then let y be a path from 
ato Zg. For z in B(Z9; r) let y, = y+[Zo, z]; that is, y, is the path y followed 
by the straight line segment from z, to z. Hence 


F(z)—F(Z) _ 1 { f 


Z—Zo (z —Zo) [ j 
This gives . 
F@)-Flo) _ yz) - 1 | f-f@0) 
Z—Zo (Z—Zo) [220] 
__1 | L4G") —f@o)] aw. 
(z—Zo) = 
But by taking absolute values 
F@)-F Eo) _ Wz)| < If@-flZd)l, 
Z—Zo 
which shows that 
tim “O-FEO) _ F,). i 
ZZ Z—Z9 


Perhaps a somewhat less expected consequence of simple connectedness 
is the fact that a branch of log f(z) where f is analytic and never vanishes, 
can be defined on a simply connected region. Nevertheless this is a direct 
consequence of the preceding corollary. 


4.16 Corollary. Let G be simply connected and let f: G—>C be an analytic 
function such that f(z) # 0 for any z in G. Then there is an analytic function 
g:G—C such that f(z) = exp g(z). fz) € Gand e”° = f(z_), we may choose 
g such that g(Zo) = Wo. 


t 


Proof. Since f never vanishes, f is analytic on G; so, by the preceding 
corollary, it must have a primitive g,. If h(z) = exp g,(z) then h/ is analytic 


and never vanishes. So, is analytic and its derivative is 


A(z) f"(z)—h'()f@) 
h(z)” 


But h’ = gjh so that hf’—fh’ = 0. Hence /f/h is a constant c for all z in G. 
That is f(z) = c exp g,(z) = exp [g,(z)+c’] for some c’. By letting g(z) = 
2,(z)+c'+2zik for an appropriate k, g(z.)) = Wo and the theorem is 
proved. 

Let us emphasize that the hypothesis of simple connectedness is a topo- 
logical one and this was used to obtain some basic results of analysis. Not 
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only are these last three theorems (4.14, 4.15, and 4.16) consequences of 
simple connectivity, but they are equivalent to it. It will be shown in Chapter 
VIII that if a region G has the conclusion of each of these theorems satisfied 
for every function analytic on G, then G must be simply connected. 

This section closes with a converse to Cauchy’s Theorem. A closed path 
T is said to be triangular if it is polygonal and has three sides. 


4.17 Morera’s Theorem. Let G be a region and let f: G > C be a continuous 
function such that \;f = 0 for every triangular path T in G; then f is analytic 
in G. 
Proof. First observe that f will be shown to be analytic if it can be proved that 
f is analytic on each open disk contained in G. Hence, without loss of 
generality, we may assume G to be an open disk; suppose G = B(a; R). 
Use the hypothesis to prove that f has a primitive. For z in G define 
F(z) = Sra, 23 f. Fix Z, in G; then for any point z in G the hypothesis gives 
that F(z) = Sraeo) f+ Jrzo.23/- Hence 


F(z)—F(Zo) _ 
a | 
Z—Zo 
{zo, z] 
We now proceed as in the proof of Corollary 4.15, to show that F’ =f 
and F is, therefore, analytic. Since f is the derivative of an analytic function 
it is itself analytic. Ij 


Exercises 


1. Let G be a region and let o,, o,: [0, 1] ~G be the constant curves 
o,(t) = a, o,(t) = b. Show that if y is closed rectifiable curve in G andy ~ 0, 
then y ~ o,. (Hint: connect a and b by a curve.) 

2. Show that if we remove the requirement “TO, t) = T(1, 4) for all 2’ 
from Definition 4.1 then the curve y,(t) = e?*"*, 0 < t < 1, is homotopic to 
the constant curve y,(t) = 1 in the region G = C— {0}. 

3. Let @ = all rectifiable curves in G joining a to b and show that Definition 
4.10 gives an equivalence relation on @. 

4. Let G = C— {0} and show that every closed curve in G is homotopic 
to a closed curve whose trace is contained in {z: |z| = 1}. 


d. ; 
5. Evaluate the integral lan where y(6) = 2|cos 26| e” for 0 < @ < 2z. 
Z 
; Y 
6. Let y(0) = Oe” for O< 0 < 2m and (6) = 4n—6 for 27 < 0 < 4x. 


dz 
Evaluate |aea . 
2° +74 


y 
7. Let f(z) = [(¢-—4—i)-(z—1-—3/)-(z-1—5)-(z-3—]“' and let y be the 
polygon [0, 2, 2+2i, 2i, 0]. Find J, f. 
8. Let G be a region and suppose f,: G->C is analytic for each n > 1. 
Suppose that {f,} converges uniformly to a function f: G > C. Use Morera’s 
Theorem to show that fis analytic. 
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§5. The index of a closed curve 


We have already shown that |,(z—a)~'dz = 2zin if y(t) = a+e?"™. The 
following result shows that this is not peculiar to the path y. 


5.1 Proposition. /f y: [0, 1] — C is a closed rectifiable curve and a ¢ {y} then 
1l| «& 
2mi | z—-a 
Y 
is an integer. 


Proof. This is only proved under the hypothesis that y is differentiable. In 
this case define g: [0, 1] ~ C by 


_fv@, 
g(t) } 16)-a s 


Hence, g(0) = 0 and g(1) = J, (¢—a)~* dz. We also have that 
y(t) 


e() = ——— for 0<t< 1. 
y(t)—a 


But this gives 
© e-My—a) = e7Fy'=g'e ya) 
=e y’—-y'(y-@) "9 
=0 
So e~%(y—a) is the constant function e~* (,(0)—a) = y(0)—a = e8) 


(y(1)—a). Since (0) = y(1) we have that e~*“ = 1 or that g(1) = 27ik for 
some integer k. Ij 


5.2 Definition. If y is a closed rectifiable curve in C then for a ¢ {y} 


nya) = A | (2—a)"! dz 


is called the index of y with respect to the point a. It is also sometimes called 
the winding number of y around a. 

Recall that if y: [0, 1] ~ C is a curve, —y or y~* is the curve defined by 
(-y) () = yA—2) (this is actually a reparametrization of the original 
definition). Also if y and o are curves defined on [0, 1] with y(1) = o(0) then 
y+o is the curve (y+o) (t) = y(22) if 0 < t < 4 and (y+o) (4) = o(2t+ 1) if 
4 < t < 1. The proof of the following proposition is left to the reader. 


5.3 Proposition. /f y and o are closed rectifiable curves having the same initial 
points then 
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(a) n(y; a) = —n(—y; a) for every a ¢ {y}; 
(b) n(y+o; a) = n(y; a)+n(c; a) for every a ¢ {fy} U {oc}. 


5.4 Proposition. If y. and y, are homotopic closed rectifiable curves in C— {a} 
(4 ¢ {yo} U {y1}) then nlyo; a) = n(y;; @). In particular n(yo; a) = 0 if 
Yo ~ 0 in C— {a}. 

This, of course, follows trivially from Cauchy’s Theorem since (z—a)~! 
is analytic in C— {a}. It is more interesting to point out that the converse of 
the above proposition is valid. So, for a in C the index completely determines 
which closed curves are homotopic in C— {a}. The proof of this converse 
starts with Exercise 4.4 to show that we need only consider closed curves 
whose trace lies in {z: |z—a] = 1}. We then must go through an “unwinding” 
process which, although not too difficult, is somewhat technically involved. 
This is carried out in a more general setting in Section [X. 7; however, it is 
not too difficult to do directly. 

If, however, we accept this result then it follows that if n(y, a) =m 
then y is homotopic to the curve a+exp (27imt), 0 < t < 1. So the number 
n(y; a) is exactly the number of times that y winds around a! 

Let y be a closed rectifiable curve and consider the open set G = C— {y}. 
Since {y} is compact {z: |z| > R} < G for some sufficiently large R. This 
says that G has one, and only one, unbounded component. 


5.5 Theorem. Let y be a closed rectifiable curve in C. Then n(y; a) is constant 
for a belonging to a component of G = C—{y}. Also, n(y; a) = 0 for a 
belonging to the unbounded component of G. 


Proof. Define f: G—> C by f(a) = n(y; a). It will be shown that f is con- 
tinuous. If this is done then it follows that f(D) is connected for each com- 
ponent D of G. But since f(G) is contained in the set of integers it follows that 
f(D) reduces to a single point. That is, fis constant on D. 

To show that fis continuous recall that the components of G are open 
(Theorem II. 2.9). Fix a in G and let r = d(a, {y}). If |a—b| < 8 < 47 then 


a) —F0)| = | | (e—a)"*—~(2—b)¥ de 


_ (ab) _ dz 
(z—a) (2b) 


< 4 lel 
: J |2—al |2~9| 


But for |a—b| < 4r and z on {y} we have that [z—al =r > 4rand [z—5| > 


28 
$r. It follows that | f(a)—/f(b)| < 2 V(y). So if « > O is given then, by 
W 


i 
2n, 


choosing 6 to be smaller than 4r and (wr7e)/28V(y), we see that f must be 
continuous. (Also, see Exercise 2.3.) 
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Now let U be the unbounded component of G. As was mentioned before 
the theorem there is an R > O such that U > {z: |z| > R}. That is, y lies 
in B(O; R). But if ja] > R then (z—a)~? is analytic in B(O; R); so it follows 
that n(y; a) = 0. Using the first half of this proof we get that n(y; a) = 0 
on U. & 


Exercises 


1. Prove Proposition 5.3. 

2. Give an example of a closed rectifiable curve y in C such that for any 
integer k there is a point a ¢ {y} with n(y; a) = k. 

3. Let p(z) be a polynomial of degree n and let R > 0 be sufficiently large 
so that p never vanishes in {z: |z| > R}. If y(t) = Re, 0 < t < 27, show 


that p() 


y . 
4, Fix w = re® 4 0 and let y be a rectifiable path in C— {0} from 1 to w. 
Show that there is an integer k such that |, z~' dz = log r+ i8+2zik. 


§6. Cauchy’s Integral Formula 


In this section Corollary 2.13 will be generalized. 

Let G be a region in C and suppose fis analytic on G. Fix a point a in G; 
then the function f(z)—/(a) is analytic in G and has a zero at z = a. By 
Corollary 3.9 there is analytic function g defined on G such that f(z)—/(a) 
= g(z) (z—a). 

Suppose now that y is a closed rectifiable curve in G and that y ~ 0 in G. 
It follows from Cauchy’s Theorem that J, g = 0. If, moreover, y does not 
pass through a then this becomes 


9 = [LO-L0 4, 


z—-@ 
= | 2 er | * 
zZ—a z—a 
_ | f@) dz —2zi f(a)n(y; a) 
z—-a 


This gives the following 


6.1 Cauchy’s Integral Formula. /f f: G—>C is analytic and y is a closed 
rectifiable curve in G such that y ~ 0 then for every a in G not on y 


Tl} Z—-@Q 
Y 


ny; a)fla) = a $2) ay, 
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6.2 Theorem. Let f: G-—>C be analytic and let y be a closed rectifiable 
curve in G such that y ~~ 0. For a in G— {y} 


m!} f() 
ny; ayf™(a 
(3 af™(a = | Gooee ra 
for every integer m > 1. 
The proof of this theorem readily follows from the following lemma. 


6.3 Lemma. Let y be a rectifiable curve and suppose ¢ is a function defined and 
continuous on{y}. For eachm > 1 let F,,(z) = J,(w) (w—z)~™ dw for z ¢ {y}. 
Then each F.,,, is analytic on C— {y} and F,(z) = mF,,+4(Z). 


Proof. We first claim that each F,,, is continuous. In fact, this follows in the 
same way that we showed that the index was continuous (see the proof of 
Theorem 5.5). One need only observe that, since {7} is compact, g is bounded 
there; and use the factorization. 


es ee ae ee 1 
(w—z)" (w—a)™ |w-z w-a 2 wast woae 
6.4 =@-a| 1 1 


(w—z)"(w—a) (w—z)"" *(w—a)’ 


1 
+ aa 
(w—z) war | 
The details are left to the reader. 
Now fixainG = C— {y} and let zeG, z # a. It follows from (6.4) that 


65 Fu@)—Fu(@) _ (@ (Wray y je (w-a)"" 


zZ—a (w—z)” wWw—Z 


Since a ¢ {y}, o(w) (w—a)~* is continuous on {y} for each k. By the first 
part of this proof (the part left to the reader), each integral on the right hand 
side of (6.5) defines a continuous function of z, z in G. Hence letting z > a, 
(6.5) gives that the limit exists and 


Fo = | eae PW) yee 4 | 2M) __ ay 


aynt (w—a)"*? 
Y 


= mE, m+ 1(@). | 
Note. This lemma is Exercise 2.3. 


Exercises 
1. Give the missing details in the proof of Lemma 6.3. 


d 
2. Find all possible values of |S where y is any closed rectifiable curve 


Y 
in C not passing through +i. 
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3. Let y be a closed rectifiable curve in C and a ¢ {y}. Show that for n > 2 
f, (z-a)"" dz = 0. 

4. Let f be analytic on B(O; 1) = D and suppose |/f(z)| < 1 for |z| < 1. 
Show | /’(0)] < 1. 


n 


5. Find (35 dz where y(t) = 1+e", 0 < t < 2m and nis any positive 


Y 
integer. 
—Z 


e*’—e . 
6. Evaluate | 4 dz where y is one of the curves depicted below. 
Z 


Y 
(Justify your answer.) 


CO 
GS 


§7. Counting zeros; the Open Mapping Theorem 


(a) (b) 


In this section some applications of Cauchy’s Integral Theorem are 
given. It is shown how to count the number of zeros inside a curve; also, 
using some information on the existence of roots of an analytic equation, 
it will be proved that a non-constant analytic function on a region maps 
open sets onto open sets. 

In section 3 it was shown that if an analytic function fhad a zero at z = a 
we could write f(z) = (z—a)"g(z) where g is analytic and g(a) # 0. Suppose 
G is a region and let f be analytic in G with zeros at a,,..., @,,. (Where some 
of the a, may be repeated according to the multiplicity of the zero.) So we 
can write f(z) = (z—a,) (z—a,)...(z—a,,)g(z) where g is analytic on G and 
g(z) # 0 for any z in G. Applying the formula for differentiating a product 
gives 

f@_ 1 pt yy ty e@ 
f@) 2-4, za, Za, (2) 
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for z#a,,...,4,. Now that this is done, the proof of the following 
theorem is straightforward. 


7.2 Theorem. Let G be a region and let f be an analytic function on G with 
ZerOS A, ..+,5 A, (repeated according to multiplicity). If y is a closed rectifiable 
curve in G which does not pass through any point a, and if y ~ 0 then 


1if@, 2 F w- 
ani } fle de = 2, Wy3 a) 


Proof. \f g(z) # 0 for any z in G then g'(z)/g(z) is analytic in G; since y ~ 0, 
Cauchy’s Theorem gives Fo & \7) ®) dz = 0. So, using (7.1) and the definition of 


the index, the proof of the theorem is finished. 


7.3 Corollary. Let f, G, and y be as in the preceding theorem except that 
iy +++ Am are the pens in G which satisfy the equation f(z) = «; then 


S@ 7 _ Fw, 
ni J fZ)-« a X, nly ax) 


(2z+1) 


5 dz where y is the circle 
z-+z+1 


As an illustration, let us calculate | 
Y 
|z| = 2. Since the denominator of the integrand factors into (z~w,) (z~—w,), 
where w, and w, are the non-real cubic roots of 1, Theorem 7.2 gives 


2z+1 dz = 4ni. 
z*+z+1 
Y 
As another illustration, let y: [0, 1] — G be a closed rectifiable curve in C. 
Suppose that fis analytic in G. Then fo y = o is a closed rectifiable curve in 
C (Exercise 1). Suppose that « is some complex number with « ¢ {c} = 
S({y}), and let us calculate n(o; «). We get 


n(o; a) = spe dw 


LO 4 
dni J fl@)—< 


m 


= »» ny; a) 


where a, are the points in G with f(a,) = «. (To show the second equality 
above takes a little effort, although for y differentiable it is easy. The details 
are left to the reader.) 
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Note. It may be that there are infinitely many points in G which satisfy 
the equation f(z) = «. However, from what we have proved, this sequence 
must converge to the boundary of G. It follows that n(y; z) 4 0 for at 
most a finite number of solutions of f(z) = «. (See Exercise 2.) 

Now if 8 in C— {co} belongs to the same component of C— {oc} as does «, 
then n(o; «) = n(o; 8); or, 


Y mys 2x(0)) = Y nly 2B) 
J 

where z,(«) and z,(8) are the points in G which satisfy f(z) = « and f(z) = B 
respectively. If we had chosen y so that n(y; z,(«)) = 1 for each k, we would 
have that f(G) contains the component of C—/f({y}) which contains «. We 
would also have some information about the number of solutions of f(z) = B. 
This procedure is used to prove the following result which, in addition to 
being of interest in itself, will yield the Open Mapping Theorem as a con- 
sequence. 


7.4 Theorem. Suppose f is analytic in B(a; R) and let « = f(a). If f(z)—« has 
a zero of order m at z = a then there is an « > 0 and 6 > O such that for 
[C—a| < 5, the equation f(z) = ¢ has exactly m simple roots in B(a; €). 

A simple root of f(z) = ¢is a zero of f(z)—¢ of multiplicity 1. Notice that 
this theorem says that f(B(a; «)) > B(«; 5). Also, the condition that f(z)—« 
have a zero of finite multiplicity guarantees that fis not constant. 


Proof of Theorem. Since the zeros of an analytic function are isolated we 
can choose « > 0 such that e < 4R, f(z) = « has no solutions with 0 < 
|z—a| < 2e, and f(z) # 0 if 0 < |z—al| < 2«. (If m = 2 then f(a) = 0.) 
Let y(t) = ate exp (27it), 0 < t < 1, and put o = foy. Now « ¢ {c}; so 
there is a 5 > 0 such that B(a; 8) M {co} = (J. Thus, Ba; 5) is contained in 


the same component of C— {c}; that is, |a—] < 5 implies n(o; «) = n(o; 
Pp 


f) = ¥' nly; z,(Q). But since n(y; z) must be either zero or one, we have that 
k=1 


there are exactly m solutions to the equation f(z) = ¢ inside B(a; «). Since 
S'(z) # 0 for 0 < |z—al < «, each of these roots (for ¢ 4 «) must be simple 
(Exercise 3). J 


7.5 Open Mapping Theorem. Let G be a region and suppose that f is a non 
constant analytic function on G. Then for any open set U in G, f(U) is open. 


Proof. If Uc Gis open, then we will have shown that f(U) is open if we 
can show that for each a in U there is a 8 > O such that B(a; 5) < f(U), 
where « = f(a). But only part of the strength of the preceding theorem is 
needed to find ane > O and a6 > O such that B(a; «) © U and f(B(a; 6) > 
B(«; 5). 

If X and Q are metric spaces and f: X — Q has the property that f(U) 
is open in {22 whenever U is open in X, then fis called an open map. If f is a 
one-one and onto map then we can define the inverse map f~': Q>X 
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by f~*(w) = x where f(x) = w. It follows that f~! is continuous exactly 
when f is open; in fact, for U < X, (f74)7'(U) = f(U). 


7.6 Corollary. Suppose f: G-—>C is one-one, analytic and f(G) = Q. Then 
f~*: QC is analytic and (f~*)'(w) = [f'(z)]71 where w = f(z). 


Proof. By the Open Mapping Theorem, f~! is continuous and Q is open. 
Since z = f~'(f(z)) for each z ¢Q, the result follows from Proposition III. 


Exercises 


1. Show that if f: G—C is analytic and y is a rectifiable curve in G then 
foy is also a rectifiable curve. (First assume G is a disk.) 

2. Let G be open and suppose that y is a closed rectifiable curve in G. Let 
r = d({y}, 0G) > 0. (a) Show that {z: d(z, 0G) < 4r} is contained in the 
unbounded component of C — {7}. (b) Use part (a) to show that if f: G > C 
is analytic then f(z) = « has at most a finite number of solutions z with 
ny; z) # 0. 

3. Let f be analytic in B(a; R) and suppose that f(a) = 0. Show that a is a 
zero of multiplicity m iff f"~ ?(a) =... = f(a) = O and f™(@) ¥ 0. 

4. Suppose that f: G-—> C is analytic and one-one; show that f’(z) # 0 for 
any zinG. 

5. Let X and © be metric spaces and suppose that f: X¥ — Q is one-one and 
onto. Show that fis an open map iff f is a closed map. (A function f is a 
closed map if it takes closed sets onto closed sets.) 

6. Let P: C >R be defined by P(z) = Re z; show that P is an open map 
but is not a closed map. (Hint: Consider the set F = {z: Im z = (Re z)™! 
and Re z # 0}.) 

7. Use Theorem 7.2 to give another proof of the Fundamental Theorem of 
Algebra. 


§8. Goursat’s Theorem 


Most modern books define an analytic function as one which is differen- 
tiable on an open set (not assuming the continuity of the derivative). In this 
section it is shown that this definition is the same as ours. 


Goursat’s Theorem. Let G be an open set and let f: G > C be a differentiable 
function; then f is analytic on G. 


Proof. We need only show that f’ is continuous on each open disk contained 
in G; so, we may assume that G is itself an open disk. It will be shown that 
fis analytic by an application of Morera’s Theorem (4.17). That is, we must 
show that {,; f = 0 for each triangular path T in G. 

Let T = [a, b, c, a] and let A be the closed set formed by T and its inside. 
Notice that T = 0A. Now using the midpoints of the sides of A form four 
triangles A,, A,, A3, A, inside A and, by giving the boundaries appropriate 
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a 


directions, we have that each 7; = 0A, is a triangle path and 


4 
8.1 f= f 
J Xs J 
Among these four paths there is one, call it T, such that [Jr f| = |[r,/| 
for j = 1, 2, 3, 4. Note that the length of each T; (perimeter of A ;)—denoted 
by “(T,)—is $¢(T). Also diam T; = 4 diam T; finally, using (8.1) 


ssa] 


TO) 


Now perform the same process on 7), getting a triangle T° with the 
analogous properties. By induction we get a sequence {7} of closed tri- 
angular paths such that if A™ is the inside of T™ along with 7” then; 


8.2 AY >a AM>...; 
8.3 J fls4] fas 

T©) T(n+1) 
8.4 UTO*) = 4h T); 
8.5 diam A“*+)) = 4 diam A™, 
These equations imply: 
¥ (deel fA 

T Ti) 

8.7 “(T™) = 4)"f where ?= ¢(T); 
8.8 diam A” = (4)"d_ where d= diam A. 


Since each A™ is closed, (8.2) and (8.8) allow us to apply Cantor’s 
Theorem (II. 3.6), and get that (| A” consists of a single point zo. 
n=1 


Let « > 0; since f has a derivative at Zz) we can find a 6 > 0 such that 
Bz); 6) © Gand 
z)—f(z , 
f@)=flE0) _ pr.) 


Z—Zo 


<e€ 


whenever 0 < |z—Z,| < 45. Alternately, 
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8.9 |f(z) -f(Z0) —f' (Zo) (Z—Z0)| < € |Zz—Zol 


whenever |z—Z | < 5. Choose n such that diam A” = (4)"d < 8. Since 
z >¢A™ this gives A” < B(zy; 8). Now Cauchy’s Theorem implies that 
0 = frm dz = Jam z dz. Hence 


| { t] =| [ U@-Ae0)-F' 0) @-z0)] dz 
TO) T() 


Se { |z—Zo| |dz| 


TW) 
< «[diam A™] [4 T™)] 
= ed¢(3)" 
But using (8.6) this gives 


lu < 4"edt(4)" = edé. 
T 


Since ¢ was arbitrary and d and / are fixed, |; f = 0. Ml 


Chapter V 


Singularities 


In this chapter functions which are analytic in a punctured disk (an open 
disk with the center removed) are examined. From information about the 
behavior of the function near the center of the disk, a number of interesting 
and useful results will be derived. In particular, we will use these results to 
evaluate certain definite integrals over the real line which cannot be evaluated 
by the methods of calculus. 


§7. Classification of singularities 


This section begins by studying the best behaved singularity—the 
removable kind. 


1.1 Definition. A function f has an isolated singularity at a point z = a if 
there is a number R > 0 such that f is analytic on {z: 0 < |z—a| < R}. 
The point a is called a removable singularity if there is an analytic function 
g: B(a; R) —C such that g(z) = f(z) for 0 < |z—al < R. 


. sinz 1 1 . . we 
The functions Sp and exp all have isolated singularities at z = 0. 


sin Z . ; . ; 
However, only —— has a removable singularity (see Exercise 1). It is left to 
Zz 


the reader to see that the other two functions do not have removable 
singularities. 

How can we determine when a singularity is removable? Since the function 
has an analytic extension to B(a; R), | yJ = 0 for any closed curve in the 
punctured disk; but this may be difficult to apply. Also it must happen that 
lim f(z) exists. This is easier to verify, but a much weaker criterion is 

—a 


available. 


1.2 Theorem. Jf f has an isolated singularity at a then the point z= a isa 
removable singularity iff 

lim (z—a)f(z) = 0 
Proof. Suppose f is analytic in {z: 0 < |z—a| < R}, and define g(z) = 
(z—a)f(z) for z 4 a and g(a) = 0. Suppose lim (z—a)f(z) = 0; then g is 


2->a 


clearly a continuous function. If we can show that g is analytic then it follows 
that a is a removable singularity. In fact, if g is analytic we have g(z) = 
(z—a)h(z) for some analytic function defined on B(a; R) because g(a) = 0 
(IV. 3.9). But then A(z) and f(z) must agree for 0 < |z—a| < R, so that a is, 
by definition, a removable singularity. 
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To show that g is analytic we apply Morera’s Theorem. Let T be a 
triangle in B(a; R) and let A be the inside of T together with T. If a ¢ A then 
T~0 in {z: 0 < |z—a| < R} and so, |;g = 0 by Cauchy’s Theorem. If a 
is a vertex of T then we have T = [a, b, c, a]. Let x «[a, b] and y «[c, a] and 


c 


a x b 
form the triangle T, = [a, x, y, a]. If P is the polygon [x, b, c, y, x] then 
Jrg =Jr,gt+Jpg = Jr, g since P~O in the punctured disk. Since g is 
continuous and g(a) = 0, for any « > 0 x and y can be chosen such that 
|g(z)| < «/¢ for any z on T,, where 7? is the length of T. Hence |{; g| = 
llr, g| < €3 Since e was arbitrary we have J; g = 0. 

If ae A and T = [x, y, z, x] then consider the triangles T, = [x, y, a, x], 
T, = [y, z, a, y], Tz = [z, x, a, z]. From the preceding paragraph J T,g =9 


Z 


x y 


for j = 1, 2, 3 and so, |g = Jr,g+Jr,g+Jr,g = 0. Since this exhausts all 
possibilities, g must be analytic by Morera’s Theorem. Since the converse is 
obvious, the proof of the theorem is complete. 

The preceding theorem points out another stark difference between 
functions of a real variable and functions of a complex variable. The function 
f(x) = |x|, x eR, is not differentiable because it has a “corner” at x = 0. 
Such a situation does not occur in the complex case. For a function to have 
an honest singularity (i.e., a non-removable one) the function must behave 
badly in the vicinity of the point. That is, either | /(z)| becomes infinite as z 
nears the point (and does so at least as quickly as (z—a)~*), or | f(z)| doesn’t 
have any limit as z >a. 
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1.3 Definition. If z = a is an isolated singularity of f then a is a pole of f 
if lim | f(z)| = oo. That is, for any M > 0 there is a number ec > 0 such that 


|f(z)| = M whenever 0 < |z—al] < e. If an isolated singularity is neither a 
pole nor a removable singularity it is called an essential singularity. 

It is easy to see that (z—a)~™ has a pole at z = a for m = 1. Also, it is 
not difficult to see that although z = 0 is an isolated singularity of exp (z~'), 
it is neither a pole nor a removable singularity; hence it is an essential singu- 
larity. 

Suppose that fhas pole at z = a; it follows that [f(z)]~' has a removable 
singularity at z= a. Hence, h(z) =[f(z)]"' for z 4a and A(z) = 0 is 
analytic in B(a; R) for some R > 0. However, since h(a) = 0 it follows by 
Corollary IV. 3.9 that h(z) = (z—a)"h,(z) for some analytic function h, with 
h,(a) # 0 and some integer m > 1. But this gives that (z—a)"f(z) = [h,(z)]~’ 
has a removable singularity at z = a. This is summarized as follows 


1.4 Proposition. /f G is a region with a in G and if f is analytic on G— {a} 
with a pole at z = a then there is a positive integer m and an analytic function 
g: G—C such that 


1.5 f(z) = 


1.6 Definition. If f has a pole at z = a and m is the smallest positive integer 
such that f(z) (g—a)” has a removable singularity at z = a then f has a pole 
of order m at z = a. 

Notice that if m is the order of the pole at z = a and g is chosen to 
satisfy (1.5) then g(a) # 0. (Why?) 

Let f have a pole of order m at z = a and put f(z) = g(z) (z¢—a) ™. Since 
g 1s analytic in a disk B(a; R) it has a power series expansion about a. Let 


2(z) = A, +Am—1(Z—a) + +++ +A,(z—a)"" 1 4+(z—a)™ x a,(z—a)*. 


Hence 


An ee A, 
1.7 f@) = Game t+ Gay + Hi) 


where g, is analytic in B(a; R) and A,, 4 0. 


1.8 Definition. If f has a pole of order m at z = a and f satisfies (1.7) then 
A, (zZ—a) ™+:°++++A,(z—a)~' is called the singular part of f at z = a. 

As an example consider a rational function r(z) = p(z)/q(z), where 
p(z) and q(z) are polynomials without common factors. That is, they have 
no common zeros; and consequently the poles of r(z) are exactly the zeros of 
q(z). The order of each pole of r(z) is the order of the zero of g(z). Suppose 
g(a) = O and let S(z) be the singular part of r(z) at a. Then r(z)—S(z) = 
r,(z) and r,(z) is a rational function whose poles are also poles of r(z). More- 
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over, it is not difficult to see that the singular part of r,(z) at any of its poles 
is also the singular part of r(z) at that pole. Using induction we arrive at the 


following: if a,,-*-, a, are the poles of r(z) and S,(z) is the singular part of 
r(z) at z = a, then 


1.9 r(z) = y S,(z) + P(z) 


where P(z) is a rational function without poles. But, by the Fundamental 
Theorem of Algebra, a rational function without poles is a polynomial! So 
P(z) is a polynomial and (1.9) is nothing else but the expansion of a rational 
function by partial fractions. 

Is this expansion by partial fractions (1.9) peculiar only to rational 
functions? Certainly it is if we require P(z) in (1.9) to be a polynomial. But 
if we allow P(z) to be any analytic function in a region G, then (1.9) is valid 
for any function r(z) analytic in G except for a finite number of poles. 
Suppose we have a function f analytic in G except for infinitely many poles 
(e.g., f(z) = (cos z)~*); can we get an analogue of (1.9) where we replace the 
finite sum by an infinite sum? The answer to this is yes and is contained in 
Mittag-Leffler’s Theorem which will be proved in Chapter VII. 

There is an analogue of the singular part which is valid for essential 
singularities. Actually we will do more than this as we will investigate 
functions which are analytic in an annulus. But first, a few definitions. 


1.10 Definition. If n* n=0, +1, +2,...}1is a doubly infinite sequence of 


complex numbers, y Z, is absolutely convergent if both y Z, and >» Z_ 


n=-—-— 0 n= =O =] 


are absolutely convergent. In this case s Zy = Det x Z, If u, is a 


n= ~ 0 =] 
function on a set S form = 0, +1,... and > u,(S) iS absolutely convergent 
for each se S, then the convergence is uniform over S if both y u, and s 


n=0 n=] 


u_, converge uniformly on S. 
The reason we are limiting ourselves to absolute convergence is that this 
is the type of convergence we will be most concerned with. One can define 


convergence of y Z,, but the definition is not that the partial sums y Zn 
n=>-m 
converge. In fact, the series )) - satisfies this criterion but it is clearly not a 
n#0 
series we wish to have convergent. On the other hand, if y Z, is absolutely 


convergent with sum z then it readily follows that z = lim y Zn 

If 0 < R, < R, < © and ais any complex number, define ann (a; R,, 
R2) = {z: R, < |z—a| < R,}. Notice that ann (a; 0, R,) is a punctured 
disk. 
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1.11 Laurent Series Development. Let f be analytic in the annulus ann (a; R,, 
R,). Then 


f= ¥ a,fe—a)" 


where the convergence is absolute and uniform over ann (@; 11,12) if R, < 
r, <1, < R,. Also the coefficients a, are given by the formula 


1.12 a _ I) 


" "Ini } (z—ay"*! 
NY 


where y is the circle |z—a| = r for any r, Ry < r < Ry. Moreover, this series 
is unique. 


Proof. lf R, <r, < rz < R, and y;, y2 are the circles |z—a] = r,, |z—a| = 
r, respectively, then y, ~ y, in ann (a; R,, R,). By Cauchy’s Theorem we 
have that for any function g analytic in ann (a; Ry, R2), J,,g =J,,g. In 
particular the integral appearing in (1.12) is independent of r so that for each 
integer n, a, is a constant. Moreover, f,: B(a; R,) — C given by the formula 


1 
1.13 fle) = 5 f 2 


|w-al=r2 


dw, 


where |z—a| < rz, R, < rz < R2, is a well defined function. Also, by 
Lemma IV. 6.3 f, is analytic in B(a; R,). Similarly, if G = {z; |z—a] > R,} 
then f,: G — C defined by 


1.14 fia)= | IW) ay, 


27ri 


where |z—a| > r, and R, <r, < R,, is analytic in G. 

If R, < |z—al| < R, let r, andr, be chosen so that R, < r, < |z—al < 
r, < R,. Let y,(t) = at+r,e" and y,(f) = atr,e", 0 < t < 27. Also choose 
a straight line segment A going from a point on y, radially to y, which 
misses z. Since y, ~ y, in ann (a; R,, R,) we have that the closed curve 
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¥ = y2—A—¥y, +A is homotopic to zero. Also n(y2, z) = 1 and n(,, z) = 0 
gives, by Cauchy’s Integral Formula, that 


fe) = | 


ari | w—Z 
y 


dw 


_ 1 (fw) 1 [s) 
~ Oni dv = 5 [LO am 
= fr(2)+f,@). 


The plan now is to expand f, and f, in power series (/, having negative 
powers of (z—a)); then adding them together will give the Laurent series 
development of f(z). Since f, is analytic in the disk B(a; R,) it has a power 
series expansion about a. Using Lemma IV. 6.3 to calculate /{”(a), 


@ 


1.15 f(z) = d. a,(z—a)" 


where the coefficients a, are given by (1.12). 
Now define g(z) for 


1 1 
0 < |z| < R, © 8) = f(« + *) ; 


so z = 0 is an isolated singularity. We claim that z = 0 is a removable 
singularity. In fact, if r > R, then let p(z) = d(z, C) where C is the circle 
{w: |w—a| = r}; also put M = max {|f(w)|: we C}. Then for |z—a] > r 


Mr 


Ifi(2)| S p(z) ° 


But lim p(z) = oo; so that 


1 

lim g(z) = im f( + ‘) = 0. 

z—>0 z70 Zz 
Hence, if we define g(0) = 0 then g is analytic in B(O; 1/R,). Let 
1.16 g(z) = > B,2" 

n=1 

be its power series expansion about 0. It is easy to show that this gives 
1.17 F(z) = 


where a_, is defined by (1.12) (the details are to be furnished by the reader 


Ms 


a_,(z—a)"” 


1 


in Exercise 3). Also, by the convergence properties of (1.15) and (1.17), )) 


a,(z—a)" converges absolutely and uniformly on properly smaller annuli. 
We now use the Laurent Expansion to classify isolated singularities. 
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1.18 Corollary. Let z = a be an isolated singularity of f and let f(z) = > 
a,(z—a)" be its Laurent Expansion in ann (a; 0, R). Then: ~* 


(a) z = a is a removable singularity iff a, = 0 forn < —1; 

(b) z = ais a pole of order m iff a_,, # 0 anda, = 0 forn < —(m+1); 

(c) z = ais an essential singularity iff a, # 0 for infinitely many negative 
integers n. 


Proof. (a) If a, = 0 for n < —1 then let g(z) be defined in B(a; R) by 
g(z) = x a,(z—a)"; thus, g must be analytic and agrees with f in the punc- 
=0 


tured disk. The converse is equally as easy. 

(b) Suppose a, = 0 for n < —(m+1); then (z—a)"f(z) has a Laurent 
Expansion which has no negative powers of (z—a). By part (a), (z—a)"f(z) 
has a removable singularity at z—a. Thus f has a pole of order m at z = a. 
The converse follows by retracing the steps in the preceding argument. 

(c) Since f has an essential singularity at z = a when it has neither a 
removable singularity nor a pole, part (c) follows from parts (a) and (b). 

One can also classify isolated singularities by examining the equations 


1.19 lim |[z—a|* |f(z)| = 0 
1.20 lim |z—al$ | f(z)| = 


where s is some real number. This is outlined in Exercises 7, 8, and 9; the 
reader is strongly encouraged to work through these exercises. 

The following gives the best information which can be proved at this time 
concerning essential singularities. We know that f has an essential singularity 
at z = a when lim | f(z)| fails to exist (“‘existing’’ includes the possibility that 


zZ->a 
the limit is infinity). This means that as z approaches a the values of f(z) 
must wander through C. The next theorem says that not only do they wander, 
but, as z approaches a, f(z) comes arbitrarily close to every complex number. 
Actually, there is a result due to Picard that says that f(z) assumes each 
complex value with at most one exception. However, this is not proved until 
Chapter XII. 


1.21 Casorati—-Weierstrass Theorem. Jf f has an essential singularity at z = a 
then for every 6 > 0, {f [ann (a; 0, 5)}}~ = C. 


Proof. Suppose that f is analytic in ann (a; 0, R); it must be shown that if 
c and e > 0 are given then for each 6 > O we can find a z with |z—a| < 6 
and | f(z)—c| < «. Assume this to be false; that is, assume there is a c in C 
and « > 0 such that |f(z)—c| = e for all z in G = ann (a; 0, 8). Thus lim 


|z—a]~* | f(z)—c] = ©, which implies that (z—a)~+(f(z)—c) has a pole at 
z = a. If m is the order of this pole then lim |z—a|” | f(z)—c| = 0. Hence 


Iza)" |f(@)| < |z—al" |f(@)—c|+|z—a"|c| gives that lim Iz—a|" |f(@)| = 0 
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since m > 1. But, according to Theorem 1.2, this gives that f(z) (z—a)"™! 
has a removable singularity at z = a. This contradicts the hypothesis and 
completes the proof of the theorem. I 


Exercises 


1. Each of the following functions f has an isolated singularity at z = 0. 
Determine its nature; if it is a removable singularity define f(0) so that f is 
analytic at z = 0; if it is a pole find the singular part; if it is an essential 
singularity determine f({z: 0 < |z| < 6}) for arbitrarily small values of 5. 


(a) fle) = 22, (b) fe) =; 
(0) fle) = M2; (4) fle) = exp 
(€) fle) = “BE*D ©) fe) = SED, 
@ fo = 2 (h) fle) = (1-4 
(i) fZ) =z sin : Qj) f(z) = 2" sin -. 


z+] 
(z7+2z+1)(z—1)?— 
3. Give the details of the derivation of (1.17) from (1.16). 
1 
4. Let = 
I@) = e-DG-d 


the following annuli: (a) ann (0; 0, 1); (b) ann (0; 1, 2); (c) ann (0; 2, ©). 
5. Show that f(z) = tan z is analytic in C except for simple poles at 


2. Give the partial fraction expansion of r(z) = 


; give the Laurent Expansion of f(z) in each of 


7 
z= 3 + nz, for each integer n. Determine the singular part of f at each of 


these poles. 

6. If f: G->C is analytic except for poles show that the poles of f cannot 
have a limit point in G. 

7. Let f have an isolated singularity at z = a and suppose f ¥ 0. Show that 
if either (1.19) or (1.20) holds for some s in R then there is an integer m such 
that (1.19) holds if s > m and (1.20) holds if s < m. 

8. Let f, a, and m be as in Exercise 7. Show: (a) m = 0 iff z = ais a remov- 
able singularity and f(a) # 0; (b) m < 0 iff z = ais a removable singularity 
and f has a zero at z = a of order —m; (c) m > O iff z = ais a pole of f of 
order m. 

9. A function f has an essential singularity at z = a iff neither (1.19) nor 
(1.20) holds for any real number s. 
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10. Suppose that f has an essential singularity at z = a. Prove the following 
strengthened version of the Casorati-Weierstrass Theorem. If ce C and 
e > 0 are given then for each 6 > 0 there is a number «, |c—«| < «, such 
that f(z) = « has infinitely many solutions in B(@; 4). 


1 
11. Give the Laurent series development of f(z) = exp ( ") . Can you 


‘N 


generalize this result? 
12. (a) Let Ae C and show that 


exp f44(z + =) =a +e 1G + *) 


for 0 < |z| < oo, where for n = 0 


ra 


1 
a, = t | 2008 nd 


T 
0 


(b) Similarly, show 


cfo(e—dp-m Sao) 


for 0 < |z| < oo, where 


1 
b, = — [cos (nt—A sin ft) dt. 
vin 


0 


13. Let R > O and G = {z: |z| > R}; a function f: GC has a removable 
singularity, a pole, or an essential singularity at infinity if f(z~‘) has, respec- 
tively, a removable singularity, a pole, or an essential singularity at z = 0. 
If f has a pole at oo then the order of the pole is the order of the pole of 
f(z") atz=0 

(a) Prove that an entire function has a removable singularity at infinity 
iff it is a constant. 

(b) Prove that an entire function has a pole at infinity of order m iff it is a 
polynomial of degree m. 

(c) Characterize those rational functions which have a removable singularity 
at infinity. 

(d) Characterize those rational functions which have a pole of order m at 
infinity. 

14. Let G = {z: 0 < |z| < 1} and let f: G—C be analytic. Suppose that 
y is a closed rectifiable curve in G such that n(y; a) = 0 for all a C—G. 
What is J,,f? Why? 

15. Let f be analytic in G = {z: 0 < |z—a| < r} except that there is a 
sequence of poles {a,} in G with a, —> a. Show that for any w in C there is 
a sequence {z,} in G with a = lim z, and w = lim f(z,). 
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§2. Residues 


The inspiration behind this section is the desire for an answer to the 
following question: If f has an isolated singularity at z = a what are the 
possible values for |, f when y is a closed curve homotopic to zero and not 
passing through a? If the singularity is removable then clearly the integral 
will be zero. If z = a is a pole or an essential singularity the answer is not 
always zero but can be found with little difficulty. In fact, for some curves y, 
the answer is given by equation (1.2) with n = —1. 


2.1 Definition. Let f have an isolated singularity at z = a and let 


f@)= ¥ a(2—a) 
be its Laurent Expansion about z = a. Then the residue of f at z = a is the 
coefficient a_ ,. Denote this by Res (/;a) = a_,. The following is a generaliza- 
tion of formula (1.12) for n = —1. 


2.2 Residue Theorem. Let f be analytic in the region G except for the isolated 
singularities a,,a,,...,4,. If y is a closed rectifiable curve in G which does not 
pass through any of the poms a, and if y ~ 0 in G then 


mi mi | f= ») n(y; a,) Res (f3 a,). 
k=1 


Proof. The proof of this theorem in its full generality will have to wait until 
we prove one more version of Cauchy’s Theorem (Section VIII. 2). We will 
now see the proof for the case that each of the singularities a, 1s a pole. 


Let S,(z) be the singular part of f at z = a,; then g = f — >» S, is analytic 
in G. Using Cauchy’s Theorem, 


2.3 o=fe=|f->D[% 
? y k=l, 
Now for any positive integer m and 1 < k <n, consider the integral 


J, (z—a,)~™ dz. If m => 2 then 5 


1 
(z—a,)~™*! 
—m 


is a primitive for (z—a,)~"; 


because y is a closed curve ) » (z—a,) " dz = 0. If m = 1 then the integral 
reduces to n(y; a,). Taking this information together with (2.3) completes 
the proof of the theorem. Jj 

The Residue Theorem is a two edged sword; if you can calculate the 
residues of a function you can calculate certain line integrals and vice versa. 
Most often, however, it is used as a means to calculate line integrals. To use 
it in this way we will need a method of computing the residue of a function at 
a pole. 

Suppose f has a pole of order m = 1 at z = a. Then g(z) = (z—a)"f(z) 
has a removable singularity at z = aand g(a) # 0. Let g(z) = 6) +b,(z—a)+ 
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- be the power series expansion of g about z = a. It follows that for z near 
but not equal to a, 


bo peed bin — 
(z—a)” (Z— a) 
This equation gives the Laurent Expansion of f in a punctured disk about 
z = a. But then Res (/; a) = 5,,_,; in particular, if z = a is a simple pole 
Res (f; a) = g(a) = lim (z—a) f(z). This is summarized as follows. 


z2->a 


f(2) = + y bn+x(Z— 4)". 


2.4 Proposition. Suppose f has a pole of order m at z = a and put g(z) = 
(z—a)"f(z); then 


ga). 


Res (f; a) = 


(m—1)! 


The remainder of this section will be devoted to calculating certain integrals 
by means of the Residue Theorem 


2.5 Example. Show 
ody = — 
| l¢x0 J2 


If f(z) = —— then f has as its poles the fourth roots of —1. These are 


exactly the numbers e'® where 


Let 


x-on(fiveoi] 


for n = 1, 2, 3, 4; then it is easily seen that each a, is a simple pole of f. 
Consequently, 


Res (f; a,;) = lim (z—a,)f(z) = aj(a,—a2)™ (a, —43)” *(a,—a4)™ , 


li _ie wi 


—37i 
Res (f; a2) = 4 TE =e x (="). 


Now let R > 1 and let y be the closed path which is the boundary of 
the upper half of the disk of radius R with center zero, traversed in the 
counter-clockwise direction. The Residue Theorem gives 


Similarly 
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-~R —!] 0 1 R 
1 
~— | f = Res (f; a,)+Res (/5 a2) 
2Qri 

? 


—i 
— 22 
But, applying the definition of line integral, 


R 
1 1 x? 1 Re3* 
——— = —— _——— d. _—_ rn ee at. 
if Qari | 1+x* * + = ieee 
R 


Y ~ 0 
This gives 
R 3 7% Sit 
Xx vie e°' 
2.6 ———. dx = —= — iR? | ——~ > dt. 
| l¢x0 fa | 1+ Rieti 
-R 0 


For 0 < t < 7, 1+ R*e® lies on the circle centered at 1 of radius R*; hence 
|1+ R*e'| > R*—1. Therefore 


m4 


exit aR? 
°n3 —_____ dit < 
mR | oes = R17’ 
i 


and since i = > 0 for all x in R, it follows from (2.6) that 


2.7 Example. Show 


The function f(z) = — has a simple pole at z = 0. If 0 < r < R let y be the 


closed curve which is depicted in the adjoining figure. It follows from Cauchy’s 


Residues 111 


—R -r 0 r R 


Theorem that 0 = J, f. Breaking y into its pieces, 


R e e —F e e 
2.8 o= [Sars [Sat | fa+ [Sa 
x z x z 
r YR —R Yr 


where yp and y, are the semicircles from R to —R and —r to r respectively. 


But 
R R. 
' 1 ix pix 
|= x ak e de 
x 2i x 
R e ~F e 
1 e'* 1 e* 
=-—|—dx+— | — 
Al x r 2i | x ax 
r -R 
Also 


|Sa = | exp one do 


YR 0 


< | lexp (i Re*®)| do 
6 


= | exp (—R sin 6) dé 


0 


By the methods of calculus we see that, for 5 > 0 sufficiently small, the 
largest possible value of exp (—R sin @), with 6 < @ < w—4, is exp (—R 
sin 8). (Note that 5 does not depend on R if R is larger than 1.) This gives that 


xn—-68 
[Sa < 284 [ exp(-Rsin 6) 
YR 6 


< 26+7 exp (—R sin 5). 
If « > 0 is given then, choosing 5 < 4«, there is an Ry such that exp (-R 


— for all R > Ro. Hence 


in 6 
sin )<z 


lim {< dz = 0. 
Zz 
YR 


R-o 
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iz 


1 . ; , 
Since has a removable singularity at z = 0, there is a constant 


iz _ 


M > Osuch that 


< M for |z| < 1. Hence, 


that is, 


But [: dz = —wi for each r so that 


Vr 


So, if we let r +0 and R — o in (2.8) 
sin x 7 
oe dx = — 
| x * 2 
8] 
Notice that this example did not use the Residue Theorem. In fact, it could 
have been presented after Cauchy’s Theorem. It was saved until now because 


the methods used to evaluate this integral are the same as the methods used 
in applying the Residue Theorem. 


2.9 Example. Show that for a > 1, 


vis 
|-oa- Ja?—1 
if 
. 1 
If z = e thenz = 5 and SO 


z*+2az+1 


a+cos @ = a+3(z+Z) = a+i(z + .)- 7” 


Hence 


2n 


dé 
aie ) a+cos 0 
0 


; dz 
|) 224 2az4+1 


Y 
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where y is the circle |z| = 1. But z2*+2az+1 = (z—«) (z—§) where « = 
—a+(a*—1)*?, B = —a—(a*—1)*. Since a > 1 it follows that |a| < 1 and 
|B| > 1. By the Residue Theorem 


dz mi, 
z4+2azt1 fgt—]’ 
7 


by combining this with the above equation we arrive at 


2.10 Example. Show that 


log x 
= 0. 
| 1+x? a 
0 


To solve this problem we do not use the principal branch of the logarithm. 
Instead define log z for z belonging to the region 


G = fzeCiz # Oand 5 < age < FH 


if z = |z| e® 4 0 with 5 <O0< =, let &(z) = log |z|+i0. LetO <r<R 
and let y be the same curve as in Example 2.7. Notice that &(x) = log x for 


x > 0, and ¢(x) = log |x|+7i for x < 0. Hence, 


R r 


4(z) log x [log R+i6] . 
2.11 dz = dx+iR | —-—= e”° dé 
|e ° | an bese 
4 r 0 
—-r ! | 0 
log |x|+7i . | Hogr+i] , 
+ | EE ati Ta peer ¢ 0 
—-R 7 


Now the only pole of ¢(z) (1+z”)~* inside y is at z = i; furthermore, this 


1 
is a simple pole. By Proposition 2.4 the residue of &(z) (1+z*)~* is > 


- vin 
log |i|+47i] = Zr So, 
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Also, 
R R 
log x log |x|+7i * tog x dx 
———— dx =2 5d 
ee ax + il toe ree Ot J Te 


-R r r 


Letting r >0+ and R— oo, and using the fact that 


is 4) 


\e-5 
0 


(Exercise 2(f)), it follows from (2.11) that 


log x ‘Hog r+i0] , 
hee dx = 2 lim ir ‘L4reerie © e'*dé 
0 
° log R+i6] , 
~ 4 lim ik Lage end 
0 


We now show that both of these limits are zero. If p > O then 


[log p+i6] ., p [log p| p 
——.— e"" do < dé 6dé 
1+ pe e [1 — p?| + 1 — p| 

0 i 


__ mp flog p| pre 
=—7_ 2) + 57~>02)°? 
[i—p*| = 2[1—p*| 


letting p > 0+ or p —> 0, the limit of this expression is zero. 


2.12 Example. Show that | * dx = ml ifO<c< 1. 
1+x Sin 7c 
0 


To evaluate this integral we must consider a branch of the function z 7°. 
The point z = 0 is called a branch point of z~°, and the process used to 
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evaluate this integral is sometimes called integration around a branch point. 

Let G = {z:z # QandO < argz < 27}; define a branch of the logarithm 
on G by putting “(re'®) = log r+i0 where 0 < @< 27. For z in G put 
f(z) = exp [—c¢(z)]; so fis a branch of z~°. We now select an appropriate 
curve y in G. Let 0 < r < 1 < Rand let 6 > 0. Let L, be the line segment 
[r+6i, R+5i]; yp the part of the circle |z| = R from R+46i counterclockwise 
to R—si; L, the line segment [R—di, r—di]; and y, the part of the circle 
|z| = r from r—Si clockwise to r+déi. Put y = Li t+tygpt+Ll,+y,. 

Since y~ 0 in G and Res (f(z) (1+z)7'; —1) = f(-—1) = e7'**, the 
Residue Theorem gives 


2.13 |i dz = 2wie™'**, 


If p > 0 and p #1 then with y, the part of the circle |z| = p from p+ié 
counterclockwise to p— id, 


I) p “ 
2 
iz] <= -,77" 
Ye 
This shows that 
i) F(Z) a 
Om in |ree = fim Joye 
Yr 
Combining this with (2.13) gives 
2.14 aims tim | |e L9 * 4 |. 


r7>O+ 
R> © 
Using the definition of line integral 


fe), Mer) | 


142” 1+¢+i6 
Lt 


We now concentrate on making a sudicious choice of 6 in order to compare 
this integral with [* ¢ a6 +1)~* dt. To do this define g(t, 8) for 0 < t < 
and 0 <6 < in by 

f(t +18) t° 


1,8) = 
BU 8) = 8 > Tas 


and let g(t, 0) = 0. Then g is continuous. 
, 3) 
Note that f(t+i5) = (t7+87)~*° e~ '©° where 6 = arctan 7} Lete > 0 


be given and choose constants a and b such that 0 <a<c,0<b< 1, 
and a+b > 1. Since |f(t+i8) (1+¢+i8)~*| = (¢?7+87)7 +11 + 1)2 4 s2j-4 
<¢°(1+7*, we have ¢7*” g(t, 8) < 2¢°*%t-“(14+07 4] = 214-4 
[2°(1+2)7 4}. Hence jim t**? g(t, 5) = 0 uniformly in 5, 0 < 8 < 47; that is, 
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there is an M (which we choose larger than 1) such that whenever t > M 


e(t,8) < et @tK 


for 0 < 8 < 47 where K = JP t~-“* dt < oo. So whenever R = M we get 


R 
[ a da<e 
M 
for all 6,0 <6 < 47 
Now g is uniformly continuous on [0, M] x [0, 47]; so there is a 5, such 
that if (t, 5) and (t’, 5’) belong to this rectangle with (t—t’)?+(8—8’)? < & 


then |g(t, 6)—g(t’, 5’)| < «/M. In particular, g(t, 5) < -/M forO<t<M 
if 5 < 59; so that 


M 
| g(t, 6) dt < « 
for 5 < 6) and0 < r < M. Combining these last two inequalities gives 
R 
{ e@ 6) dt < 2e 


for any choice of r and R,0 <r <1 < R, when 6 < 3p. 
It follows from the above discussion that 


r< f(2) a 
2.15 = j 
line ie ae | Tz 
0 Ro Li 
Similarly, using the fact that ¢(z) = (z)+2ni, 
t” © Zz 
2.16 | dt = —e?"* lim lim ie ) 
1+t¢ d—>0+ r>0+ J 
R->© 2 


Applying (2.15) and (2.16) to equation (2.14) gives 


. . t~ © 
2nie ™* = ¢ —e” 2ine) | 141 dt; 
0 


ie dt Qmi e7 *° 
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Exercises 


1. Calculate the following integrals: 
__ f x7*dx (cos x—1 
a ——— d 
0 
cos 26d8 ; er 
————, wh 1. 
(c) _- Da cos Oba 5 where a* < 1 @ | ores a ere a > 
0 
2. Verify the following equations: 


- dx oe | Mog x)? 
@) | wren = 9g 77% ©) | +2 = 9 
0 


0 [atte = ete it a> 0; 
@ | fi if a>O:; 
a+sin?@ 2[a(a+1)]? 
iss log x 7 F 
(©) (1+ ye ~ 4? (f) fite-3 


e* 7 
—_—_— d —_ ; 1: 
(s) | i+e  sinax f O<a<t 


22 nt 
(h) | log sin? 26d0 = 4 | log sin 6d0 = —4r log 2. 
8) W) 


3. Even though the Residue Theorem was only proved under the assumption 
that the singularities were all poles, formula (1.12) for n = —1 (together 
with an application of Cauchy’s Theorem) can be used to give formal 
justification to applying the Residue Theorem when essential singularities 
are present. For example, find all possible values of |, exp z~ 1 dz where y is 
any closed curve not passing through z = 0. 

4. Suppose that fhas a simple pole at z = a and let g be analytic in an open 
set containing a. Show that Res (fg; a) = g(a) Res (/; a). 

5. Use Exercise 4 to show that if G is a region and fis analytic in G except 
for simple poles at » ...,4,; and if g is analytic in G then 


2ni Ls ~ y n(y; 4%) (a) Res (f5 a) 
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for any closed rectifiable curve » not passing through a,,..., a, such that 
y~0inG. 

6. Let y be the rectangular path (n+4+ni, ~-n—4+ni, —n—4-—ni, n+4—ni, 
n+4-+ni] and evaluate the integral |,7(z+a)~* cot wzdz for a # an integer. 
Show that lim |, 7(z+a)~? cot 7zdz = 0 and, by using the first part, deduce 
that ae 


sin? za -> mney, 


(Hint: Use the fact that for z = x+iy, |cos z/? = cos? x + sinh? y and 
|sin z|* = sin? x + sinh? y to show that |cot wz| < 1 for z on y.) 
7. Use Exercise 6 to deduce that 


2 


7 = 1 
8 >, (2n+1)? 


8. Let y be the polygonal path defined in Exercise 6 and evaluate J, 7(z*—a”)~* 
cot wzdz for a # an integer, Show that lim J, 7(z*—a*)~* cot wzdz = 0, and 
consequently neo 


8 


1 
a cot7a =- + 
Qa 


for a # an integer. 
9. Use methods similar to those of Exercises 6 and 8 to show that 


for a # an integer. 
10. Let y be the circle |z| = 1 and let m and n be non-negative integers. 
Show that 


(+ D+ 2p)! at 2p)! ifm = 2p-+n 
pi(mtp)! ° Z ? 
(2? + 1)"dz p29 
oni gmtnti = 
y 
0 otherwise 


11. In Exercise 1.12, consider a, and 6, as functions of the parameter A and 

use Exercise 10 to compute power series expansions for a,(A) and b,(). 

(b,(A) is called a Bessel function.) — 

12. Let f be analytic in the plane except for isolated singularities at a,, a2, 
. 5 A». Show that 


Res (f; 00) = — x Res (f a;). 
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(Res (/; 0) is defined as the residue of f (;) at z = 0.) Suppose that f has 
Zz 


infinitely many isolated singularities; what can you say? 

13. Let fbe an entire function and let a, b ¢ C such that |a| < Rand |b| < R. 
If y(t) = Re", 0 < t < 2n, evaluate |, (z-a) (z—b)]~ *f(z)dz. Use this result 
to give another proof of Louville’s Theorem. 


§3 The Argument Principle 


Suppose that fis analytic and has a zero of order m at z = a. So f(z) = 
(z—a)"g(z) where g(a) # 0. Hence 


f@_m , 
f@) z-a_ gz) 
and g’/g is analytic near z = a since g(a) 4 0. Now suppose that f has a 


pole of order m at z = a; that is, f(z) = (z—a)~"g(z) where g is analytic 
and g(a) # 0. This gives 


3.1 


f@ _-m | s’@) 
fZ) z-a_ g(z) 
and again g’/g is analytic near z = a. 


Also, to avoid the phrase “analytic except for poles’? which may ‘have 
already been used too frequently, we make the following standard definition. 


3.2 


3.3 Definition. If G is open and fis a function defined and analytic in G except 
for poles, then fis a meromorphic function on G. 

Suppose that f is a meromorphic function on G and define f: G>C,, 
by setting f(z) = oo whenever z is a pole of f. It easily follows that f is 
continuous from G into C,, (Exercise 4). This fact allows us to think of 
meromorphic functions as analytic functions with singularities for which 
we can remove the discontinuity of f, although we cannot remove the non- 
differentiability of f. 


3.4 Argument Principle. Let f be meromorphic in G with poles p1, P2,-- +5 Pm 
and zeroS Z;, Z,...,2, counted according to multiplicity. If y is a closed 
rectifiable curve in G with y~O and not passing through p,,...3Dm; 
Z15+++5 2,3 then 


1 , n m 
3.5 sai | eo ~ 2, noid — ¥ nosy. 


Proof. By a repeated application of (3.1) and (3.2) 


fO_S 1 _ S 1 © 
7@) ~ Qe2=a, 2,27, * 


k=1 
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where g is analytic and never vanishes in G. Since this gives that g’/g is 
analytic, Cauchy’s Theorem gives the result. 

Why is this called the ‘‘Argument Principle’? The answer to this is not 
completely obvious, but it is suggested by the fact that if we could define 
log f(z) then it would be a primitive for f’/f, Thus Theorem 3.4 would give 
that as z goes around y, log f(z) would change by 27iK where K is the integer 
on the right hand side of (3.5). Since 27iK is purely imaginary this would 
give that Im log f(z) = arg f(z) changes by 27K. 

Of course we can’t define log f(z) (indeed, if we could then [, f’/f = 0 
since f’/f has a primitive). However, we can put the discussion in the above 
paragraph on a solid logical basis. Since no zero or pole of f lies on y there 
is a disk B(a; r), for each a in {y}, such that a branch of log f(z) can be defined 
on B(a; r) (simply select r sufficiently small that f(z) 4 0 or o in Ba; 7)). 
The balls form an open cover of {y}; and so, by Lebesgue’s Covering Lemma, 
there is a positive number e > 0 such that for each a in {y} we can define a 
branch of log f(z) on B(a; «). Using the uniform continuity of y (suppose 
that y is defined on [0, 1]), there is a partition 0 = tp < t, <--'<4,=1 
such that y(t) « BO(t;-,); ©) fort;_-; <¢ <t,;and1<j<k. Let 7; bea 
branch of log f defined on B(y(t;_-,); «) for 1 < j < k. Also, since the j-th 
and (j+1)-st sphere both contain (t;) we can choose 7,,..., % so that 
E (y(t) = 4h0(t1)); Fa(v(t2)) = &3(vt2))s -- 3 1-1) = MVG-1)). 

If y; is the path y restricted to [t,_,, ¢;] then, since 7) = f'/f, 


(4 = ¢fy(t )l—? yt ;- DI] 


for 1 <j < k. Summing both sides of this equation the right hand side 
“telescopes” and we arrive at 


(2 = t,(a)— ¢,(a) 


where a = (0) = y(1). That is, 4,(a)—7,(a) = 27iK. Because 27iK is purely 
imaginary we get Im ¢,(a)—Im 7,(a) = 27K. This makes precise our con- 
tention that as z traces out y, arg f(z) changes by 27K. 

The proof of the following generalization is left to the reader (Exercise 1). 


3.6 Theorem. Let f be meromorphic in the region G with zeros Z;, Z2,..+5 Zp 
and poles p;,..-. Pm counted according to multiplicity. If g is analytic in G 
and y is a closed rectifiable curve in G with y ~0 and not passing through 
any z;, or p, then 


1 f’ 


27i 
y 


5 =, alednty 2) — ¥ aed pp 


We already know that a one-one analytic function f has an analytic 
inverse (IV. 7.6). It is a remarkable fact that Theorem 3.6 can be used to give 
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a formula for calculating this inverse. Suppose R > 0 and that fis analytic 
and one-one on B(a; R); let Q = f[B(a; R)]. If |z—a| < Rand € = f(z)eQ 
then f(w) — € has one, and only one, zero in B(a; R). If we choose g(w) = w, 
Theorem 3.6 gives 


1 f wf) 
= oni | Foye 


where y is the circle |w—a| = R. But z = f~'(€); this gives the following 


3.7 Proposition. Let f be analytic on an open set containing B(a; R) and 
suppose that f is one-one on Bia; R). If Q = f[B(a; R)] and y is the circle 
|z—a] = R then f~'(w) is defined for each w in Q by the formula 
1 / 

zf'2) 4, 


f-*() = dni | flg)—o 


This section closes with Rouché’s Theorem. 


3.8 Rouché’s Theorem. Suppose f and g are meromorphic in the region G 
and B(a; R) < G. If f and g have no zeros or poles on the circle y = {z: |Iz—al 


= R} and | f(z)—g(z)| < |g(z)| for z on y then 
Z,—P, = Z,—Py. 


where Zs, Z, (P;, P,) are the number of zeros (poles) of f and g inside |z| = R 
counted according to multiplicity. 


Proof. From the hypothesis 


for z on y. That is, the meromorphic function f/g maps {y} into B(1; 1). 
But if log is the principal branch of the logarithm then, for z in some neigh- 
borhood of {y}, log (//g) is a primitive for (f/g)'(//g)~!. Thus, 


0 = 5 | (fee) 


— (Z,—P,)- Z,~P,)- 
This completes the proof of the theorem. Jj 
Rouché’s Theorem can be used to give another proof of the Fundamental 
Theorem of Algebra. If p(z) = z"+a,z""'+---+a, then 


a Ay, 
1+ +--+ 
Zz Zz 


PZ) _ 
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and this approaches 1 as z goes to infinity. So there is a sufficiently large 

number R with 

pe) _ 
gh 


lj < 1 


for |z| = R; that is, [p(z)—z”"| < |z|" for |z| = R. Rouché’s Theorem says 
that p(z) must have » zeros inside |z| = R. 

We also mention that the use of a circle in Rouché’s Theorem was a 
convenience and not a necessity. Any closed rectifiable curve y with 7 ~ 0 in 
G could have been used, although the conclusion would have been modified 
by the introduction of winding numbers. 


Exercises 


1. Prove Theorem 3.6. 

2. Suppose fis analytic on B(O; 1) and satisfies | f(z)| < 1 for |z| = 1. Find 
the number of solutions (counting multiplicity) of the equation f(z) = 2” 
where 7 is an integer larger than or equal to 1. 

3. Let f be analytic in BO; R) with f(0) = 0, f’(0) 4 0 and f(z) ¥ 0 for 
0 < |z| < R. Put p = min {[f(2): |z| = R} > 0. Define g: BO; p) >C by 


1 | 2 


g(w) = mi f'@-e 


where y is the circle |[z| = R. Show that g is analytic and discuss the properties 
of g. 

4. If f is meromorphic on G and f: G—>C.,, is defined by f(z) = oo when 
zis a pole of fand f(z) = f(z) otherwise, show that fis continuous. 

5. Let f be meromorphic on G; show that neither the poles nor the zeros of f 
have a limit point in G. 

6. Let G be a region and let H(G) denote the set of all analytic functions on 
G. (The letter ““H’’ stands for holomorphic. Some authors call a differentiable 
function holomorphic and call functions analytic if they have a power series 
expansion about each point of their domain. Others reserve the term 
“analytic” for what many call the complete analytic function, which we will 
not describe here.) Show that H(G) is an integral domain; that is, H(G) is a 
commutative ring with no zero divisors. Show that M(G), the meromorphic 
functions on G, is a field. 

We have said that analytic functions are like polynomials; similarly, 
meromorphic functions are analogues of rational functions. The question 
arises, is every meromorphic function on G the quotient of two analytic 
functions on G? Alternately, is M(G) the quotient field of H(G)? The answer 
is yes but some additional theory will be required before this answer can be 
proved. 

7. State and prove a more general version of Rouché’s Theorem for curves 
other than circles in G. 


The Argument Principle 123 


8. Is a non-constant meromorphic function on a region G an open mapping 
of G into C? Is it an open mapping of G into C,,? 

9. Let p(z) = z"+a,z""'+...+a, and suppose that |p(z)| < 1 for |[z| = 1. 
Show that p has a zero on |z| = 1. 

10. Let A > 1 and show that the equation A~z—e~” = 0 has exactly one 
solution in the half plane {z: Re z > 0}. Show that this solution must be 
real. What happens to the solution as A > 1? 


Chapter VI 
The Maximum Modulus Theorem 


This chapter continues the study of a property of analytic functions first 
seen in Theorem IV. 3.11. In the first section this theorem is presented again 
with a second proof, and other versions of it are also given. The remainder 
of the chapter is devoted to various extensions and applications of this 
maximum principle. 


§7. The Maximum Principle 


Let Q be any subset of C and suppose « is in the interior of Q. We can, 
therefore, choose a positive number p such that Bla; p) < Q; it readily 
follows that there is a point € in Q with [é| > |«|. To state this another way, 
if « is a point in Q with |«| = [é| for each é in the set Q then « belongs to @Q. 


1.1 Maximum Modulus Theorem—First Version. /f f is analytic in a region G 
and a is a point in G with | f(a)| = |f(z)| for all z in G then f must be a constant 
Junction. 


Proof. Let Q = f(g) and put « = f(a). From the hypothesis we have that 
|x| > {€| for each € in Q; as in the discussion preceding the theorem « is in 
0Q. A Q. In particular, the set Q cannot be open (because then Q NM 0Q = [)). 
Hence the Open Mapping Theorem (IV. 7.5) says that f must be constant. Jj 


1.2 Maximum Modulus Theorem—Second Version. Let G be a bounded open 
set in C and suppose f is a continuous function on G~ which is analytic in G. 
Then 

max {| f(z)|:z¢G~ } = max {[f(z)|: z € eG}. 


Proof. Since G is bounded there is a point ae G™ such that | f(a)| = |f(2)| 
for all zin G™. If fis a constant function the conclusion is trivial; if fis not 
constant then the result follows from Theorem 1.1. 

Note that in Theorem 1.2 we did not assume that G is connected as in 
Theorem 1.1. Do you understand how Theorem 1.1 puts the finishing touches 
on the proof of 1.2? Or, could the assumption of connectedness in Theorem 
1.1 be dropped? 

Let G = {z = xt+iy: —40 < y < 47} and put f(z) = exp [exp z]. Then 
f is continuous on G” and analytic on G. If ze 0G then z = x + 47i so 
|f(z)| = |exp (+ ie*)| = 1. However, as x goes to infinity through the real 
numbers, f(x) -—> oo. This does not contradict the Maximum Modulus 
Theorem because G is not bounded. 

In light of the above example it is impossible to drop the assumption of 
the boundedness of G in Theorem 1.2; however, it can be replaced. The 
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substitute is a growth condition on |f(z)| as z approaches infinity. In fact, 
it is also possible to omit the condition that f be defined and continuous on 
G~. To do this, the following definitions are needed. 


1.3 Definition. If f: G— Rand aeG™ or a= o, then the limit superior of 
F(z) as z approaches a, denoted by lim sup f(z), is defined by 


lim sup f(z) = lim sup {f(z):z—eGN Bla; n} 
za r>O+ 

(If a = oo, B(a; r) is the ball in the metric of C,,.) Similarly, the limit.inferior 

of f(z) as z approaches a, denoted by lim inf f(z), is defined by 


lim inf f(z) = lim inf {f(z):z—eGoa Ba; n}. 
r7>0+ 


It is easy to see that lim f(z) exists and equals « iff « = lim sup f(z) = 


lim inf f(2). ~ ~ 


Z2—>a 


If G < C then let 0,,G denote the boundary of G in C,, and call it the 
extended boundary of G. Clearly 0,,G = 0G if G is bounded and ¢,,G = 
0G U {co} if G is unbounded. 

After these preliminaries the final version of the Maximum Modulus 
Theorem can be stated. 


1.4 Maximum Modulus Theorem—Third Version. Let G be a region in 
C and f an analytic function on G. Suppose there is a constant M such that 
lim sup | f(z)| < M for all ain 0,,G. Then | f(z)| < M for all z in G. 


Proof. Let 5 > O be arbitrary and put H = {zeG: |f(z)| > M+6}. The 
theorem will be demonstrated if H is proved to be empty. 
Since |f| is continuous, H is open. Since lim sup |f(z)| < M for each 


ain 0,,G, there is a ball B(a; r) such that | f(z)| < M+6 for allzin GO B@; 
r). Hence H™ C G. Since this condition also holds if G is unbounded and 
a = oo, H must be bounded. Thus, H~ is compact. So the second version of 
the Maximum Modulus Theorem applies. But for z in 0H, | f(z)| = @+6 
since H™ < {z: | f(z)| => M+5}; therefore, H = (] or fis a constant. But 
the hypothesis implies that H = (J if fis a constant. Jj 

Notice that in the example G = {z: |Im 2z| < 47}, f(z) = exp (e’), f 
satisfies the condition lim sup | f(z)| < 1 for all a in 0G but not for a = o. 


Exercises 


1. Prove the following Minimum Principle. If f is a non-constant analytic 
function on a bounded open set G and is continuous on G’, then either f 
has a zero in G or | f| assumes its minimum value on @G. (See Exercise IV. 
3.6.) 


2. Let G be a bounded region and suppose f is continuous on G” and 
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analytic on G. Show that if there is a constant c => 0 such that |f(z)| = c 
for all z on the boundary of G then either fis a constant function or f has a 
zero in G. 

3. (a) Let f be entire and non-constant. For any positive real number c show 
that the closure of {z: |f(z)| < c} is the set {z: | f(z)| < c 

(b) Let p be a polynomial and show that each component of {z:|p(z)| < c} 
contains a zero of p. (Hint: Use Exercise 2.) 

(c) If p is a polynomial and c > 0 show that {z: |p(z)| = c} is the union 
of a finite number of closed paths. Discuss the behavior of these paths as 
C—> oO. 

4. Let 0<r< R and put A = {z: r < |z| < R}. Show that there is a 
positive number « > 0 such that for each polynomial p, 


sup {|p(z)—z~*|:ze A} > e 


This says that z~' is not the uniform limit of polynomials on A. 
5. Let f be analytic on B(O; R) with |f(z)| < M for |z| < R and |f(0)| = 
a > 0. Show that the number of zeros of fin B(O; 4R) is less than or equal to 


M 
log (™) . Hint: If z,,...,z, are the zeros of fin B(O; 4R), consider 


n Zz —j] 
g(z) = f(z) TI (1 _ Je ; 


k=1 


log 2 
the function 


and note that g(0) = f(0). (Notation: I Oy, = AA, ... Ay 


6. Suppose that both f and g are analytic on BOO; R) with | f(z)| = |g(z)| for 
|zZ| = R. Show that if neither f nor g vanishes in B(O; R) then there is a 
constant A, |A| = 1, such that f = dg. 

7. Let f be analytic in the disk B(O; R) and for 0 < r < R define A(r) = 
max {Re f(z): |z| = r}. Show that unless f is a constant, A(r) is a strictly 
increasing function of r. 

8. Suppose G is a region, f: G —> C is analytic, and M is a constant such that 
whenever z is on 0,,G and {z,} is a sequence in G with z = lim z, we have 
lim sup |f(z,)| < M. Show that |f(z)| < M, for each z in G. 


§2. Schwarz’s Lemma 


2.1 Schwarz’s Lemma. Let D = {z: |z| < 1} and suppose f is analytic on D 
with 


(a) | f(2)| < 1 forz in D, 


(b) f(0) = 0. 
Then |f'(0)| < 1 and|f(z)| < |z| for all z in the disk D. Moreover if| f’(0)| = 
or if | f(z)| = |z| for some z # 0 then there is a constant c, \c| = 1, such that 


Sw) = ew for all w in D. 
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f@) 
Z 
analytic in D. Using the Maximum Modulus Theorem, |g(z)| < r~* for 
|z] < rand 0 < r < 1. Letting r approach 1 gives |g(z)| < 1 for all z in D. 
That is, | f(z)| < |z| and |f’(0)| = |g(0)| < 1. If |f(z)| = |z| for some z in D, 
z #0, or [f’(0)| = 1 then g assumes its maximum value inside D. Thus, 
again applying the Maximum Modulus Theorem, g(z) = c for someconstant 
c with |c| = 1. This yields f(z) = cz and completes the proof of the 

theorem. 

We will apply Schwarz’s Lemma to characterize the conformal maps of 
the open unit disk onto itself. First we introduce a class of such maps. If 
la| < 1 define the Mobius transformation: 


Proof. Define g: D > C by g(z) = for z 0 and g(0) = /'(0); then g is 


Z—a 
PZ) = 7. 
1-—dz 
Notice that ¢, is analytic for |z| < |a|~* so that it is analytic in an open disk 
containing the closure of D = {z: |z| < 1}. Also, it is an easy matter to 
check that 


PaA~-AZ)) = Z = p_(P,(Z)). 


for |z| < 1. Hence », maps D onto itself in a one-one fashion. 
Let @ be a real number; then 


i@ 
i@ _ e —-@Q 
lpe )| ~~ 1—ge'® 
_ |e’—a 
|e” —a@ 
= | 


This says that »,(¢D) = eD. 
These facts, and other pertinent information which can be easily checked, 
are summarized as follows. 


2.2 Proposition. Jf |a| < 1 then y, is a one-one map of D = {z: |z| < 1} 
onto itself; the inverse of p, is p_,. Furthermore, ~, maps 0D onto oD, ¢,{a) 
= 0, (0) = 1—|al?, and gia) = (1—|al?)~1. 

Let us see how these functions », can be used in applying Schwarz’s 
Lemma. Suppose f is analytic on D with | f(z)| < 1. Also, suppose |a] < 1 
and f(a) = « (so |«| < 1 unless fis constant). Among all functions f having 
these properties what is the maximum possible value of |f’(a)|? To solve 
this problem let g = 9,°fog_,. Then g maps D into D and also satisfies 
2(0) = »,(/(@) = ¢,(«) = 0. Thus we can apply Schwarz’s Lemma to obtain 
that |g’(0)| < 1. Now obtain an explicit formula for g’(0). Applying the chain 
rule 
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§'(0) = (P2 of)'(p-a(0))p~ .(0) 
= (~, °f)’@ (1 —|al’) 
= 9(a)f'(a) (1—|a|’) 


1—|a|? , 
= Qa). 
Thus, 
1—|e|? 
2.3 ’ a <= e 


Moreover equality will occur exactly when |g’(0)| = 1, or, by virtue of 
Schwarz’s Lemma, when there is a constant c with |c| = 1 and 


2.4 f(z) = v-Lcp,z)) 


for |z| < 1. 

We are now ready to state and prove one of the main consequences of 
Schwarz’s Lemma. Note that if |c| = 1 and |a| < 1 then f = cg, defines a 
one-one analytic map of the open unit disk D onto itself. The next result 
says that the converse is also true. 


2.5 Theorem. Let f: D-—> D be a one-one analytic map of D onto itself and 
suppose f(a) = 0. Then there is a complex number c with |c| = 1 such that 
f= CHq 

Proof. Since f is one-one and onto there is an analytic function g: D— D 
such that g(/(z)) = z for |z| < 1. Applying inequality (2.3) to both f and g 
gives | f’(a)| < (1—|a|”)~* and |g’(0)| < 1—J|a|? (since g(0) = a). But since 
1 = g’(0)f'(), |f'(@| = (1—|a|?)~*. Applying formula (2.4) we have that 
f = cy, for some c, |c| = 1. Hi 


Exercises 


1. (a) Show that if |a| < 1 and |b| < 1 then 
ja|—|5] _ a+b] _ lal+/dl 
1—|ab| |+ab|. 1+]ab| 


(b) Suppose |/(z)| < 1 for |z| < 1 and fis analytic. By considering the 
function g: D — D defined by 


g(z) = L9=2 


~ 1—af(2) 
where a = f(0), prove that 


Ole) yay < OL+2 


1—|f(0)| |z| 1+|f(0)| |z| 


for |z| < 1. 
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2. Does there exist an analytic function f: D > D with f4) = 2 and f’G) = 
4? 
3. Suppose f: D-—>C satisfies Re f(z) = 0 for all z in D and suppose that 
fis analytic. 

(a) Show that Re f(z) > 0 for all z in D. 

(b) By using an appropriate Mobius transformation, apply Schwarz’s 
Lemma to prove that if f(0) = 1 then 


a 
—|z| 


for |z| < 1. What can be said if f(0) # 1? 
(c) Show that f also satisfies 


If) < 


1—|2| 


If] = 1+|a\_ 


(Hint: Use part (a)). 

4. Prove Caratheodory’s Inequality whose statement is as follows: Let f be 
analytic on B(O; R) and let M(r) = max {|f(z)|: |z] =r}, A(@) = max 
{Re f(z): |z| = 7}; then forO <r<R 


M(r) <5 R+r 


—, A+ |f()]] 


(Hint: First consider the case where f(0) = 0 and examine the function 
g(z) = f(Rz) [2A(R)+f(Rz)]* for |z| < 1.) 

5. Let f be analytic in D = {z: |z| < 1} and suppose that |f(z)| < M for 
all z in D. (a) If f(z,) = 0 for 1 < k < n show that 


| z—z; | Z;, | 


If@| < ml [hoa 


for |z| < 1. (b) If f(z,) = 0 for 1 < k <n, each z, 4 0, and f(0) = Me™ 
(z,Z,...2Z,), find a formula for f. 

6. Suppose f is analytic in some region containing B(O; 1) and | f(z)| = 
where |z| = 1. Find a formula for f (Hint: First consider the case where f 
has no zeros in B(Q; 1).) 

7. Suppose f is analytic in a region containing B(O; 1) and |f(z)| = 1 when 
|z| = 1. Suppose that f has a simple zero at z = (1+) and a double zero 
at z = 4. If f(0) = 4, find f. 

8. Is there an analytic function f on B(O; 1) such that | f(z)| < 1 for |z| < 1, 
f(O) = 4, and f’(0) = 2? If so, find such an f. Is it unique? 


|1 —Z,z| 


§3. Convex functions and Hadamard’s Three Circles Theorem 


In this section we will study convex functions and logarithmically convex 
functions and show that such functions appear in connection with the study 
of analytic functions. 
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3.1 Definition. If [a, 5] is an interval in the real line, a function /: [a, b] > R 
is convex if for any two points x, and x, in [a, 5] 


f(tx,+(1—1)x1) < f%2)+d—-OfC1) 


whenever 0 < ¢t < 1. A subset A © C is convex if whenever z and w are in 
A, tz+(1—12)w is in A for 0 < ¢ < 1; that is, A is convex when for any two 
points in A the line segment joining the two points is also in A. (See IV. 4.3 
and IV. 4.4.) 

What is the relation between convex functions and convex sets? The 
answer is that a function is convex if and only if the portion of the plane 
lying above the graph of the function is a convex set. 


3.2 Proposition. A function f: [a, b] > R is convex iff the set 


A= {(x,y):a<x< bandf(x) < y} 
is convex. 


Proof. Suppose f/: [a, b] — R is a convex function and let (x,, y,) and (x), y2) 
be points in A. If 0 < ¢ < 1 then, by the definition of convex function, 
f(tx2 + —O)x4) < F(x.) +0 -Of(%1) < t2+(l-Dy;. Thus t(x2, y2)+ 
(1—?2) (x1, ¥1) = (t%, +1 —-D)x,, ty. +(1—d)y,) 1s in A; so A is convex. 

Suppose A is a convex set and let x,, x, be two points in [a, b]. Then 
(tx, +U1—f)x,, f(x,)+U—df(@,)) is in A if O< t < 1 by virtue of its 
convexity. But the definition of A gives that f(tx,+(1—1f)x,) < tf(x,)+ 
(1—12)f(x,); that is, fis convex. 

The proof of the next proposition is left to the reader. 


3.3 Proposition. (a) A function f: [a, b] > R is convex iff for any points 


n 
X1,--+,X, in [a, b] and real numbers t,,...,t, = 0 with > t = 1, 
k=1 


f (x i) < x ty, I (X;). 


(b) A set A <— C is convex iff for any points z,,...,2Z, in A and real 
n n 
numbers t;,...,t, =O with > t, = 1, > t,z, belongs to A. 
k=1 k=1 


What are the virtues of convex functions and sets? We have already seen 
the convex sets used in connection with complex integration. Also, the fact 
that disks are convex sets has played a definite role, although this may not 
have been apparent since this fact is taken for granted. The use of convex 
functions may not be so familiar to the reader; however it should be. In the 
first course of calculus the fact (proved below) that f is convex when f” is 
non-negative is used to obtain a local minimum at a point ty whenever 
F'(to) = 0. Moreover, convex functions (and concave functions) are used to 
obtain inequalities. If f: [a, b] > R is convex then it follows from Proposition 
3.2 that f(x) < max {f(a), f(6)} for all x in [a, b]. We now give a necessary 
condition for the convexity of a function. 
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3.4 Proposition. A differentiable function f on [a, b] is convex iff f’ is increasing. 


Proof. First assume that f is convex; to show that /’ is increasing let 
a<x<y<b and suppose that 0 < ¢ < 1. Since 0 < (l—Ax4+ty-x = 
t(y—x), the definition of convexity gives that 


f=)x+y)—S) — FOF). 
t(y —x) S y=x 
Letting ¢ — 0 gives that 


LY)—P) 
3.5 f(x) s yox 


Similarly, using the fact that O > (1—‘)x+ty—y = (1-2) (x—)y) and letting 
t —> 1 gives that 


FY) — FX) 
3.6 > 
f'Y) yox 
So, combining (3.5) and (3.6), we have that /’ is increasing. 
Now supposing that /’ is increasing and that x < u < y, apply the Mean 


Value Theorem for differentiation to find rand s wihx<r<u<s<y 
such that 


f(r) = F(u) —f() (u) —f (x) 
u—-X 
and 


7) OLY) 
yru 
Since f’(r) < f'(s) this gives that 


fu)-$) . fo) -FW) 
u-xX yu 
whenever x <u<y. In particular by letting uv =(1—‘Ax+ty where 
0<t< 1, 
fwM-f&) — SO)-fw_. 
t(y — x) 1-1 (y—x) 
and hence 


CQ—1)[f@-fQ)] s 1fO)-f)I. 


This shows that f must be convex. Jj 

In actuality we will mostly be concerned with functions which are not 
convex, but which are logarithmically convex; that is, log f(x) is convex. 
Of course this assumes that f(x) > 0 for each x. It is easy to see that a 
logarithmically convex function is convex, but not conversely. 


3.7 Theorem. Let a < b and let G be the vertical strip {x+iy: a < x < b}. 
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Suppose f: G” ->C is continuous and f is analytic in G. If we define M: 
[a, b] > R by 
M(x) = sup {|f(x+iy)|: -o < y < o}, 


and | f(z)| < B for all z in G, then log M(x) is a convex function. 
Before proving this theorem, note that to say that log M(x) is convex 
means (Exercise 3) that fora<x<u<y<b, 


(y—x) log M(u) < (y—u) log M(x) +(u—x) log M(y) 
Taking the exponential of both sides gives 
3.8 M(uy?-? < M(x)? M(y)@- 


whenever a < x < u < yp < BD. Also, since log M(x) is convex we have that 
log M(x) is bounded by max {log M(a), log M(b)}. That is, fora < x < b 


M(x) < max {M(a), M(b)}. 
This gives the following. 


3.9 Corollary. [f f and G are as in Theorem 3.7 and f is not constant then 


[f(@)| < sup {[f(w)|: we 6G} 


for all z in G. 
To prove Theorem 3.7 the following lemma is used. 


3.10 Lemma. Let f and G be as in Theorem 3.7 and further suppose that 
|f(z)| < 1 for z on 0G. Then | f(z)| < 1 for all z in G. 


Proof. For each e > 0 let g,(z) = [1+¢(z—a)]~‘ for each z in G~. Then for 
z=xt+iyinG” 
[g.(z)| < [Re [1+<(z—a)]|~* 
= [I+e(x-a)]~’ 


<l. 


So for z in 0G | f(z)g,(z)| < 1. Also, since fis bounded by B in G, 
|f@)g.(z)| < Bll+e(z—a)|~* 
< Ble |Im z|]~! 


So if R= {x+iy:a< x <b, |y| < B/e}, inequality (3.11) gives | f(z)g.(z)| 
<1 for z in OR. It follows from the Maximum Modulus Theorem that 
[f(2)gz)| < 1 for zin R. But if |Im z| > B/e then (3.11) gives that | f(z)g.(z)| 
< 1. Thus for all z in G. 


[f@| < |1+<@—a)]. 


Letting « approach zero the desired result follows. Jj 


3.11 


Proof of Theorem 3.7, First observe that to prove the theorem we need only 
establish 
M(uy?-® < M(a)\?-™M(b)O~® 
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for a <u < b (see (3.8)). To do this recall that for a constant A > 0, 
A’ = exp (z log A) is an entire function of z with no zeros. So g(z) defined by 


2(z) = M(a)@~2/0-9 (Dye 9-9) 
is entire, never vanishes, and (because |A7| = A®**) for z = x+iy 
3.12 [e(z)| = M(a)@- 910-9 4 (py 91-2, 


(It is assumed here that M(a) and M(b) # 0. However, if either M(a) or 
M(b) is zero then f = 0.) Since the expression on the right hand side of 
(3.12) is continuous for x in [a, b] and never vanishes, |g|~' must be bounded 
in G~. Also, |g(a+iy)| = M(a) and |g(b+iy)| = M(6) so that | f(z)/2(z)| < 1 
for z in 0G; and //g satisfies the hypothesis of Lemma 3.10. Thus 


If < |g@I, z€ G. 
Using (3.12) this gives for a < u < b 


Mu) < M(a)O~9/O- 9 yg (pye ae~ 4) 


which is the desired conclusion. 9 

Hadamard’s Three Circles Theorem is an analogue of the preceding 
theorem for an annulus. Consider ann (0; R,, R,) = A where 0 < R, < R, 
< oo. If Gis the strip {x+iy: log R, < x < log R,} then the exponential 
function maps G onto A and 2G onto 2A. Using this fact one can prove the 
following from Theorem 3.7 (the details are left to the reader). 


3.13 Hadamard’s Three Circles Theorem. Let 0 < R, < R, < © and suppose 
f is analytic on ann (0; R,, R,). If Ry <r < R,, define M(r) = max 
{| f(re’®)|: 0 < 6 < 2x}. Then for Ry <r, Sr<rz < R, 


log r,—logr log M(r,) + jog r—logr, log M(r,). 


log M(r) < 
logr,—logr, log r,—logr, 


Another way of expressing Hadamard’s Theorem is to say that log M(r) 
is a convex function of log r. 


Exercises 


1. Let f: [a, b] > R and suppose that f(x) > 0 for all x and that f has a 
continuous second derivative. Show that f is logarithmically convex iff 
f’COfCO-[f'O)/* = 0 for all x. 

2. Show that if f: (a, b) — R is convex then fis continuous. Does this remain 
true if fis defined on the closed interval [a, 5]? 

3. Show that a function f: [a, b] > R is convex iff any of the following 
equivalent conditions is satisfied: 


fu) ul 
(a)asx<u<y< b gives det [re > 0; 
fy) yl 
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fM-$CO) . f)-fO) . 

u-xX yx 
fu)-$0) . fO)-f@) 

u-xX -— yu — 


(b)ax<x<u<y< bgives 


(c)a<x<uc<y < b gives 


Interpret these conditions geometrically. 

4. Supply the details in the proof of Hadamard’s Three Circle Theorem. 
5. Give necessary and sufficient conditions on the function f such that 
equality occurs in the conclusion of Hadamard’s Three Circle Theorem. 
6. Prove Hardy’s Theorem: If fis analytic on B(O; R) and not constant then 


2n 
Kn) = 3 | Lflre!)|d0 
0 


is strictly increasing and log J(r) is a convex function of log r. Hint: If 
0<r,<r<vpry, find a continuous function »: [0, 27]—C such that 
(8) f(re'®) = | f(re'*)| and consider the function F(z) = (2* f(ze'®)@(6)dé. 
(Note that r is fixed, so gp may depend on r.) 

7. Let f be analytic in ann (0; R,, R,) and define 


2n 
ho) = 4 | ifre"*) Pal. 
0 


Show that log /,(r) is a convex function of logr, R, <r < R,. 
§4. Phragmen-Lindeléf Theorem 


This section presents some results of E. Phragmen and E. Lindeléf (pub- 
lished in 1908) which extend the Maximum Principle by easing the require- 
ment of boundedness on the boundary. 

The Phragmen-Lindel6f Theorem bears a relation to the Maximum 
Modulus Theorem which is‘ analogous to the relationship of the following 
result to Liouville’s theorem. If f is entire and | f(z)| < 1+]|z|* then fis a 
constant function. (Prove it!) So it is not necessary to assume that an entire 
function is bounded in order to prove that it is constant; it is sufficient to 
assume that its growth as z —> oo is restricted by 1+ |z|*?. The Phragmen- 
Lindeléf Theorem places a growth restriction on an analytic function 
f: G—C as z nears a point on the extended boundary. Nevertheless, the 
conclusion, like that of the Maximum Modulus Theorem, is that fis bounded. 


4.1 Phragmen-Lindeléf Theorem. Let G be a simply connected region and let 
f be an analytic function on G. Suppose there is an analytic function 9»: G > C 
which never vanishes and is bounded on G. If M is a constant and 0,,G = AUB 
such that: 


(a) for every a in A, lim sup | f(z)| < M; 
z—>b 
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(b) for every b in B, and yn > 0, lim sup |f(z)| |p@)|" < M; 
z—>b 

then | f(z)|< M for allzinG. 

Proof. Let |~(z)| < « for all z in G. Also because G is simply connected there 
is an analytic branch of log ¢(z) on G (Corollary IV. 4.16). Hence g(z) = exp 
(y log ¢(z)) is an analytic branch of ¢(z)" for 7 > 0; and |g(z)| = [¢(z)|’. 
Define F: G->C by F(z) = f(z)g(z)x~"; then F is analytic on G and 
|F(z)| < [f(z)| since |¢(z)| < « for all z in G. But then, by conditions (a) 


and (b) on @,G, F satisfies the hypothesis of Theorem 1.4. Thus 
|F(z)| < max (M, «""M) for all z in G. This gives 


[f@I s lp@|™ max (M, «"M) 


for all z in G and for all 7 > 0. Letting 7 ~0+ gives that | f(z)| < M for 
allzin G. 


4.2 Corollary. Let a = 4 and put 


G= a larg z| < at . 


Suppose that f is analytic on G and there is a constant M such that lim sup 
Zw 


| f(z)| < M for all w in 0G. If there are positive constants P and b < a such that 


4.3 [f@| < P exp ([z|”) 
for all z with |z| sufficiently large, then | f(z)| < M for all z in G. 


Proof. Let b < c < a and put 9(z) = exp (—2z*) for z in G. If z = re®®, 
|| < a/2a, then Re z° = r° cos cé. So for z in G 


lp(z)| = exp (—r° cos c6) 


when z = re’®. Since c < a, cos cO > p > 0 for all z in G. This gives that 9 is 
bounded on G. Also, if 7 > 0 and z = re’® is sufficiently large, 


[F(2)| |p|" < P exp (r°—nr° cos c6) 
< Pexp (r’—nr°p) 


But r°—nr°p = r(r°~°—np). Since b < c, r?~° >0+ as r>o so that 


r?—xnr°p > —0o as r—> oo. Thus 


lim sup [f(@)| |p! = 0 


Hence, f and satisfy the hypothesis of the Phragmen-Lindeléf Theorem 
so that | f(z)| < M for each z in G. 

Note that the size of the angle of the sector G is the only relevant fact 
in this corollary; its position is inconsequential. So if G is any sector of angle 
a/a the conclusion remains valid. 
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4.4 Corollary. Let a > 4, 
G= ‘2 larg z| < it ; 
2a 


and suppose that for every w in 0G, lim SUP | f(z)| < M. Moreover, assume that 


for every 5 > 0 there is a constant P (which may depend on 8) such that 


45 Lf) < P exp (8z|9 
for z in G and |z| sufficiently large. Then | f(z)| < M for all z in G. 


Proof. Define F: G > C by F(z) = f(z) exp (—ez*) where e > 0 is arbitrary. 
If x > 0 and 6 is chosen with 0 < 6 < « then there is a constant P with 


|F(x)| < Pexp [(6—«)x’]. 


But then |F(x)| > 0 as x > o in R; so M, = sup {|F(x)|: 0 < x < o} 
< 00. Define M, = max {M,, M} and 


= {zeG:0 < argz < a/2a}, 
= {zeG:0 > argz > —7/2a}; 
then lim sup | f(z)| < M, for all zin 0H, and @H_. Using hypothesis (4.5), 


Corollary 4.2 gives |F(z)| < M, for all z in H, and H_ hence, |F(z)| < M, 
for all z in G. 

We claim that M, = M. In fact, if M, = M, > M then |F| assumes its 
maximum value in G at some point x, 0 < x < o (because [F(x)| +0 as 
x — oo and lim sup |f(x)| = lim sup |F(x)| < M < M,). This would give 

x0 x—-0 


that F is a constant by the Maximum Principle and so M = M,. Thus, 
M, = M and |F(z)| < M for all z in G; that is, 


[f(2)| < M exp (c Re z’) 


for all z in G; since M is independent of e, we can let « -> 0 and get | f(z)| < M 
for all zin G. 

Let G = {z: z # 0 and |arg z| < 7/2a} and let f(z) = exp (z*) for zeG. 
Then | f(z)| = exp (|z|* cos a0) where 0 = arg z. So for z in @G | f(z)| = 
but f(z) is clearly unbounded in G. In fact, on any ray in G we have that 
| f(z)| — 00. This shows that the growth condition (4.8) is very delicate and 
can’t be improved. 


Exercises 


1. In the statement of the Phragmen-Lindeléf Theorem, the requirement 
that G be simply connected is not necessary. Extend Theorem 4.1 to regions 
G with the property that for each z in 0,,G there is a sphere V in C,, centered 
at z such that VN G is simply connected. Give some examples of regions 
which are not simply connected but have this property and some which don’t. 
2. In Theorem 4.1 suppose there are bounded analytic functions 9,, ~2,..., 
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gy, on G which never vanish and 0,G = AUB,U...U8B, such that 
condition (a) is satisfied and condition (b) is also satisfied for each y, and B,. 
Prove that | f(z)| < M for all z in G. 

3. Let G = {z: |Im z| < 47} and suppose f: G — C is analytic and lim sup 


|f(z)| < M for w in 0G. Also, suppose A < oo and a < 1 can be found such 
that 
|f(z)| < exp [A exp (a [Re z|)] 


for all z in G. Show that | f(z)| < M for all z in G. Examine exp (exp z) to 
see that this is the best possible growth condition. Can we take a = 1 above? 
4. Let f: G->C be analytic and suppose M is a constant such that lim sup 
| f(z,)| < M for each sequence {z,} in G which converges to a point in @,G. 
Show that | f(z)| < M. (See Exercise 1.8). 

5. Let f: G—C be analytic and suppose that G is bounded. Fix zy) in 6G 
and suppose that lim | Sup |f(z)| < M for w in 0G, w ¥ Zo. Show that if 


lim lz—Zo|* | f(z)| = 0 for every « > 0 then |f(z)| < M for every z in 0G. 


(Hint: If a¢ G, consider 9(z) = (z—Z,) (z—a)™".) 
6. Let G = {z: Re z > 0} and let f: GC be an analytic function with 
lim sup | f(z)| < ™ for w in 0G, and also suppose that for every 6 > 0, 


lim sup {exp (—e/r | f(re’®)|: |6| < 47} = 0. 


Show that | f(z)| < M for all z in G. 
7. Let G = {z: Re z > 0} and let f: G->C be analytic such that f(1) = 0 


and such that lim sup | f(z)| < M for w in @G. Also, suppose that for every 


6, 0 < 6 < l, there 1s a constant P such that 


[A = P exp (|z|'~°). 
oy < uf =e 


(1+x)?+y? 
(Hint: Consider f(z) (; =) ) 


Prove that 


Chapter VII 


Compactness and Convergence in the 
Space of Analytic Functions 


In this chapter a metric is put on the set of all analytic functions on a 
fixed region G, and compactness and convergence in this metric space is 
discussed. Among the applications obtained is a proof of the Riemann 
Mapping Theorem. 

Actually some more general results are obtained which enable us to also 
study spaces of meromorphic functions. 


§1. The space of continuous functions C(G,Q) 


In this chapter (Q, d) will always denote a complete metric space. 
Although much of what is said does not need the completeness of Q, those 
results which hold the most interest are not true if (Q, d) is not assumed to 
be complete. 


1.1 Definition. If G is an open set in C and (Q, d) is a complete metric space 
then designate by C(G, Q) the set of all continuous functions from G to Q. 

The set C(G, Q) is never empty since it always contains the constant 
functions. However, it is possible that C(G, 9) contains only the constant 
functions. For example, suppose that G is connected and Q=N = {I, 
2,...}. If fis in C(G, Q) then f(G) must be connected in Q and, hence, must 
reduce to a point. 

However, our principal concern will be when Q is either C or C,,. For 
these two choices of Q, C(G, Q) has many non constant elements. In fact, 
each analytic function on G is in C(G, C) and each meromorphic function 
on G is in C(G, C,,) (see Exercise V. 3.4). 

To put a metric on C(G, ©) we must first prove a fact about open subsets 
of C. The third part of the next proposition will not be used until Chapter 
VIII. 


1.2 Proposition. /f G is open in C then there is a sequence {K,} of compact 


subsets of G such that G = \) K,. Moreover, the sets K, can be chosen to 
n=1 
satisfy the following conditions: 
(a) K, < int Ky+13 
(b) K © Gand K compact implies K < K,, for some n; 
(c) Every component of C,,—K,, contains a component of C,,—G. 
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Proof. For each positive integer n let 


= {z:|zZ]} <n} a i" d(z, C—G) = t ; 
n 
since K, is clearly bounded and it is the intersection of two closed subsets 


of C, K, is compact. Also, the set 


{z: |zZ] < n+1} 29 atic C—G) > ai} 


is open, contains K,, and is contained in K,,,. This gives that (a) is satisfied. 
fo @) cO 

Since it easily follows that G = |) K, we also get that G = |) int K,; so if 
=1 =1 


n= n= 
K is a compact subset of G the sets {int K,} form an open cover of K. This 
gives part (b). 

To see part (c) note that the unbounded component of C,, — K, (> C,, —G) 
must contain co and must therefore contain the component of C,,—G 
which contains 00. Also the unbounded component contains {z: |z| > n}. 
So if D is a bounded component of C,—K, it contains a point z with 


1 
dz, C—G) <7 -. But by definition this gives a point w in C—G with 
1 i 
lw—z| < * But then ze af w :) < C,,—K,; since disks are connected and 


1 
z is in the component D of C,,—K,, Bi w; ;) < D. If D, is the component 
n 
of C,,—G which contains w it follows that D, < D. Jj 
If G = |) K, where each K, is compact and K, < int K,,,, define 
n=] 


1.3 pif, 8) = sup {d(f(2), g(z)): 2 € K,} 
for all functions f and g in C(G, Q). Also define 
1.4 rye _ Pal fs 8) 

pS, &) = x (4) Tt ptfe’ 


since t(1+72)~' < 1 for all t > 0, the series in (1.4) is dominated by >, 3)" and 
must converge. It will be shown that p is a metric for C(G, Q). To do this the 
following lemma, whose proof is left as an exercise, is needed. 


1.5 Lemma. /f (S, d) is a metric space then 


_ as, t) 
Ms, ) = 1+d(s, t) 


is also a metric on S. A set is open in (S, d) iff it is open in (S, «); a sequence 
is a Cauchy sequence in (S, d) iff it is a Cauchy sequence in (S, 1). 


1.6 Proposition. (C(G, 2), p) is a metric space. 
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Proof. It is clear that p(f, 2g) = p(g,/). Also, since each p, satisfies the triangle 
inequality, the preceding lemma can be used to show that p satisfies the 


triangle inequality. Finally, the fact that G = U K,, gives that f = g whenever 
p(/, g) = 0. 


The next lemma concerns subsets of C(G, 2) x C(G, Q) and is very useful 
because it gives insight into the behavior of the metric p. Those who know 
the appropriate definitions will recognize that this lemma says that two 
uniformities are equivalent. 


1.7 Lemma. Let the metric p be defined as in (1.4). [fe > 0 is given then there 
is a8 > QO anda compact set K < G such that for f and g in C(G, Q). 


1.8 sup {d(f(z), g(z)):z¢ K} < 6=> p(f,g) < «. 


Conversely, if 5 > 0 and a compact set K are given, there is an « > O such 
that for f and g in C(G, Q), 


1.9 pU, g) < «=> sup {d(f(z), g(z)): ze K} < 54. 


Proof. If « > 0 is fixed let p be a positive integer such that )° (4)" < $e 
n=pt+l 


t 
and put K = K,. Choose 6 > Osuch that 0 < ¢ < 6 gives ley < te. Suppose 


f and g are functions in C(G, Q) that satisfy sup {d(f(z), g(z)): ze K} < 4. 
Since K, © K, = K forl <n<p, p,(f, g) < 6 for 1 <n < p. This gives 


Pil 8) <4, 
1+ p,(f; 8) 
for 1 <n < p. Therefore 
p oO 
pfs)< 2} GG)+ Y 
n=1 n=pt+1 
<€ 
That is, (1.8) is satisfied. 
Now suppose K and 6 are given. Since G = () K, = U int K, and K is 


n=1 


compact there is an integer p > 1 such that K < K;,; this gives 


pp f, 8) = sup {d( f(z), g(z)): z € K} 
t 
Let « > 0 be chosen so that O < s < 2? « implies — < 6; then —— < 2? « 


L+t 
pp Ss 2) 


1+ p,(f 8) 
< 6. But this is exactly the statement contained in (1.9). 


1.10 Proposition. (a) A set O < (C(G, Q), p) is open iff for each f in © there 
is a compact set K anda 6 > 0 such that 


O > {g: d(f(2), a2) < 6,2 € K} 


implies t < 6. So if p(f, g) < « then < 2? « and this gives p,(f, g) 
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(b) A sequence {f,} in (C(G, ), p) converges to f iff {f,} converges to f 
uniformly on all compact subsets of G. 


Proof. If © is open and fe @ then for some « > 0, O > {g: p(f, g) < €}. 
But now the first part of the preceding lemma says that there is a 5 > 0 
and a compact set K with the desired properties. Conversely, if © has the 
stated property and fe @ then the second part of the lemma gives an e > 0 
such that 0 > {g: p(f, g) < ¢«}; this means that @ is open. 

The proof of part (b) will be left to the reader. 


1.11 Corollary. The collection of open sets is independent of the choice of the 
sets {K,}. That is, if G = U K’, where each K,, is compact and Kj, < int K/, 


and if p is the metric defined by the sets {K,} then a set is open in (C(G, Q), > 
iff it is open in (C(G, Q), p). 


Proof. This is a direct consequence of part (a) of the preceding proposition 
since the characterization of open sets does not depend on the choice of the 
sets {K,}. Hi 

Henceforward, whenever we consider C(G, 2) as a metric space it will 
be assumed that the metric p is given by formula (1.4) for some sequence 


{ K,} of compact sets such that K, ¢ int K,,, and G = U K,,. Actually, the 


=1 
requirement that K, © int K,,, can be dropped and the above results will 
remain valid. However, to show this requires some extra effort (e.g., the 
Baire Category Theorem) which, though interesting, would be a detour. 

Nothing done so far has used the assumption that 2 is complete. How- 
ever, if Q is not complete then C(G, 2) is not complete. In fact, if {w,} is 
a non-convergent Cauchy sequence in Q and f(z) = w, for all z in G, then 
{f,} is a non-convergent Cauchy sequence in C(G, ©). However, we are 
assuming that 2 is complete and this gives the following. 


1.12 Proposition. C(G, Q) is a complete metric space. 


Proof. Again utilize Lemma 1.7. Suppose {f, } is a Cauchy sequence in C(G, 2). 
Then for each compact set K < G the restrictions of the functions f, to K 
gives a Cauchy sequence in C(K, Q). That is, for every 6 > 0 there is an 
integer N such that 


1.13 sup {d( f(z), f(z): z¢K} < 6 


for n,m > N. In particular { f,(z)} is a Cauchy sequence in Q; so there is a 
point f(z) in Q such that f(z) = lim f(z). This gives a function f: G > Q; 
it must be shown that fis continuous and p(f,, f) ~ 0. 

Let K be compact and fix 6 > 0; choose N so that (1.13) holds for n, 
m > N.If zis arbitrary in K but fixed then there is an integer m > N so that 
d( f(z), f,,(Z)) < 6. But then 


Uf(Z), filZ)) < 28 
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for all n => N. Since N does not depend on z this gives 


sup {d(f(z), f,(z)): z¢ K} > 0 


as n —> oo. That is, {f,} converges to f uniformly on every compact set in G. 
In particular, the convergence is uniform on all closed balls contained in G. 
This gives (Theorem II. 6.1) that fis continuous at each point of G. Also, 
Proposition 1.10 (b) gives that p(/,, f) > 0. Hi 

The next definition is derived from the classical origins of this subject. 
Actually it could have been omitted without interfering with the development 
of the chapter. However, even though there is virtue in maintaining a low 
ratio of definitions to theorems, the classical term is widely used and should 
be known by the reader. 


1.14 Definition. A set A < C(G, Q) is normal if each sequence in ¥ has a 
subsequence which converges to a function fin C(G, Q). 

This of course looks like the definition of sequentially compact subsets, 
but the limit of the subsequence is not required to be in the set “. The next 
proof is left to the reader. 


1.15 Proposition. A set FA < C(G, Q) is normal iff its closure is compact. 


1.16 Proposition. A set A < C(G, Q) is normal iff for every compact set 
K < G and 68 > 0 there are functions f,,...,f, in FA such that for f in F 
there is at least one k, 1 < k <n, with 


sup {d( f(z), f(z): z¢ K} < 6. 


Proof. Suppose ¥ is normal and let K and 5 > 0 be given. By Lemma 1.7 
there is an « > O such that (1.9) holds. But since A is compact, F¥ is 
totally bounded (actually there are a few details to fill in here). So there 
are f,,...,f, in F such that 


n 


FeV helhh) <4 


k=1 


But from the choice of « this gives 


F U Ef: d(f2), (2) < 8, 2€ K}: 


that is, F satisfies the condition of the proposition. 

For the converse, suppose ¥ has the stated property. Since it readily 
follows that A also satisfies this condition, assume that ¥ is closed. But 
since C(G, ©) is complete F must be complete. And, again using Lemma 1.7, 
it readily follows that F is totally bounded. From Theorem II. 4.9 ¥ is 
compact and therefore normal. 

This section concludes by presenting the Arzela-Ascoli Theorem. AI- 
though its proof is not overly complicated it is a deep result which has 
proved extremely useful in many areas of analysis. Before stating the theorem 
a few results of a more general nature are needed. 
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Let (X,, d,) be a metric space for each n = 1 and let X¥ = Il X, be their 


cartesian product. That is, ¥ = {€ = {x,}: x,¢X, for each n > 1}. For 
& = {x,} and 7 = {y,} in X define 


1.17 aE, n) = x (4)" 5 erent + 


1.18 Proposition. (T I] Xn ‘) where d is defined by (1.17), is a metric space. 


Uf & = {x}%, isin X = II, then &* > & = {x,} iff xk > x, for each n. 
Also, if each (X,, d,) is compact then X is compact. 


Proof. The proof that dis a metric is left to the reader. Suppose d(é*, £) > 0; 
since 
d, (xi, x, ) k 
ee an 2"d , 
1+4, Qn Xn) ee) 
we have that 
d,(Xn» Xn) 
lim —*2—*— = 
k> 1+d,(xn, Xn) 


This gives that x* — x, for each n > 1. The proof of the converse is left to 
the reader. 

Now suppose that each (X,, d,) is compact. To show that (X, d) is com- 
pact it suffices to show that every sequence in X has a convergent subsequence; 
this is accomplished by the Cantor diagonalization process. Let &* = {xt} —¢ X 
for each k > 1 and consider the sequence of the first entries of the ¢*; that 
is, consider {xf}7°_, < X,. Since X, is compact there is a point x, in X, 
and a subsequence of {x*} which converges to it. We are now faced with a 
problem in notation. If this subsequence of {x{}~_, is denoted by {xf} 2 
there is little confusion at this stage. However, the next step in the proof is to 
consider the corresponding subsequence of second entries {x} 2, and take 
a subsequence of this. Furthermore, it is necessary to continue this process 
for all the entries. It is easy to see that this is opening up a notational 
Pandora’s Box. However, there is an alternative. Denote the convergent 
subsequence of {x*} by {x*¥: ke N,}, where N, is an infinite subset of the 
positive integers N. Consider the sequence of second entries of {g*: ke N, }. 
Then there is a point x, in X, and an infinite subset N, < N, such that 
lim {x3: ke N,} = x3. (Notice that we still have lim {x*: ke N,} = x,.) 
Continuing this process gives a decreasing sequence of infinite subsets of 
N,N, > N,... 5 and points x, in X, such that 


1.19 lim (4: keN,} = x, 

Let k, be the jth integer in N, and consider {é*/}; we claim that é/ > é = 
{x, } aS k —> oo. To show this it suffices to show that 

1.20 x, = lim 4 


kj7 a 


144 Compact and Convergence in the Space of Analytic Functions 


for each n > 1. But since N, < N, for j =n, {xf/: 7 = n} is a subsequence 
of {xi: k ¢ N,}. So (1.20) follows from (1.19). 
The following definition plays a central role in the Arzela-Ascoli Theorem. 


1.21 Definition. A set # < C(G, Q) is equicontinuous at a point Z> in G iff 
for every « > 0 there is a 6 > O such that for |z—z,| < 4, 


AF (Z), f(Zo)) < € 


for every fin ¥.F is equicontinuous over a set E < Gif for every « > O there 
is a 6 > Osuch that for z and z’ in E and |z—z’| < 4, 


Af(Z), f(Z')) < € 
for all fin F. 

Notice that if F consists of a single function f then the statement that ¥ 
iS equicontinuous at Z, is only the statement that f is continuous at Z,. The 
important thing about equicontinuity is that the same 6 will work for all 
the functions in F. Also, for F = {f} to be equicontinuous over E is to 
require that fis uniformly continuous on E. For a larger family ¥ to be 
equicontinuous there must be uniform uniform continuity. 

Because of this analogy with continuity and uniform continuity the 
following proposition should not come as a surprise. 


1.22 Proposition. Suppose FA < C(G, Q) is equicontinuous at each point of G; 
then # is equicontinuous over each compact subset of G. 


Proof. Let K < G be compact and fix « > 0. Then for each w in K there is 
a 6, > 0 such that 


Uf(w'), f(w)) < te 


for all fin A whenever |w—w’| < 5,. Now {B(w; 5,): we K} forms an open 
cover of K; by Lebesgue’s Covering Lemma (II. 4.8) there is a 6 > O such 
that for each z in K, B(z; 8) is contained in one of the sets of this cover. 
So if z and z’ are in K and |z—z’| < 6 there is a w in K with z’ e B(z; 5) < 
Biw; 6,). That is, |z—w] < 6, and |z—z’| < 6,. This gives d( f(z), f(w)) < 4e 
and d(f(z’), f(w)) < 4e; so that d(f(z), f(z’)) < « and F is equicontinuous 
over K. 


1.23 Arzela-Ascoli Theorem. A set F < C(G, Q) is normal iff the following 
two conditions are satisfied: 


(a) for each z in G, {f(z): fe F} has compact closure in Q; 
(b) F is equicontinuous at each point of G. 


Proof. First assume that # is normal. Notice that for each z in G the map 
of C(G, Q) + Q defined by f ~ f(z) is continuous; since A is compact its 
image is compact in © and (a) follows. To show (b) fix a point z, in G and 
let ¢ > 0. If R > 0 is chosen so that K = B(z,; R) < G then K is compact 
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and Proposition 1.16 implies there are functions f,,...,/, in ¥ such that 
for each fin F there is at least one f, with 


1.24 sup {d( f(z), f,(z)): z€ K} < ; 


But since each f, is continuous there is a 6,0 < 6 < R, such that |z—z,)| < 6 
implies that 


d(f,(z), fi(Zo)) < 5 


for 1 < k <n. Therefore, if |z—Zp| < 6, fe A, and k is chosen so that 
(1.24) holds, then 


F(Z), fo) < UF); AZ) + UA) feZo)) + Uh. Zo)» fZo)) 


<€ 


That is, A is equicontinuous at Zp. 

Now suppose F satisfies conditions (a) and (b); it must be shown that F 
is normal. Let {z,,} be the sequence of all points in G with rational real and 
imaginary parts (so for z in G and 6 > 0 there is a z, with |z—z,| < 6). For 
each n => | let 

X, = (f@): fe F}~ © Q; 


from part (a), (X,, d) is a compact metric space. Thus, by Proposition 1.18, 


X = || X, is a compact metric space. For fin F define fin X by 


n=1 


f = {f(Z1), f(Z2), os je 
Let {f,} be a sequence in F; so {f,} is a sequence in the compact metric 
space X. Thus there is a € in X and a subsequence of {f,} which converges 
to €. For the sake of convenient notation, assume that € = lim f,. Again 
from Proposition 1.18, 


1.25 lim f,(z,) = {w,} 
ko 


where € = {w,}. 

It will be shown that {f,} converges to a function fin C(G, Q). By (1.25) 
this function f will have to satisfy f(z,) = w,. The importance of (1.25) is 
that it imposes control over the behavior of {f,} on a dense subset of G. We 
will use the fact that {f,} is equicontinuous to spread this control to the rest 
of G. 

To find the function f and show that {f,} converges to fit suffices to show 
that {f,} is a Cauchy sequence. So let K be compact set in G and let « > 0; 
by Lemma 1.7 it suffices to find an integer J such that for k, j = J, 


1.26 sup {d(f2), (2): 2 € K} < «. 


Since K is compact R = d(K, 0G) > 0. Let K, = {z: dz, K) < 4R}; then 
K, is compact and K ¢ int K, © K, © G. Since F is equicontinuous at each 
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point of G it is equicontinuous on K, by Proposition 1.22. So choose 4, 
0 < 6 < 4R, such that 


1.27 d( f(z), f(2’)) < 3 


for all fin A whenever z and z’ are in K, with |z—z’| < 5. Now let D be 
the collection of points in {z,} which are also points in K,; that is 


D = {z,:2Z, €K,} 


If z¢ K then there is a z, with |z—z,| < 5; but 5 < 4R gives that d(z,, K) 
< 4R, or that z,¢ K,. Hence {B(w; 8): we D} is an open cover of K. Let 
W,,---,W, €D such that 


Kc l) Biw;; 4). 
i=1 


Since lim f,(w;) exists for 1 < i < n (by (1.25)) there is an integer J such that 


R-o 


for j,k => J 
1.28 dfdw;), f(w)) < A 


fori=1,...,n. 
Let z be an arbitrary point in K and let w,; be such that |w,—z| < 5. If 
k and j are larger than J then (1.27) and (1.28) give 


UFZ), 52) < UZ), wd) + dh w), Hw) + (Fw), F@) 
< €, 


Since z was arbitrary this establishes (1.26). J 


Exercises 
f 
1. Prove Lemma 1.5 (Hint: Study the function f(t) = leg fort > —1.) 


2. Find the sets K, obtained in Proposition 1.2 for each of the following 
choices of G: (a) G is an open disk; (b) G is an open annulus; (c) G is the 
plane with n pairwise disjoint closed disks removed; (d) G is an infinite strip; 
(ec) G = C-Z. 

3. Supply the omitted details in the proof of Proposition 1.18. 

4. Let F be a subset of a metric space (X, d) such that F~ is compact. Show 
that F is totally bounded. 

5. Suppose {f,} is a sequence in C(G, 2) which converges to f and {z,}is a 
sequence in G which converges to a point z in G. Show lim f,(z,) = f(z). 
6. (Dini’s Theorem) Consider C(G, R) and suppose that {/,} is a sequence 
in C(G, R) which is monotonically increasing (i.e., f(z) < f,+,(z) for all 
z in G) and lim f,(z) = f(z) for all z in G where fe C(G, R). Show that f, > f. 
7. Let {f,} < C(G, Q) and suppose that {f,} is equicontinuous. If fe C(G, Q) 
and f(z) = lim f,(z) for each z then show that f, > /. 
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8. (a) Let f be analytic on BO; R) and let f(z) = ¥ a,2" for |z| < R. If 
(2) = ¥.qz*, show that f, > fin C(G; ©). ™ 

(b) Let G = ann 0; 0, R) and let f be analytic on G with Laurent series 


development f(z) = y a,z". Put f(z) = » az and show that f, ~/ is 
C(G; C). nme © 


§2. Spaces of analytic functions 


Let G be an open subset of the complex plane. If H(G) is the collection of 
analytic functions on G, we can consider H(G) as a subset of C(G, C). We 
use H(G) to denote the analytic functions on G rather than A(G) because it is 
a universal practice to let A(G) denote the collection of continuous functions 
f: G -—C which are analytic in G. Thus A(G) € H(G). The letter H is used 
in reference to “analytic” because the word holomorphic is commonly used 
for analytic. Another term used in place of analytic is regular. 

The first question to ask about H(G) is: Is H(G) closed in C(G, C)? The 
next result answers this question positively and also says that the function 
f-~/f' is continuous from H(G) into H(G). 


2.1 Theorem. Jf {f,} is a sequence in H(G) and f belongs to C(G, C) such that 
ft, >f then f is analytic and f — f™ for each integer k > 1. 


Proof. We will show that f is analytic by applying Morera’s Theorem (IV. 
4.17). So let T be a triangle contained inside a disk D < G. Since T is com- 
pact, {f,} converges to f uniformly over T. Hence {,f = lim Jf, = 0 since 
each f, is analytic. Thus f must be analytic in every disk D < G; but this 
gives that f is analytic in G. 

To show that f + f™, let D = Bia; r) < G; then there is a number 
R>-r such that B(a; R) < G. If y is the circle |z—a| = R then Cauchy’s 
Integral Formula gives 


(k)(5) — Oz {OY -F™) —f () any 
FEQ—f~) = ic Toa 4 
for z in D. Using Cauchy’s Estimate, 
k!M,R 
2.2 F@—f™@)| < (Ron)? for |[z—al <I, 


where M,, = sup {|f,(w)—/()|: |w—a| = R}. But since f, > f, lim M, = 0. 
Hence, it follows from (2.2) that ( +f uniformly on B(a; r). Now if K 
is an arbitrary compact subset of G and 0 < r < d(K, @G) then there are 


n 
Q;,...+,4, in K such that K < |) B@; r). Since £ +f uniformly on 
jal 


each B(a,; r), the convergence is uniform on K. 
We will always assume that the metric on H(G) is the metric which it 
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inherits as a subset of C(G, C). The next result follows because C(G, C) is 
complete. 


2.3 Corollary. H(G) is a complete metric space. 


2.4 Corollary. [f f,: G-—>C is analytic and )\ f,{z) converges uniformly on 
n=1 


compact sets to f(z) then 


fo @) 


f R= ¥ HO. 
n=1 

It should be pointed out that the above theorem has no analogue in the 
theory of functions of a real variable. For example it is easy to convince 
oneself by drawing pictures that the absolute value function can be obtained 
as the uniform limit of a sequence of differentiable functions. Also, it can 
be shown (using a Theorem of Weierstrass) that a continuous nowhere 
differentiable function on [0, 1] is the limit of a sequence of polynomials. 
Surely this is the most emphatic contradiction of the corresponding theorem 
for Real Variables. A contradiction in another direction is furnished by the 


1 
following. Let f(x) = - x" for0 < x < 1. Then 0 = u—lim f,; however the 
fl 


sequence of derivatives {f/} does not converge uniformly on [0, 1]. 

To further illustrate how special analytic functions are, let us examine a 
result of A. Hurwitz. As a consequence it follows that if f, ~ f and each f, 
never vanishes then either f = 0 or f never vanishes. 


2.5 Hurwitz’s Theorem. Let G be a region and suppose the sequence {f,\ in 
H(G) converges to f. If f #0, Bla; R) < G, and f(z) + 0 for |z—a| = R 
then there is an integer N such that forn = N, f and f,, have the same number 
of zeros in Bia; R). 
Proof. Since f(z) # 0 for |z—a| = R, 

8 = inf {|f(@|: |z—al = R} > 0; 


but f, > /f uniformly on {z: |z—a| = R} so there is an integer n, such that 
|f,{z)| > 36 for |Jz—al = Rand n = n,. So for n = n, and |z—a| = R, 


11) _|4@-£@ 
FZ) fi(Z) | Su(ZDF2) 
48°|f.(Z) —f(2)- 

Since f, > f this gives that I! uniformly on {z: |z—a| = R}; moreover, 


tn Ff 
Sn ~f by Theorem 2.1. This gives that f'/f, ~/f’/f uniformly on the circle 


y = {z: |z—a| = R}; by Lemma IV. 2.7, 
1 (LO a jim 1 [EO g 
2ni | f(z) no 2mi | f(z) 
Y Y 


— 
wanes 


IA 
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But the left hand side of this equation and each number in the sequence is 
the number of zeros of fand f,, respectively, inside y. Since these are integers 
there must be a number WN such that for n => N 


1 (f@,1 (40, 
2ni | f(z) Q2ni | f(z) 


and the theorem is proved. 


2.6 Corollary. [f {f,} < H(G) converges to f in H(G) and each f,, never 
vanishes on G then either f = O or f never vanishes. 

In order to discuss normal families in H(G) the following terminology is 
needed. 


2.7 Definition. A set # < H(G) is locally bounded if for each point a in G 
there are constants M and r > 0 such that for all fin F, 


[f()| < M, for |z—a| <r. 
Alternately, F is locally bounded if there is an r > 0 such that 
sup {| f(z)|: |z—a] < r, fe F} < o. 


That is, A is locally bounded if about each point a in G there is a disk on 
which FY is uniformly bounded. This immediately extends to the requirement 
that F be uniformly bounded on compact sets in G. 


2.8 Lemma. A set F in H(G) is locally bounded iff for each compact set 
K C G there is a constant M such that 


If@| < M 


for all fin F and z in K. 
The proof is left to the reader. 


2.9 Montel’s Theorem. 4 family F in H(G) is normal iff F is locally bounded. 


Proof. Suppose ¥ is normal but fails to be locally bounded; then there is a 
compact set K < G such that sup {|f(z)|: ze K, fe F} = oo. That is, there 
is a sequence {f,} in F such that sup {|f,(z)|: z¢ K} = n. Since F is normal 
there is a function fin H(G) and a subsequence {/f,,} such that f,, >/f But 
this gives that sup {|f,,(z)—f(2)|: z¢K}—0 as k > o. If |f(z)| < M for 
zin K, 


my < sup {|fy(2)—f@|: 2 K}+M; 


since the right hand side converges to M, this is a contradiction. 

Now suppose ¥ is locally bounded; the Ascoli-Arzela Theorem (1.23) 
will be used to show that ¥ is normal. Since condition (a) of Theorem 1.23 
is Clearly satisfied, we must show that -* in equicontinuous at each point 
of G. Fix a point a in G and e > 0; from the hypothesis there is an r > 0 
and M > 0 such that B(a; r) < G and |f(z)| < M for all z in B(a; r) and 
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for all fin F. Let |z—al| < 4r and fe F; then using Cauchy’s Formula 
with y(t) = a+re", 0 < t < 2z, 


If@-F@| = 


fw)(a-2)_ 4, 
J (=a) (2) 


4M 
< —|a-z| 
r 


Letting 8 < min ii rr, + it follows that |a—z| < 8 gives | f(a)—f(z)| 


< efor all fin F. 


2.10 Corollary. A set # < H(G) is compact iff it is closed and locally 
bounded. 


Exercises 


1. Let f. fi, fo,... be elements of H(G) and show that f, ~/f iff for each 
closed rectifiable curve y in G, f,(z) + f(z) uniformly for z in {y}. 

2. Let G be a region, let ae R, and suppose that f: [a, oo]xG—->C is a 
continuous function. Define the integral F(z) = J? f(t, z)dt to be uniformly 
convergent on compact subsets of G if jim {2 f(t, z)dt exists uniformly for z 


in any compact subset of G. Suppose that this integral does converge uni- 
formly on compact subsets of G and that for each ¢ in (a, 00), f(t, -) is 
analytic on G. Prove that F is analytic and 


F(z) — | oie 2) dt 
Z 


a 


3. The proof of Montel’s Theorem can be broken up into the following 
sequence of definitions and propositions: (a) Definition. A set A < C(G, C) 
is locally Lipschitz if for each a in G there are constants M and r > 0 such 
that | f(z)—f(@)| < M|z—al for all fin F and |z—a| < r. (b) If F < CG, 
C) is locally Lipschitz then F is equicontinuous at each point of G. (c) If 
YF <— H(G) is locally bounded then F is locally Lipschitz. 
4. Prove Vitalis Theorem: If G is a region and {f,} < H(G) is locally 
bounded and fe H(G) which has the property that A = {zeG: lim f,(z) = 
J(z)} has a limit point in 1G then f, —f. 
5. Show that for a set % < H(G) the following are equivalent conditions: 
(a) F is normal; 
(b) For every « > 0 there is a number c > 0 such that {cf: fe F} < 
B(O; «) (here B(O; «) is the ball in H(G) with center at 0 and radius «). 
6. Show that if A < H(G) is normal then ¥’ = {f': fe F} is also normal. 
Is the converse true? Can you add something to the hypothesis that F’ is 
normal to insure that ¥ is normal? 
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7. Suppose a set FY < H(G) is normal and © is an open set in C such that 
S(G) < Q for every fe ¥. Show that if g: Q—C is analytic then {go /: 
f¢ F} is normal in H(G). Is the converse true? Sometimes? 

8. Let D = {z: |z| < 1} and show that # < H(D) is normal iff there is a 
sequence {M,} of positive constants such that lim sup %/M, < 1 and if 


f(z) = > a,z" is in F then |a,| < M, for all n. 
0 


9, Prove Hurwitz’s Theorem by using Rouché’s Theorem. 

10. Let {f,} < H(G) be a sequence of one-one functions which converge 
to f. Show that either fis one-one or fis a constant function. 

11. Suppose that {f,} is a sequence in H(G), f is a non-constant function, 
and f, > fin H(G). Let ae G and « = f(a); show that there is a sequence 
{a,}in G such that: (i) a = lim a,; (ii) f,(a,) = « for all n. 

12. Show that lim tan nz = —i uniformly for z in any compact subset of 
G = {z:Imz > 0}. 

13. (a) Show that if fis analytic on an open set containing the disk B(a; R) 
then 


2x R 
[f(a)|? < — | [itetrein rdrdé. 
66 


(b) Let G be a region and let M be a fixed positive constant. Let F be 
the family of all functions f in H(G) such that fpf |f(z)|? dxdy < M. Show 
that F is normal. 


§3. Spaces of meromorphic functions 


If G is a region and f is a meromorphic function on G, and if f(z) = oo 
whenever z is a pole of G then f: G > C,, is a continuous function (Exercise 
V. 3.4). If M(G) is the set of all meromorphic functions on G then consider 
M(G) as a subset of C(G, C,,) and endow it with the metric of C(G, C,,). 
In this section this metric space will be discussed as H(G) was discussed in 
the previous section. 

Recall from Chapter I that the metric d is defined on C,, as follows: 
for z, and z, in C 


2|Z1 —Z>| 
d(z1, 22) = ———> 4" __ ; 
ve" 1+ ea) A 22) 
and for zin C 
d(z, 0) = ————_.. 
9) = OD 
Notice that for non zero complex numbers z, and Z,, 


3.1 (zy, 2) = a(Z ) . 


Z1 <2 
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and for z # 0 
3.2 d(z, 0) = a(; ; ~) , 
Zz 


Also recall that if {z,,} is a sequence in C and z e C which satisfies d(z, z,,) 0 
then |z—z,| —> 0. 

Some facts about the relationship between the metric spaces C and C,, 
are summarized in the next proposition. In order to avoid confusion B(qa; r) 
will be used to designate a ball in C and B,(a@; r) to designate a ball in C,. 


3.3 Proposition. (a) Jf a is in C andr > 0 then there is a number p > O such 
that B,(a; p) < B(a; r). 

(b) Conversely, if p > 0 is given and ae C then there is a number r > 0 
such that Bla; r) — B,,(a; p). 

(c) If p > 0 is given then there is a compact set K < C such that C,,—K 
< B,.(0; p). 

(d) Conversely, if a compact set K < C is given, there is a number p > 0 
such that B,.(0; p) © C,,—K. 

The proof is left to the reader. 

The first observation is that M(G) is not complete. In fact if f(z) =n 
then {f,} is a Cauchy sequence in M(G). But {f,} converges to the function 
which is identically oo in C(G, C,,) and this is not meromorphic. 

However this is the worst that can happen. 


3.4 Theorem. Let {f,} be a sequence in M(G) and suppose f,, — f in C(G, C,,). 
Then either f is meromorphic or f = o. If each f,, is analytic then either f is 
analytic or f = © 


Proof. Suppose there is a point a in G with f(a) # oo and put M = |f(a)|. 
Using part (a) of Proposition 3.3 we can find a number p > 0 such that 
B,Uf(@); p) < BUf(a); M). But since f, > f there is an integer 1, such that 
d(f,(a), f(a)). < 4p for all n > no. Also {f, fy, fo, - « -} is compact in C(G, C,,) 
so that it is equicontinuous. That is, there is an r > O such that |z—a| < r 
implies d(f,(z), f,(a)) < 4p. That gives that d(f,(z), f(a)) < p for |z—al <r 
and for n > No. But by the choice of p, |f,(z)| < |A()-/(@|4+|f@| < 2M 
for all z in B(a; r) and n > no. But then (from the formula for the metric d@) 


(1+4 ara [fAZ)-F()| < aF,(2), £2) 


for z in Ba; r) and n => no. Since d(f,(z), f(z)) > 0 uniformly for z in 
Ba; r), this gives that | f,(z)—/(z)| — 0 uniformly for z in B(a; r). Since the 
tail end of the sequence {f,} is bounded on B(a; r), f, has no poles and must 
be analytic near z = aforn > no. It follows that fis analytic in a disk about a. 

Now suppose there is a point ° in G with f(a) = oo. For a function g in 


C(G, C,,) define — e(; Jo- ate # 0 or 0; ()) (z) = Oif g(z) = 
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1 | 
00; and (") (z) = 00 if g(z) = 0. It follows that ~ C(G, C,,). Also, since 


1 1 
tf, >fin CG, C,,) it follows from formulas (3.1) and (3.2) that 3 a, in 


1 , 
C(G, C,,). Now each function — is meromorphic on G; so the preceding 


n 


1 1 
paragraph gives a number r > O and an integer my such that y, and - are 


n 


l 
analytic on B(a; r) for n => no and 7 > f uniformly on B(a; r). From 


n 


| 1 ; 
Hurwitz’s Theorem (2.5) either = 0 or j has isolated zeros in B(a; r). So 


1 
if f# oo then y, # 0 and f must be meromorphic in B(a; r). Combining this 


with the first part of the proof we have that fis meromorphic in G if fis not 
identically infinite. 


1 
If each f, is analytic then — has no zeros in B(a; r). It follows from 


n 


1 I 
Corollary 2.6 to Hurwitz’s Theorem that either -. = 0 or — never vanishes. 


f 


; ] , 
But since f(a) = 00 we have that — has at least one zero; thus f= oo in 


f 
B(a; r). Combining this with the first part of the proof we see that f = oo or f 


is analytic. 
3.5 Corollary. M(G) U {co} is a complete metric space. 


3.6 Corollary. H(G) U {00} is closed in C(G, C,,). 
To discuss normality in M(G) one must introduce the quantity 


If 
1+[f(Z)/? ’ 


for each meromorphic function f. However if z is a pole of f then the above 
expression is meaningless since f’(z) has no meaning. To rectify this take the 
limit of the above expression as z approaches the pole. To show that the 
limit exists let a be a pole of f of order m > 1; then 


A, A, 
f(z) = g(z) + Geant Ga 


for z in some disk about a and g analytic in that disk. For z 4 a 


r= 8@—| me tt Ay | 


(z—a)"*} (z—a)* 
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Thus 


"Am tte’) 
2If'(2)| — “\@-a"** a)’ 
27 A A 2 
IHF pg | Am gg Ag gy 
(z—a)” (z—a) 
_ 2z—al"**|mA,,+ ...+Ai@—-@" ' 8’) G-9)"" 
~~ |z—al?™@+/A +... +A,(z—a)™ 1 +9(z) (z—@)"|? 
So if m > 2 
lim 2\f @l _ 
za 1+] f(z)| 
If m = 1 then 


2If'@)_ _ 2 


—/ 


eel +(f@P [Ail 


3.7 Definition. If f is a meromorphic function on the region G then define 
uf): G > R by 


2\f'@| 


u(f) (2) = 1+/@P 


whenever z is not a pole of f, and 


a if ()| 
= [im —-——~ 
rf) (a) lin TOP 
if a is a pole of f- 

It follows that u(f) ¢ C(G, C). 

The reason for introducing p(f) is as follows: If f: G—+C,, is mero- 
morphic then for z close to z’ we have that d(f(z), f(z’)) is approximated by 
LCS) (z) |z—z’|. So if a bound can be obtained for u(/) then f is a Lipschitz 
function. If f belongs to a family of functions and p(/) is uniformly bounded 
for fin this family, then the family is a uniformly Lipschitz set of functions. 
This is made precise in the following proof. 


3.8 Theorem. A family F < M(G) is normal in C(G, C,,) iff “F) = (WS): 
fe F} is locally bounded. 


Note. If f,(z) = nz for n > 1 then p(f,) (Zz) = Thus F = {f,} is 


A 

L+n?|z|? 
normal in C(G, C,,) and u(F) is locally bounded. However, F is not 
normal in M(G) since the sequence {f,} converges to the constantly infinite 


function which does not belong to M(G). 


Proof of Theorem 3.8. We will assume that p(¥) is locally bounded and 
prove that ¥ is normal by applying the Arzela-Ascoli Theorem. Since C,, 
is compact it suffices to show that ¥ is equicontinuous at each point of G. 
So let K be an arbitrary closed disk contained in G and let M be a constant 
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with u(f) (z) < M for all z in K and all fin F. Let z and z’ be arbitrary 
points in K. 

Suppose neither z nor z’ are poles of a fixed function fin F and let 
«a > 0 be an arbitrary number. Choose points wy = Z, w,,...,W, = Z in 
K which satisfy the following conditions: 


3.9 w in [w,_,, W;] implies w is not a pole of /; 


|[w,—W,-1| < 2|z—z']; 


Ge 

py 

—) 
= 
Ms 


_ If cy, l<k <n; 
[1+ ford) + fO%- DPE 


3.12 [LOwW—Lme-) _ pry, cw Lsk<n. 
Wy—Wr-1 

To see that such points can be found select a polygonal path P in K satisfying 
(3.9) and (3.10). Cover P by small disks in which conditions similar to (3.11) 
and (3.12) hold, choose a finite subcover, and then pick points wo,..., w, 
on P such that each segment [w,_,, w,] lies in one of these disks. Then 
{Wo,.-->W,} Will satisfy all of these conditions. If 6, = [(1+|f/(w,-,1)|7) 
(1+|f(w,)|?)* then 


dS 2), £2) < > A FOr%-1),f0%) 
k=1 


n 


- > 2 fw) SF, -0| 


1 Pr 
2 | fr)—Ar-v) _ p _ 
< D6, Wy, S'(Wy-1) [w, Wr-1 


+ > 2 [f'n] [We We 1| 
ict Pu 


Using the fact that 2|f’(w,)| < M(1+|f(w,)|7) and the conditions on 
Wo,.--, W, this becomes 


df), fe) < 2 > F my —W-|+-M > (ee) be Wes 
= k k=1 k 


k=1 


< (40+ 2aM) |jz—z’| + > M\w,— WwW, ~ | 
k=1 
< 4a+20M+2M)|z—-2z’| 
Since « > O was arbitrary this gives that if z and z’ are not poles of f then 


3.13 A f(z), f(z’) < 2M|z—z’|. 
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Now suppose z’ is a pole of f but z is not. If w is in K and is not a pole 
then it follows from (3.13) that 


d(f(z), 00) < d(f(z), f(w))+df(v), ©) 
< 2M|z—w|+d(f(w), ©). 


Since it is possible to let w approach z’ without w ever being a pole of f 
(poles are isolated!), this gives that f(w) > f(z’) = o and |z—w| > |z—z’|. 
Thus (3.13) holds if at most one of z and z’ is a pole. But a similar procedure 
gives that (3.13) holds for all z and z’ in K. So if K = B(a; r) and e > O are 
given then for 6 < min {r, «/2M} we have that |z—al| < 6 implies d(f(z), 
f(@) < «, and & is independent of fin F. This gives that ¥ is equicontinuous 
at each point a in G. 
The proof of the converse is left to the reader. Jj 


Exercises 


1. Prove Proposition 3.3. 
2. Show that if A < M(G) is a normal family in C(G, C,,) then p(F) is 
locally bounded. 


§4. The Riemann Mapping Theorem 


We wish to define an equivalence relation between regions in C. After 
doing this it will be shown that all proper simply connected regions in C 
are equivalent to the open disk D = {z: |z| < 1}, and hence are equivalent 
to one another. 


4.1 Definition. A region G, is conformally equivalent to G, if there is analytic 
function f: G, — C such that fis one-one and f(G,) = G,. Clearly, this is 
an equivalence relation. 

It is immediate that C is not equivalent to any bounded region by 
Liouville’s Theorem. Also it is easy to show from the definitions that if G, 
is simply connected and G, is equivalent to G, then G, must be simply 
connected. If fis the principal branch of the square root then f is one-one 
and shows that C— {z: z < 0} is equivalent to the right half plane. 


4.2 Riemann Mapping Theorem. Let G be a simply connected region which is 
not the whole plane and let ae G. Then there is a unique analytic function 
ff: G—C having the properties: 


(a) f(a) = O and f(a) > 0; 
(b) fis one-one; 


(c) f(G) = {z: |z| < 1}. 


The proof that the function f is unique is rather easy. In fact, if g also 
has the properties of fand D = {z: |z| < 1} then fog~*: D > Dis analytic, 
one-one, and onto. Also fo g~1(0) = f(a) = 0 so Theorem VI. 2.5 implies 
there is a constant c with |c| = 1 and fog™‘(z) = cz for all z. But then 
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F(z) = cg(z) gives that 0 < f(a) = cg’(a); since g’(a) > 0 it follows that 
c= l,orf=g. 

To motivate the proof of the existence of f, consider the family F of all 
analytic functions f having properties (a) and (b) and satisfying | f(z)| < 1 
for z in G. The idea is to choose a member of ¥ having property (c). Suppose 


{K,,} is a sequence of compact subsets of G such that J K, = GandaeK, 


n=1 
for each n. Then {/(K,)} is a sequence of compact subsets of D = {z: |z| 
< 1}. Also, as n becomes larger f(K,,) becomes larger and larger and tries to 
fill out the disk D. By choosing a function fin ¥ with the largest possible 
derivative at a, we choose the function which “‘starts out the fastest” at z = a. 
It thus has the best possible chance of finishing first; that is, of having 


USK) = D. 


Before carrying out this proof, it is necessary for future developments 
to point out that the only property of a simply connected region which will 
be used is the fact that every non-vanishing analytic function has an analytic 
square root. (Actually it will be proved in Theorem VIII. 3.2 that this property 
is equivalent to simple connectedness.) So the Riemann Mapping Theorem 
will be completely proved by proving the following. 


4.3 Lemma. Let G be a region which is not the whole plane and such that 
every non-vanishing analytic function on G has an analytic square root. I[faeG 
then there is an analytic function f on G such that: 


(a) f(a) = 0 and f(a) > 0; 
(b) fis one-one; 


(c) f(G) = D = {z: |z| < 1}. 
Proof. Define F by letting 
F = {fe H(G): fis one-one, f(a) = 0, f(a) > 0, f(G) < D} 


Since {(G) < D, sup {|f(z)|: z¢G} < 1 for fin F; by Montel’s Theorem 
F is normal if it is non-empty. So the first fact to be proved is 


4.4 Fz]. 
It will be shown that 
4.5 F- = FU 0}. 


Once these facts are known the proof can be completed. Indeed, suppose (4.4) 
and (4.5) hold and consider the function f—> f’(a) of H(G) — C. This is a 
continuous function (Theorem 2.1) and, since #~ is compact, there is an 
fin F~ with f(a) = g(a) for all g in F. Because F # L), (4.5) implies 
that fe F. It remains to show that {(G) = D. Suppose we D such that 
w ¢f(G). Then the function 


f@)-% 
1 —af(z) 
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is analytic in G and never vanishes. By hypothesis there is an analytic function 
h: G->C such that 


—w 
4.6 [A(z)|* = a , 
Since the Mobius transformation Tf = a maps D onto D, A(G) < D. 
Define g: G > C by 
h(a) 1—h(a)h(z) 
Then g(G) < D, g(a) =: 0, and g is one-one (why?). Also 


cy  H@L. #@U-lh@)/") 
g(a) h(a) [1—|A(a) |? 


_ _r'@| 


1 —|A(a)|? 
But |A(a)|* = |—w| = |w| and differentiating (4.6) gives (since f(a) = 0) that 
2h(ajh'(a) = f(a) (1— |e’). 


g(z) = 


Therefore 


F@A=lo|*) 1 


rene 


ne 


vq) (1tlel 
=F0( ) 
2y/|o| 
> f(a) 
This gives that g is in # and contradicts the choice of f. Thus it must be 
that /(G) = D. 

Now to establish (4.4) and (4.5). Since G # C, let be C~G and let g 
be a function analytic on G such that [g(z)]? = z—b. If z, and Z2 are points 
in G and g(z,) = +g(z) then it follows that z, = z5. In particular, g is 
one-one. By the Open Mapping Theorem there is a number r > 0 such that 


4.7 g(G) > B(g(@); 7) 

So if there is a point z in G such that g(z) e B(—g(a); r) then r > |g(z) + g(a)| 
= |—g(z)—g(a)|. According to (4.7) there is a w in G with g(w) = —g(z); 
but the remarks preceding (4.7) show that w = z which gives g(z) = 0. But 
then z—b = [g(z)]* = 0 implies b is in G, a contradiction. Hence 

4.8 a(G)N ff: [f+e(@| <r} = 0. 


Let U be the disk {f: |€+g(a)| < r} = B(—g(a); r). There is a Mobius 
transformation T such that T(C,,—U~) = D. Let g, = Tog: then g, 1S 
analytic and g,(G) < D. If « = g,(a) then let g,(z) = 9, © g,(z); so we still 


g'(a) = 
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have that g.(G) < D and g, is analytic, but we also have that g,(a) = 0. 
Now it is a simple matter to find a complex number c, |c| = 1, such that 
g3(z) = cg,(z) has positive derivative at z = a and is, therefore, in F. 
This establishes (4.4). 

Suppose {/,,} is a sequence in F and f, > fin H(G). Clearly f(a) = 0 
and since f(a) > f'(a) it follows that 


4.9 I'@ = 0. 


Let z, be an arbitrary element of G and put ¢ = f(z,); let ¢, = f,(2,). Let 
Z,¢G, Z, # Zz, and let K be a closed disk centered at z, such that z, ¢ K. 
Then f,(z) —@,, never vanishes on K since f, is one-one. But f,(z)—¢, > f(z)—¢ 
uniformly on K, so Hurwitz’s Theorem gives that f(z)—¢ never vanishes on 
K or f(z) = ¢. If f(z) = ¢ on K then fis the constant function ¢ throughout 
G; since f(a) = 0 we have that f(z) = 0. Otherwise we get that f(z.) 4 f(z) 
for z, # Z,; that is, fis one-one. But if fis one-one then /’ can never vanish; 
so (4.9) implies that f’(a) > 0 and fis in #. This proves (4.5) and the proof 
of the lemma is complete. Ij 


4.10 Corollary. Among the simply connected regions there are only two 
equivalence classes; one consisting of C alone and the other containing all the 
proper simply connected regions. 


Exercises 


1. Let G and 2 be open sets in the plane and let f: G + Q be a continuous 
function which is one-one, onto, and such that f~*: Q — G is also continuous 
(a homeomorphism). Suppose {z,} is a sequence in G which converges to a 
point z in 0G; also suppose that w = lim f(z,) exists. Prove that we 0Q. 
2. (a) Let G be a region, let ae G and suppose that f: (G— {a}) >C is an 
analytic function such that f(G— {a}) = Q is bounded. Show that f has a 
removable singularity at z = a. If f is one-one, show that f(a) € dQ. 

(b) Show that there is no one-one analytic function which maps G = 
{z: 0 < |z| < 1} onto an annulus Q = {z: r < |z| < R} where r > 0. 
3. Let G be a simply connected region which is not the whole plane and 
suppose that Z e G whenever ze G. Let ae G and suppose that f: G > D = 
{z: |z| < 1} is a one-one analytic function with f(a) = 0, f(a) > 0 and 
S(G) = D. Let G, = {zeG: Im z > 0}. Show that /(G..) must lie entirely 
above or entirely below the real axis. 
4. Find an analytic function f which maps {z: |z| < 1, Re z > 0} onto 
B(O; 1) in a one-one fashion. 
5. Let f be analytic on G = {z: Re z > 0}, one-one, with Re f(z) > 0 for 
all z in G, and f(a) = a for some real number a. Show that |/’(a)| < 1. 
6. Let G, and G, be simply connected regions neither of which is the whole 
plane. Let f be a one-one analytic mapping of G, onto G,. Let ae G, and 
put « = f(a). Prove that for any one-one analytic map h of G, into G, with 
h(a) = « it follows that |h’(a)| < |f’(a@|. Suppose / is not assumed to be 
One-one; what can be said? 
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7. Let G be a simply connected region and suppose that G is not the whole 
plane. Let A = {€: |é| < 1} and suppose that fis an analytic, one-one map 
of G onto A with f(a) = 0 and f’(a) > 0 for some point a in G. Let g be 
any other analytic, one-one map of G onto A and express g in terms of f- 
8. Let r,;, r2, R,, R,, be positive numbers such that R,/r, = R,/r2,; show 
that ann (0; r,, R,) and ann (0; r,, R,) are conformally equivalent. (The 
converse of this is presented in Exercise X. 4.) 


§5. Weierstrass Factorization Theorem 


The notion of convergence in H(G) can be used to solve the following 
problem. Given a sequence {a,} in G which has no limit point in G and a 
sequence of integers {m,}, is there a function f which is analytic on G and 
such that the only zeros of f are at the points a,, with the multiplicity of the 
zero at a, equal to m,? The answer to the question is yes and the result is due 
to Weierstrass. 

If there were only a finite number of points, a,,...,a, then f(z) = 
(z—a,)"!...(z—a,)"™" would be the desired function. What happens if there 
are infinitely many points in this sequence? To answer this we must discuss 
the convergence of infinite products of numbers and functions. 

Clearly one should define an infinite product of numbers z, (denoted 


by || z,) as the limit of the finite products. Observe, however, that if one of 
n=] 


the numbers z, is zero, then the limit is zero, irregardless of the behavior of 
the remaining terms of the sequence. This does not present a difficulty, but 
it shows that when zeros appear, the existence of an infinite product is trivial. 


5.1 Definition. If {z,,} is a sequence of complex numbers and if z = lim J | z, 
k=1 


exists, then z is the infinite product of the numbers z, and it is denoted by 


12.8] 


Suppose that no one of the numbers z, is zero, and that z = || z, exists 


n n=1 
and is also not zero. Let p, = [| z, for n = 1; then no p, is zero and 
D, k=1 

Pn-1 
for the cases where zero appears, a necessary condition for the convergence 
of an infinite product is that the m-th term must go to 1. On the other hand, 
note that for z, = a for all and |a| < 1, []z, = 0 although lim z, = a # 0. 

Because of the fact that the exponential of a sum is the product of the 
exponentials of the individual terms, it is possible to discuss the convergence 
of an infinite product (when zero is not involved) by discussing the con- 
vergence of the series ) log z,, where log is the principal branch of the 
logarithm. However, before this can be made meaningful the z, must be 


= z,. Since z # 0 and p, — z we have that lim z, = 1. So that except 
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restricted so that log z, is meaningful. If the product is to be non-zero, then 
z, > 1. So it is no restriction to suppose that Re z, > 0 for all n. Now 


suppose that the series )° log z, converges. If s, = x log z, and s, —> s then 
exp Ss, > exp s. But exp s, = Il z, So that I z, is convergent to z = e&* # 0. 


5.2 Proposition. Let Re z, > 0 for alln > 1. Then TI Z, converges to a non 


n=] 


zero number iff the series y log z, converges. 
n=1 


Proof. Let p, = (Z1°°*2,), Z = re’, —7 < 6 < a, and &(p,) = log |p,| +78, 
where 0—z < 6, < 0+7. If s, = log z,+-°-+-+log z, then exp (s,) = p, so 
that s, = ¢(p,)+2zik, for some integer k,. Now suppose that p, > z. Then 
S,—S,-1 = log z, >0; also “(p,)—¢(p,-1) > 9, Hence, (k,—k,-,) > 0 as 
n —> oo. Since each k,, is an integer this gives that there 1s an m,) and a & such 
that k,, =k, =k for m, n = no. So s, > &(z)+2zik; that is, the series 
>, log z, converges. Since the converse was proved above, this completes the 


proof. 
Consider the power series expansion of log (1+z) about z = 0: 


0 n 2 
log (1+z) = > prt =z -5 Hee, 
n=1 


which has radius of convergence 1. If |z| < 1 then 


! _ log (+z)} _ ldz—4z74..,| 
Zz 


< 4(\z|+|z|?+ 


If we further require |z| < 4 then 


log (1+z) e 
i 


1 — 


This gives that for |z| < 4 
5.3 $|z| < [log (1+z)| < 3|z|. 
This will be used to prove the following result. 


5.4 Proposition. Let Re z, > —1; then the series } log (1+z,) converges 
absolutely iff the series )\ z, converges absolutely. 


Proof. If ¥° |z,| converges then z,—>0; so eventually |z,| <4. By (5.3) 
y, |log (1+2z,)| is dominated by a convergent series, and it must converge 
also. If, conversely, ) |log (1+z,)| converges, then it follows that |z,| < 4 
for sufficiently large n (why?). Again (5.3) allows us to conclude that > |z,| 
converges. J 
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We wish to define the absolute convergence of an infinite product. The 
first temptation should be avoided. That is, we do not want to say that 
[| |z,| converges. Why? If |] |z,| converges it does not follow that |] z, 
converges: In fact, let z, = —1 for all n; then |z,| = 1 for all n so that 


n 
|| |z,| converges to 1. However || z, is +1 depending on whether n is even 
k=1 
or odd, so that || z, does not converge. Thus, if absolute convergence is to 
imply convergence, we must seek a different definition. 


On the basis of Proposition 5.2 the following definition is justified. 


5.5 Definition. If Re z, > 0 for all 1 then the infinite product | | z, is said to 
converge absolutely if the series )' log z, converges absolutely. 

According to Proposition 5.2 and the fact that absolute convergence of 
a series implies convergence, we have that absolute convergence of a product 
implies the convergence of the product. Similarly, if a product converges 
absolutely then any rearrangement of the terms of the product results in a 
product which is still absolutely convergent. If we combine Propositions 5.2 
and 5.4 with the definition, the following fundamental criterion for con- 
vergence of a infinite product is obtained. 


5.6 Corollary. /f Re z, > 0 then the product || z, converges absolutely iff 
the series )\ (z,—1) converges absolutely. 

Although the preceding corollary gives a necessary and sufficient con- 
dition for the absolute convergence of an infinite product phrased in terms 
with which we are familiar, it does not give a method for evaluating infinite 
products in terms of the corresponding infinite series. To evaluate a particular 
product one must often resort to trickery. 

We now apply these results to the convergence of products of functions. 
A fundamental question to be answered is the following. Suppose {f,} is a 
sequence of functions on a set X and f,(x) ~ f(x) uniformly for x in X; 
when will exp (/,(x)) ~ exp (/(%)) uniformly for x in X? Below is a partial 
answer which is sufficient to meet our needs. 


5.7 Lemma. Let X be a set and let f, f,, f.,...be functions from X into C 
such that f(x) — f(x) uniformly for x in X. If there is a constant a such that 
Re f(x) < a for all x in X then exp f,(x) — exp f(x) uniformly for x in X. 


Proof. If e > 0 is given then choose 6 > 0 such that |e7— 1] < «e7% whenever 
|z| < 8. Now choose mo such that | f,(x)—f(x)| < 6 for all x in X whenever 
n = Ng. Thus 


ce"? > lexpLf,(x)-f@)]-1| 

exp fix) _ 

exp f(x) 

It follows that for any x in X and for n > no, 
lexp f,(x) —exp f(x)| < ee77 lexp f(x)| < «. Hi 


5.8 Lemma. Let (X, d) be a compact metric space and let {g,} be a sequence 
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of continuous functions from X into C such that ¥ g,(x) converges absolutely 
and uniformly for x in X. Then the product 


fe) = TT +8.) 


converges absolutely and uniformly for x in X. Also there is an integer No such 
that f(x) = 0 iff g,(x) = —1 for some n, 1 <n < No. 


Proof. Since ¥° g,(x) converges uniformly for x in X there is an integer ny 
such that |g,(x)| < 4 for all xin X and n > no. This implies that Re [1+¢,(x)] 
> 0 and also, according to inequality (5.3), |log (1+g,(x))| < 2 |g,(x)| for 
all n > mo and x in X. Thus 


A(x) = log (1+g,(>)) 
n=not+1 
converges uniformly for x in X. Since A is continuous and X is compact it 
follows that 4 must be bounded; in particular, there is a constant a such that 
Re A(x) < a for all x in X. Thus, Lemma 5.7 applies and gives that 


exp h(x) = T] (+8,0°) 


converges uniformly for x in X. 
Finally, 


I(x) = [1+2,(%)]-- [1 +,,.(x)] exp A(x) 


and exp A(x) # 0 for any x in X. So if f(x) = 0 it must be that g,(x) = —1 
for some n with 1 <2 < no. 
We now leave this general situation to discuss analytic functions. 


5.9 Theorem. Let G be a region in C and let {f,} be a sequence in H(G) such 
that no f, is identically zero. If )' [f,(z)—1] converges absolutely and uniformly 


on compact subsets of G then | | f,(z) converges in H(G) to an analytic function 
n=1 


J (z). If a is a zero of f then a is a zero of only a finite number of the functions 
Sn, and the multiplicity of the zero of f at ais the sum of the multiplicities of the 
zeros of the functions f,, at a. 

Proof. Since > [f,(z)—1] converges uniformly and absolutely on compact 
subsets of G. It follows from the preceding theorem that f(z) = [[,@) 
converges uniformly and absolutely on compact subsets of G. That is, the 
infinite product converges in H(G). 

Suppose f(a) = 0 and let r > 0 be chosen such that B(a; r) < G. By 
hypothesis, )’ [f,(z) — 1] converges uniformly on B(a; r). According to Lemma 
5.8 there is an integer n such that f(z) = f,(z).. .f,(z)g(z) where g does not 
vanish in B(a; r). The proof of the remainder of the theorem now follows. [J 

Let us now return to a discussion of the original problem. If {a,} is a 
sequence in a region G with no limit point in G (but possibly some point 
may be repeated in the sequence a finite number of times), consider the 
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functions (z—a,). According to Theorem 5.9 if we can find functions g,(z) 
which are analytic on G, have no zeros in G, and are such that )° |(z—a,)g,(z) 
— 1| converges uniformly on compact subsets of G; then f(z) = |] (z—a,,)g,(z) 
is analytic and has its zeros only at the points z = a,. The safest way to 
guarantee that g,(z) never vanishes is to express it as g,(z) = exp h,(z) for 
some analytic function h,(z). In fact, if G is simply connected it follows that 
g,(z) must be of this form. The functions we are looking for were introduced 
by Weierstrass. 


5.10 Definition. An elementary factor is one of the following functions E,(z) 
forp =0,1,...: 


E,(z) = l—z, 
z* zP 
Ez) = (12) exp(z + 2 tect a > 1. 


The function E,(z/a) has a simple zero at z = a and no other zero. Also 
—b 
if b is a point in C—G then (=) has a simple zero at z = a and is 


analytic in G. These functions will be used to manufacture analytic functions 
with prescribed zeros of prescribed multiplicity, but first an inequality must 
be proved which will enable us to apply Theorem 5.9 and obtain a con- 
vergent infinite product. 


5.11 Lemma. /f |z| < 1 and p = 0 then |1—E,(z)| < |z2|?*. 


Proof. We may restrict our attention to the case where p > 1. For a fixed 
p let 


E,{z) = 1 + \, a,z* 
k=1 


be its power series expansion about z = 0. By differentiating the power 
series as well as the original expression for E,(z) we obtain 


Ez) = ¥ kaz*™! 
k=1 


zP 
~zt exp (4 wae +=) 
P 


Comparing the two expressions gives two pieces of information about the 
coefficients a,. First, a, = a, = ... = a, = 0; second, since the coefficients 


Pp 
of the expansion of exp{ 7 +--+ + =) are all positive, a, < Ofork = p+l. 
P 
Thus, |a,| = —a, fork = p+1; this gives 
O=E(=1+ Yo a, 


or 
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Hence, for |z| < 1, 


|E,(z)—1| = | » me 


k=pt 


co 
= lel] yet 
=p 


co 
< |z|?*? a, 
k=p+1 


= kr" 


which is the desired inequality. Jj 

Before solving the general problem of finding a function with prescribed 
zeros, the problem for the case where G = C will be solved. This is done for 
several reasons. In a later chapter on entire functions the specific information 
obtained when G is the whole plane is needed. Moreover, the proof of the 
general case, although similar to the proof for C, tends to obscure the rather 
simple idea behind the proof. 


5.12 Theorem. Let {a,} be a sequence in C such that lim |a,| = 0 anda, # 0 
for alln = 1. (This is not a sequence of distinct points; but, by hypothesis, no 
point is repeated an infinite number of times.) If {p,,} is any sequence of integers 
such that 


se r Pnt¥1 
5.13 > (=) < 0 
for allr > 0 then 


fe) = T] Ep, (lay) 


converges in H(C). The function f is an entire function with zeros only at the 
points a, If Zy occurs in the sequence {a,} exactly m times then f has a zero 
at Z = Zo of multiplicity m. Furthermore, if p, = n—1 then (5.13) will be 
satisfied. 


Proof. Suppose there are integers p, such that (5.13) is satisfied. Then, 
according to Lemma 5.11, 


|1-£,,(z/a,)| < 


Z Pnti r Pntil 
< 
a \a,, 


n 


whenever |z| < r andr < |a,|. For a fixed r > 0 there is an integer N such 
that |a,| => r for all n => N (because lim |a,| = 00). Thus for each r > 0 the 
series ) |1—E, (z/a,) is dominated by the convergent series (5.13) on the 
disk B(O; r). This gives that ) [1—Z£, (z/a,)] converges absolutely in H(C). 


By Theorem 5.9, the infinite product [] £, (z/a,) converges in H(C). 
n=1 
To show that {p,} can be found so that (5.13) holds for all r is a trivial 
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matter. For any r there is an integer N such that |a,| > 2r for all n => N. 
r 

(i 
end of the series (5.13) is dominated by )) (4)”. Thus, (5.13) converges. I 

There is, of course, a great latitude in picking the integers p,,. If p,, were 
bigger than n—1 we would have the same conclusion. However, there is an 
advantage in choosing the p, as small as possible. After all, the smaller the 
integer p,, the more elementary the elementary factor E, (z/a,). As is evident 
in considering the series (5.13), the size of the integers p,, depends on the rate 
at which {|a,|} converges to infinity. This will be explored later in Chapter 
XI. 


This gives that <4 for all n => N; so if p, = n—1 for all x, the tail 


5.14 Weierstrass Factorization Theorem. Let f be an entire function and let 
{a,,} be the non-zero zeros of f repeated according to multiplicity; suppose f has 
a zero at z = 0 of order m = 0 (a zero of order m = 0 at z = 0 means f(0) 
# 0). Then there is an entire function g and a sequence of integers {p,} such 


that 
“ Zz 
= 279) | JE (—), 
f(z) = 2% i (2) 


Proof. According to the preceding theorem integers {p,} can be chosen such 


that 
h(z) = 2™ TT E, (= 
n=1 ° ay 


has the same zeros as f with the same multiplicities. It follows that f(z)/h(z) 
has removable singularities at z = 0, a,, a,,... . Thus ffh is an entire 
function and, furthermore, has no zeros. Since C is simply connected there 
is an entire function g such that 


F(Z) = e9(2) 

h(z) 
The result now follows. J 
5.15 Theorem. Let G be a region and let {a j} be a sequence of distinct points 
in g with no limit point in G; and let {m j} be a sequence of integers. Then there 


is an analytic function f defined on G whose only zeros are at the points a p 
furthermore, a, is a zero of f of multiplicity m - 


Proof. We begin by showing that it suffices to prove this theorem for the 
special case where there is a number R > 0 such that 


5.16 {z: |z| > R} © Gand |a,| < Rforallj > 1. 


It must be shown that with this hypothesis there is a function f in H(G) 
with the a,’s as its only zeros and m, = the multiplicity of the zero at z = a p 
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and with the further property that 


5.17 lim f(z) = 1. 
In fact, if such an f can always be found for a set satisfying (5.16), let G, be 
an arbitrary open set in C with {«,} a sequence of distinct points in G, with 
no limit point, and let {m,} be a sequence of integers. Now if Ba; r)isa 
disk in G, such that «, ¢ B(a; r) for all j = 1, consider the Mobius trans- 
formation Tz = (z—a)~*. Put G = T(G;,); it is easy to see that G satisfies 
condition (5.16) where a; = Tax, = («;—a)~*. If there is a function f in 
H(G) with a zero at each a, of multiplicity m,, with no other zeros, and such 
that f satisfies (5.17); then g(z) = f(7z) is analytic in G, — {a} with a remov- 
able singularity at z = a. Furthermore, g has the prescribed zero at each «, 
of multiplicity m,. 

So assume that G satisfies (5.16). Define a second sequence {z, } consisting 
of the points in {a,;}, but such that each a; is repeated according to its multi- 
plicity m,;. Now, for each n > 1 there is a point w, in C—G such that 


Wa al = A(Z,, C—G). 


Notice that the hypothesis (5.16) excludes the possibility that G = C unless 
the sequence {a,} were finite. In fact, if {a,} were finite the theorem could 
be easily proved so it suffices to assume that {a,} is infinite. Since |a,| < R 
for all j and {a,} has no limit point in G it follows that C—G is non-empty as 
well as compact. Also, 


lim |z,—w,| = 0. 


E Zn Wr . 
n 9 
Z—W, 


each has a simple zero at z = z,. It must be shown that the infinite product 
of these functions converges in H(G). 

To do this let K be a compact subset of G so that d(C—G, K) > 0. For 
any point z in K 


Consider the functions 


=n Ss [Zn— Wal [d(w,,, K)\"' 


Z—W, 
< |z,—w,| [d(C —G, K)]~! 
It follows that for any 6, 0 < 6 < 1, there is an integer N such that 


Zn nl — 5 


Z—W,, 

for all zin K and zn => N. But then Lemma 5.11 gives that 

E, =") —1 
Z—W, 


5.18 < §r*! 
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for all z in K and 2 > N. But this gives that the series 


es a 


converges uniformly and absolutely on K. According to Theorem 5.9 


oO 
Z,—W 
z)= E.{| 
f@) I] : (2="") 
converges in H(G), so that fis an analytic function on G. Also, Theorem 5.9 
implies that the points {a;} are the only zeros of f and m, is the order of the 
zero at z = a; (because a, occurs m, times in the sequence {z,}). To show 


that lim f(z) = 1, let e > 0 be an arbitrary number and let R, > R (R, will 
be further specified shortly). If |z] => R, then, because |z,| < Rand w,¢«C— 
G < BO; R), 

2R 
<R-R 


Zn Wh 


Z—W, 
So, if we choose R,; > R so that 2R < 6(R,—R) for some 6, 0 < 6 < 1, 
(5.18) holds for |z| => R, and for all n = 1. In particular, Re B{=—) > 0 


oF om 
< n 


for all m and |z| = R,; so that 


exp (> log E,, (=) — 
n=] n 


is a meaningful equation. On the other hand (5.3) and (5.18) give that 


> log E,, (=) log E,, (*: — “s) 
an Z—W, Z—W, 


5.19 If(z)—-1| = 


n=1 


~. 3 Z,—W 
< -|E,{———] - 1 
=> 3/652) 
=. 3 
< — gnti 
D5 
_ 3 82 
~ 21-8 


for |z| > R,. If we further restrict 5 so that |e”—1| < « whenever 


<3 (i): 
2\1—6 
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then equation (5.19) gives that |f(z)—1| < « whenever |[z| => R,. That is, 
lim f(z) = 1. 


zZ—> 0 


One of the more interesting results that follows from the above theorem 
says (in algebraic terms) that M(G) is the quotient field of the integral 
domain H(G). Avoiding this language the result is as follows. 


5.20 Corollary. Jf f is a meromorphic function on an open set G then there are 
analytic functions g and h on G such that f = g/h. 


Proof. Let {a;} be the poles of f and let m, be the order of the pole at a;. 
According to the preceding theorem there is an analytic function h with a 
zero of multiplicity m, at each z = a, and with no other zeros. Thus Hf has 
removable singularities at each point a,. It follows that g = Af is analytic in 


GC. 


Exercises 


1. Show that |] (1+z,) converges absolutely iff |] (1+|z,|) converges. 


log (1+2z 
2. Prove that lim log (1 +2) = |], 
0 


3. Let f and g be analytic functions on a region G and show that there are 
analytic functions f,;, g,, and A on G such that f(z) = A(z)f,(z) and g(z) = 
h(z)g,(z) for all z in G; and f, and g, have no common zeros. 

4, (a) Let 0 < ja] < 1 and |z| < r < 1; show that 


a+ |al z 
(1 —az)a| ~ 


itr 
l—r 


(b) Let {a,} be a sequence of complex numbers with 0 < |a,| < 1 and 
>; (1—|a,|) < oo. Show that the infinite product 


= la,,| a,—2 
B(z) = fowls [an 
@) [| a, \1—4a,z 
converges in H(B(O; 1)) and that |B(z)| < 1. What are the zeros of B? 
(B(z) is called a Blaschke Product.) 


(c) Find a sequence {a,} in B(O; 1) such that } (1—|a,|) < 00 and every 
number e” is a limit point of {a,}. 


5. Discuss the convergence of the infinite product IT, for p > 0. 
n=1 


6. Discuss the convergence of the infinite products |] [ + | and rh + {| 
n n 


7. Show that | T(1 _ =| — . 
n=2 


8. For which values of z do the products | | (1 —z”) and [] (1+2z7") converge? 
Is there an open set G such that the product converges uniformly on each 
compact subset of G? If so, give the largest such open set. 


170 Compact and Convergence in the Space of Analytic Functions 


9. Use Theorem 5.15 to show there is an analytic function fon D = {z: |z| 
< 1} which is not analytic on any open set G which properly contains D. 
10. Suppose G is an open set and {f,} is a sequence in H(G) such that 
f(z) = [| f,@ converges in H(G). (a) Show that 


¥ [ao T£0| 
k=1 nx¥k 

converges in H(G) and equals f’(z). (b) Assume that f is not the identically 
zero function and let K be a compact subset of G such that f(z) # 0 for all 
z in K. Show that 


OMG 
1@” A f@ 


and the convergence is uniform over K. 

11. A subset 4 of H(G), G a region, is an ideal iff: (i) f and g in Y implies 
af + bg isin F for all complex numbers a and 3b; (ii) fin Y% and g any function in 
H(G) implies fg is in %. F is called a proper ideal if % 4 (0) and ¥% 4 H(G); 
F is a maximal ideal if % is a proper ideal and whenever ¥ is an ideal with 
Ic F then either J = ¥ or J = H(G); F is a prime ideal if whenever 
f and ge H(G) and fge ¥ then either fe ¥ or ge ¥. If fe H(G) let F(f) 
be the set of zeros of f counted according to their multiplicity. So #((z—a)>) 
= {a,a, a}. If S < H(G) then Z(Y) = A {F(f): fe F}, where the zeros 
are again counted according to their multiplicity. So if Y = {(z—a)? (z—b), 
(z—a)*} then ¥(Y) = {a, a}. 

(a) If fand ge H(G) then f divides g (in symbols, f|g) if there is an A in 
H(G) such that g = fh. Show that f|g iff Z(f) < F(g). 

(b) If S < A(G) and # # [ then f is a greatest common divisor of 
SF if: (i) f|g for each g in H(G) and (ii) whenever hA|g for each g in H(G), 
h|f. In symbols, f = g.c.d.f. Prove that f= g.cdF. iff F(f) = E(f) 
and show that each non-empty subset of H(G) has a g.c.d. 

(c) If ACG let (A) = {fe H(G): &(f) > A}. Show that 4(A) is a 
closed ideal in H(G) and 4(A) = (0) iff A has a limit point in G. 

(d) Let aeG and ¥ = 4({a}). Show that % is a maximal ideal. 

(ec) Show that every maximal ideal in H(G) is a prime ideal. 

(f) Give an example of an ideal which is not a prime ideal. 

12. Find an entire function f such that f(n+in) = 0 for every integer n 
(positive, negative or zero). Give the most elementary example possible (.e., 
choose the p, to be as small as possible). 

13. Find an entire function f such that f(m+in) = 0 for all possible integers 
m,n. Find the most elementary solution possible. 


§6. Factorization of the sine function 


In this section an application of the Weierstrass Factorization Theorem 
to sin wz is given. If an infinite sum or product is followed by a prime 


Factorization of the sine function 171 


(apostrophe) (i.e., )\’ or []’), then the sum or product is to be taken over all 
the indicated indices n except n = 0. For example, 


The zeros of sin 7z = F (e'*” — e~ '"*) are precisely the integers; moreover, 
i 
each zero is simple. Since 
ioe) , r 2 
S (<x 
n 
n=—0 


for all r > 0, one can (5.13) choose p, = 1 for all » in the Weierstrass 
Factorization Theorem. Thus 


sin wz = [exp g(z)]z TT (1 _ =| ein: 


n=—-® 


or, because the terms of the infinite product can be rearranged, 


. = z” 
6.1 sin wz = [exp g(z)] z |] (1 — =) 


n=1 


for some entire function g(z). If f(z) = sin wz then, according to Theorem 2.1, 


f'@) 
a cotaz = —-= 
F(Z) 
, 1 =. 2z 
=#@ +54 D> aoe 


and the convergence is uniform over compact subsets of the plane that 
contain no integers (actually, a small additional argument is necessary to 
justify this—see Exercise 5.10). But according to Exercise V. 2.8, 


1 = 2z 
awCcOot@z = - + > 
VA 
n=1 


z*7—n? 


for z not an integer. So it must be that g is a constant, say 2(z) = a for all z. 
It follows from (6.1) that for 0 < |z| < 1 


° CO 
sinwz e? Tl ' z* 
mz T n 
n=1 


Letting z approach zero gives that e* = z. This gives the following: 


00 2 
6.2 sin nz = “| [ (1 _ =) 
n 


n=1 


and the convergence is uniform over compact subsets of C. 
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Exercises 


= 42? 
1. Show that cos 7z = [ — a . 
[| (2n —1) 


2. Find a factorization for sinh z and cosh z. 


TZ . [rz = (14+(—1)"z 
3. Show that —}|— —)= | | —7—— ]}. 
Ow tha cos (7) sin (7) ( an] ) 


n=1 


., eo (2n)? 
4. Prove Wallis’s formula: 5 = L] (Qn—1) Qn+) . 


§7. The gamma function 


Let G be an open set in the plane and let {f,} be a sequence of analytic 
functions on G. If {f,} converges in H(G) to f and fis not identically zero, 
then it easily follows that {f,} converges to f in M(G). Since d(z,, z,) = 


1 1 
(2 , =) , where d is the spherical metric on C,, (see (3.1)), it follows that 


21 2 


1, , , l 
— ? converges to -, in M(G). It is an easy exercise to show that rai con- 


Sn f 


verges uniformly to 7 on any compact set K on which no f/f, vanishes (what 


n 


does Hurwitz’s Theorem have to say about this situation). Since, according 
to Theorem 5.12, the infinite product 


TT (1 + *) e72in 
n=1 


converges in H(C) to an entire function which only has simple zeros at 
z= —1, —2,...; the above discussion yields that 


00 -1 
7A [T(: + :) ein 
n 
n= I 


converges on compact subsets of C—{-—1, —2,...} to a function with 
simple poles at z = —1, —2,.... 


7.2 Definition. The gamma function, T(z), is the meromorphic function on C 
with simple poles at z = 0, —1,... defined by 


[I(r+3) 


n=1 


e %? 


7.3 I(z) = 


where y is a constant chosen so that I(1) = 1. 
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The first thing that must be done is to show that the constant y exists; 
this is an easy matter. Substituting z = 1 in (7.1) yields a finite number 


fee) 1 -1 j 
_ - /n 
e=[T(1+5) e 


which is clearly positive. Let y = log c; it follows that with this choice of y, 
equation (7.3) for z = 1 gives [(1) = 1. This constant y is called Euler’s 
constant and it satisfies 


co 1 ~1 
n 
n=1 


Since both sides of (7.4) involve only real positive numbers and the real 
logarithm is continuous, we may apply the logarithm function to both sides 


of (7.4) and obtain 
—1 
el(ne) | 


sp — log (k+1)+log k| 


x 
I 


lim > iE — log (k+1)+log k| 


; ] ] 
lim I +-+...+ ") — log ot) |. 
n> 2 n 


Adding and subtracting log n to each term of this sequence and using the 


fact that lim log (*) = 0 yields 
n 


l 1 
7.5 ya tim | (14 54.2) toga, 
n~> 00 2 nv 


This last formula can be used to approximate y. Equation (7.5) is also 
used to derive another expression for I'(z). From the definition of T(z) it 
follows that 


ev dd z\71 
CT = 1 _ z/k 
(z) lim |] (1 + ;) e 


B°O R=] 


e 7 n ke e2!/* 


i 
Z n>0 yn Ztk 


lim ——2—! l4+d+ 0. 4- 
= jim ——--——————- ex a 
n> 2(Z+1)...(z+n) P\? , n 
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However 


] ] 
e-* exp| (144+ wae +*) |- rt exp| o( yt 144 +...t+ a toe) | 


So that the following is obtained 


7.6 Gauss’s Formula. For z 4 0, —1,... 
n! n? 
P@) = Tim z(z+1)...(z+n) 
The formula of Gauss yields a simple derivation of the functional equation 
satisfied by the gamma function. 
7.7 Functional Equation. For z 4 0, —1,... 
N(z+1) = zT() 


To obtain this important equation substitute z+1 for z in (7.6); this 
gives 
n! net 1 
Rz4+)) = lin ————____ 
( ) n>o0 (Z+1)...(z+n4+1) 


lim nin? n 
= Z __ OO ee 
no z(z+1)...(z+n) zt+tn+l1 


= zI\(z) 


. . n 
since im ( = | 
z+n+1 


Now consider I'\(z+ 2); we have ['(z+2) = [(z+1)+1) = (+1) T(z+1) 
by the functional equation. A second application of (7.7) gives T'(z+2) = 
2(z+1)I(z). In fact, by reiterating this procedure 


7.8 D(z+n) = 2(7z4+1)...(2+n—1T(2) 

for n a non negative integer and z #0, —1,.... In particular setting z = 1 
gives that 

719 Dian+1) =n! 


That is, the T function is analytic in the right half plane and agrees with the 
factorial function at the integers. We may therefore consider the gamma 
function as an extension of the factorial to the complex plane; alternately, 
ifz # —1, —2,... then letting z! = I'(z+1) is a justifiable definition of z!. 

As has been pointed out, I has simple poles at z = 0, —1,... 5; we wish 
to find the residue of T’.at each of its poles. To do this recall from Proposition 
V. 2.4 that 


Res (1; —n) = lim (z+n)I(z) 
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for each non-negative integer n. But from (7.8) 


I(z+n+1) 
2(z+1)...(z+n—1) 
So letting z approach —n gives that 


(z+n)I(z) = 


(—1)" 


7.10 Res (T; —n) = 
n! 


,n>=0d0. 


According to Exercise 5.10 we can calculate ['’/T by 


T(z) 1 2 
7.11 = —y— _ 
T(z) a + >, n(n+z) 
for z # 0, —1,... and convergence is uniform on every compact subset 


of C—{0, —1,...}. It follows from Theorem 2.1 that to calculate the 
derivative of I’/’ we may differentiate the series (7.11) term by term. Thus 
when z is not a negative integer 


I"(2) 
712 (te) -2 at > waa 

At this time the reader may well be asking when this process will stop. 
Will we calculate the second derivative of I'’/I'? The answer to this question 
is no. The answer to the implied question of why anyone would want to 
derive formulas (7.11) and (7.12) is that they allow us to characterize the 
gamma function in a particularly beautiful way. 

Notice that the definition of T(z) gives that I(x) > 0 if x > 0. Thus, 
log ['(x) is well defined for x > 0 and, according to formula (7.12), the 
second derivative of log I(x) is always positive. According to Proposition 
VI. 3.4 this implies that the gamma function is logarithmically convex on 
(0, oo); that is, log I(x) is convex there. It turns out that this property 
together with the functional equation and the fact that [(1) = 1 completely 
characterize the gamma function. 


7.13 Bohr-Mollerup Theorem. Let f be a function defined on (0, 00) such that 
I(x) > 0 for all x > 0. Suppose that f has the following properties: 


(a) log f(x) is a convex function; 
(b) f(x+1) = x f(x) for all x; 
(c) fl) = 1. 


Then f(x) = T(x) for all x. 


Proof. Begin by noting that since f has properties (b) and (c), the function 
also satisfies 


7.14 S(x+n) = x(x4+1)...(x+n—-Df). 


for every non negative integer n. So if f(x) = I(x) for 0 < x < 1, this 
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equation will give that f and I’ are everywhere identical. Let 0 < x < 1 and 
let n be an integer larger than 2. From Exercise VI. 3.3 
log fm—V)—log fn) _ log f(x+n)—log fm) _ logf(nt 1)—log fin) 
(n—1)—n i (x-+n)—n ~ (n+1)—n 

Since (7.14) holds we have that f(m) = (m—1)! for every integer m > 1. 
Thus the above inequalities become 

log f(x+n)—log (n—1)! 

x 


—log (1—2)!+log (n—1)! < < logn!—log(n—1)!; 


or 
x log (n—1) < log f(x+n)—log (n—1)! < log n. 


Adding log (n—1)! to each side of this inequality and applying the 
exponential (exp is a monotone increasing function and therefore preserves 
inequalities) gives 

(n—1)* (n—1)! < f(x+n) < n*(n—-1)! 
Applying (7.14) to calculate f(x+n) yields 


(n—1)*(n—1)! n*(n—1)! 
xx+1)...(¢tn—l <7 © xergh. dn) 


nl ad 
— x(xt1)...(e4n)] n | 


Since the term in the middle of this sandwich, f(x), does not involve the 
integer n and since the inequality holds for all integers n > 2, we may vary 
the integers on the left and right hand side independently of one another 
and preserve the inequality. In particular, n+1 may be substituted for n on 
the left while allowing the right hand side to remain unchanged. This gives 


nn! < fx) < n* n! | 
x(x+1)...(x+n) ~ ~— X(x+1)...(x+n)]| in 


for all m > 2 and x in [0, 1). Now take the limit as n — oo. Since lim (=) 


= I, Gauss’s formula implies that (x) = f(x) for 0 < x < 1. The result 
now follows by applying (7.14) and the Functional Equation. Ij 


7.15 Theorem. Jf Re z > 0 then 


T(z) = fevttae 
8) 
The integrand in 7.15 behaves badly at t = 0 and t = oo, so that the 
meaning of the above equation must be explicitly stated. Rather than give 
a formal definition of the convergence of an improper integral, the properties 


of this particular integral are derived in Lemma 7.16 below (see also Exercise 
2.2). 
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7.16 Lemma. Let S = {z: a < Rez < A} where0 <a<A< ©. 


(a) For every « > 0 there isaé > O such that for all zin S 


B 
| e~'t7-1 dt 


a 


<€E 


wheneverO0 <a <B <6. 
(b) For every « > 0 there is a number « such that for all z in S 


B 
few dt 


ced 


<€ 


whenever B > « > k. 


Proof. To prove (a) note that if 0 < ¢ < 1 and z is in S then (Re z—1) log 
t < (a—1) log ¢; since e* < 1, 


le“ "7-7 < pRe z-1 < t2- 1, 
So if 0 < « < B < 1 then 


B 
[eve dt| < 


74 


A 
Qi m= Romy 

™!/, 

& 

! 

-_ 

& 


for all zin S. Ife > 0 then we can choose 5, 0 < 6 < 1, such that a~ 1(B°—«’) 
< ¢« for |j«—f| < 8. This proves part (a). 

To prove part (b) note that for z in S and ¢ > 1, |t?~*| < 1471. Since 
t4~1 exp (—4f) is continuous on [1, 00) and converges to zero as t > 0, 
there is a constant c such that t4~! exp (—4¢) < c for all ¢ > 1. This gives 
that 

le~'#?-"| < ce7** 


for allzin Sandt > 1.If 8B > « > 1 then 


B 
[ecw dt 


a 


B 
< efe* 


a 


= 2c(e~**—e7 #4), 


Again, for any « > 0 there is a number « > 1 such that |2c(e~?*—e~#)| < « 
whenever «, B > «, giving part (b). 

The results of the preceding lemma embody exactly the concept of a 
uniformly convergent integral. In fact, if we consider the integrals 


j 
| e~' 77-1 dt 
a 
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for 0 < « < 1, then part (a) of Lemma 7.16 says that these integrals satisfy 
a Cauchy criterion as « —> 0. That is, the difference between any two will be 
arbitrarily small if « and B are taken sufficiently close to zero. A similar 
interpretation is available for the integrals 


a 
[enw dt 
1 


for « > 1. The next proposition formalizes this discussion. 
7.17 Proposition. Jf G = {z: Re z > 0} and 
f(z) = fete dt 
1/n 
for n > 1 and z in G, then each f, is analytic on G and the sequence is con- 
vergent in H(G). 
Proof. Think of f,(z) as the integral of ¢(t, z) = e~‘t*~* along the straight line 


1 ; ; 
segment E ; n| and apply Exercise IV. 2.2 to conclude that f, is analytic. 
n 


Now if K is a compact subset of G there are positive real numbers a and A 
such that K < {z:a < Rez < A}. Since 


lin m 
fu(2)—fulz) = J emt de + [emt at 
1/m n 


form > n, Lemma 7.16 and Lemma 1.7 imply that {f,} is a Cauchy sequence 
in H(G). But H(G) is complete (Corollary 2.3) so that {f,} must converge. I 

If f is the limit of the functions {f,} from the above proposition then 
define the integral to be this function. That is, 


7.18 f@) = | e-'#?-1 dy Rez > 0. 


0 


To show that this function f(z) is indeed the gamma function for Rez > 0 
we only have to show that f(x) = ['(x) for x = 1. Since [1, 00) has limit 
points in the right half plane and both f and I are analytic then it follows 
that f must be I’ (Corollary IV. 3.8). Now observe that successive performing 
of integration by parts on (1—t¢/n)"t*~! yields 


t \" ni n* 
1—-] fd = —_—_-~ 
\( “) x(x+1)...(x+n) 
0 


which converges to I'(x) as n -> 00 by Gauss’s formula. If we can show that 
the integral in this equation converges to [5° e~'t*~! dt = f(x) asn —> oo then 
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Theorem 7.15 is proved. This is indeed the case and it follows from the 
following lemma. 


7.19 Lemma. (a) {(: + :) converges to e” in H(C). 


(b) If = 0 then (1 -*) <e' foralln = t. 


Proof. (a) Let K be a compact subset of the plane. Then |z| < 7 for all z in 
K and nv sufficiently large. It suffices to show that 


lim 1 oe (1 + ‘| = Z 
n-> co n 
uniformly for z in K by Lemma 5.7. Recall that 


k 


ie @) yw" 
log (1+) = DDE 


for |w| < 1. Let » > |z| for all z in K; if z is any point in K then 


So 


7.20 nlog(1 +2) —2 =f -3{ 
n 2 


taking absolute values gives that 


nog (1 + ‘) —z\< 
n 


< 
n—R 


where R > |z| for all z in K. If n> o then this difference goes to zero 
uniformly for z in K. 


(b) Now let ¢ > Oand substitute —¢ for z in (7.20) where t < n. This gives 


t ~~. 1 ft \F7 
log{1—-]+t= —-t —{ - < 
rea(t— per Dilt) 
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Thus 
nog (1 _ “| < -t; 
n 


and since exp is a monotone function part (b) is proved. | 


Proof of Theorem 7.15. Fix x > land let e > 0. According to Lemma 7.16 (b) 
we can choose « > 0 such that 
7.21 [ewe dt < 7 


whenever r > «x. Let 1 be any integer larger than « and let f, be the function 
defined in Proposition 7.17. Then 


n s\n - - ijn +\n - 
400) ~ [(1-£) t a= - |(1-£) t dt + 
0 O 
fle" _ (1 + “) | eat 
n 


1/n 


Now by Lemma 7.19 (b) and Lemma 7.16 (a) 
1/n 


1/n 
t n 
7.22 {( — -) Pt ldt< [ewe dt << 
n 4 
0 O 


for sufficiently large n. Also, if n is sufficiently large, part (a) of the preceding 
lemma gives 


for t in [0, x] where M = f§ 2*~! dt. Thus 


mle (4 


Using Lemma 7.19 (b) and (7.21) 


Ile -(-S)]r 


for n > «. If we combine this inequality with (7.22) and (7.23), we get 


FAX) — {( — \e dt 
n 


nin 


nn 
E€ 
< 2 | ew dt < 5 


<€ 
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for n sufficiently large. That is 


0 = lim 609 _ {( _ =) ea | 


| n! n* 
= lim Ee — Gah. asa 
= f(x)—T(x). 


This completes the proof of Theorem 7.15. Ij _ 
As an application of Theorem 7.15 and the fact that [(4) = J a (Exercise 
3) notice that 


Ja = | eft"? dt. 
J 


Performing a change of variables by putting t = s* gives 


Ja = | e~*’s~1 (2s) ds 


That is, 


This integral is often used in probability theory. 


Exercises 


1. Show that 0 < y < 1. (An approximation to y is .57722. It is unknown 
whether y is rational or irrational.) 

2. Show that 7? C(1—z) = 7 cse wz for z not an integer. Deduce from this 
that [(4) = 

3. Show: ./z r(22) = 277-!T(z) T(z+4). (Hint: Consider the function T(z) 
T'(z+4) [Qz)7*.) 

4. Show that log ['(z) is defined for z in C—(— ©, 0] and that 


log I'(z) = —log z—yz — y | te (1 + :) —_ 4 . 


5. Let f be analytic on the right half plane Re z > O and satisfy: f(1) = 1, 


f(z+1) = zf(z), and tim 2 iD = | for all z. Show that f= I. 
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6. Show that 


ie 6} 


Pz) = s (cI) + fed 


n=0 n\(z+n) 


for z #0, —1, —2,... (not for Re z > 0 alone). 
7. Show that 


2 8] 


{ sin (12) dt = { cos (17) dt = 4,/Jn. 
0 0] 
8. Let u > 0 and v > O and express ['(u) I'(v) as a double integral over the 
first quadrant of the plane. By changing to polar coordinates show that 
nf/2 


(uw) Pv) = 2P(u+v) | (cos 6)?"~! (sin 6)2°-* dé. 


The function 

P(u) Pv) 
B = ——_—— 
(u, v) Tuto) 


is called the beta function. By changes of variables show that 


1 
Blu, v) = fc (1—1)’"! dt 
0 


19.0) 


gui 
= |-———_ dt 
\a +r)"*" 
O 
Can this be generalized to the case when u and v are complex numbers with 
positive real part? 
9. Let «, be the volume of the ball of radius one in R" (n > 1). Prove by 


induction and iterated integrals that 
1 

a, = 2a, | (1—12)"- 1/2 Gy 
0 


10. Show that 


atl 2 


“=> 
(n/2)1\(n/2) 
where «, is defined in problem 9. Show that ifn = 2k, k > 1, then a, = a*/k! 
11. The Gaussian psi function is defined by 
I") 
T(z) 


(a) Show that ¥ is meromorphic in C with simple poles at z = 0, —1,... 
and Res (¥; —n) = —1 forn > 0. 


¥(z) = 
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(b) Show that YC) = —y. 
(c) Show that ¥(z+1)—'V(z) = : . 


(d) Show that V(z)—Y(1—z) = —7 cot zz. 
(e) State and prove a characterization of Y analogous to the Bohr- 
Mollerup Theorem. 


§8. The Riemann zeta function 


Let z be a complex number and n a positive integer. Then |n?| = [exp 
(z log n)| = exp (Re z log n). Thus 


>> |k77| = > exp (—Rez log k) 
k=1 k=1 


n 
_ k -Re z 


So if Re z > 1+e then 


y [A 7| < ¥ k~Gte. 
k=1 k=1 


that is, the series 


converges uniformly and absolutely on {z: Re z > 1+}. In particular, this 
series converges in H({z: Re z > 1}) to an analytic function ¢(z). 


8.1 Definition. The Riemann zeta function is defined for Re z > 1 by the 
equation 


{(z) = y n-’, 


The zeta function, as well as the gamma function, has been the subject 
of an enormous amount of mathematical research since their introduction. 
The analysis of the zeta function has had a profound effect on number 
theory and this has, in turn, inspired more work on ¢. In fact, one of the 
most famous unsolved problems in Mathematics is the location of the zeros 
of the zeta function. 

We wish to demonstrate a relationship between the zeta function and 
the gamma function. To do this we appeal to Theorem 7.15 and write 


T(z) = { ent) ay 
6) 
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for Re z > 0. Performing a change of variable in this integral by letting 
t = nu gives 
T(z) = nv’ | e "27! dt; 


0 


that is 


n-7T(z) = fermen dt. 
0 


If Re z > 1 and we sum this equation over all positive n, then 


8.2 t(2)T(2) y, n7?T(z) 


© 1° @) 
=) [ erm? de. 
0 


We wish to show that this infinite sum can be taken inside the integral sign. 
But first, an analogue of Lemma 7.16. 


8.3 Lemma. (a) Let S = {z: Re z = a} where a > 1. Ife > 0 then there is 


a number 6,0 < 6 < 1, such that for all z in S 


B 
[@-poes dt| < « 


whenever 6 > B > a. 
(b) Let S = {z: Rez < A} where —w < A < oc. fe > O then there is 
a number « > 1 such that for all z in S 


B 
[@-poe dt 


a 


<€ 


whenever B > a > x. 
Proof. (a) Since e'—1 > t for all t => 0 we have that for0 < ¢ < landzinS 
\(e'—1)7 127-3 < fa 2. 


Since a > 1 the integral [§ t*~ ? dt is finite so that 5 can be found to satisfy (a). 
(b) Ift = 1 and zis any point in S then, as in the proof of Lemma 7.16 (b), 
there is a constant c such that 


\(e’—1)7 127-1] < (8-197 12447! << ce? (et-1)71. 


Since e?‘(e'—1)~! is integrable on [1, 00) the required number « can be 
found. 
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8.4 Corollary. (a) Jf S = {z: a < Re z < A} where 1 <a< A < © then 
the integral 


oO 


f@-py te dt 


0 


converges uniformly on S. 
(b) If S = {z: Rez < A} where —«@ < A < o& then the integral 


ie 6) 


[@-n ue dt 
i 
converges uniformly on S. 


8.5 Proposition. For Re z > 1 
U(2)T(z) = | (et—1)~ 127-1! at 
0 
Proof. According to the above corollary this integral is an analytic function 


in the region {z: Rez > 1}. Thus, it suffices to show that ¢(z)I'(z) equals this 


integral for z = x > 1. 
From Lemma 8.3 there are numbers « and B,0 < « < B < oo, such that: 


[e-pe dt <-, 
4 
0 


taj-ipmi gy < =. 
fe-wma<s 
B 


Since 


n co 
y, e kt < » eke — (e*—1)7! 
k=1 k=1 


for all n > 1, 


_ _ € 
er ‘dt <7, 


Ms 


Ms 
Ph g ° 7R 


€ 
e "r-ldpc -, 
4 


n=1 


Using equation (8.2) yields 


oe) o § 
¢(x)T(x) - [@-p re dt} <e+ ps fermen? dt 
n=1 PS 


0 


B 
_ [@-pur dt 
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But ) e~™ converges to (e‘—1)~* uniformly on [«, f], so that the right hand 
side is exactly «. Jj 

We wish to use Proposition 8.5 to extend the domain of definition of ¢ to 
{z: Re z > —1} (and eventually to all C). To do this, consider the Laurent 
expansion of (e?—1)~!; this is 


1 11 < 
8.6 =-—- a,Z" 
e’—-1l z 2 r > 
for some constants a,, a),.... Thus [(e'—1)~*—27 *] remains bounded in a 


neighborhood of ¢ = 0. But this implies that the integral 


1 
1 
——_ — ~} 777! dt 
0) 


converges uniformly on compact subsets of the right half plane {z: Rez > 0} 
and therefore represents an analytic function there. Hence 


1 ee) 
z—l1 
8.7 (z)P(z) = \(s5 — ") t?- 1 dt+(z—-1)7' + |= dt, 
0 i 


and (using Corollary 8.4(b)) each of these summands, except (z—1)~'+, is 
analytic in the right half plane. Thus one may define ¢(z) for Re z > 0 by 
setting it equal to [I'(z)]~* times the right hand side of (8.7). In this manner 
¢ is meromorphic in the right half plane with a simple pole at z= 1() 27 
diverges) whose residue is 1. 

Now suppose 0 < Re z < 1; then 


(z—1)"' = —- [e? dt. 
1 


Applying this to equation (8.7) gives 


Pra 
8.8 {(2)T(z) = \(5 _ ") 2-1 dt0 < Rez <1. 
8) 


Again considering the Laurent expansion of (e7—1)~! (8.6) we see that 
[((e'—1)~!—1t7'+4] < ct for some constant c and all ¢ in the unit interval 


[0, 1]. Thus the integral 
1 
1 1 61\ ., 
O 


is uniformly convergent on compact subsets of {z: Re z > —1}. Also, since 


J I 
lim :( —_ — -) =1 
je (55 *) 
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there is a constant c’ such that 


This gives that the integral 


converges uniformly on compact subsets of {z: Re z < 1}. Using these last 
two integrals with equation (8.8) gives 


1 re 8) 
1 1 1 _ 1 1 I _ 
8.9 {(z)I(z) = \(s5 _— ; + 5) tz—} dt — a5 + \(s5 _ :) t? 1 dt 
0 1 


for 0 < Rez < 1. But since both integrals converge in the strip —1 < Rez 
< 1 (8.9) can be used to define ¢(z) in {z: ~1 < Rez < 1}. What happens 
at z = 0? Since the term (2z)~' appears on the right hand side of (8.9) will 
¢ have a pole at z = 0? The answer is no. To define {(z) we must divide (8.9) 
by ['(z). When this happens the term in question becomes [2zI(z)]~! = 
[2I(z+1)}~* which is analytic at z = 0. Thus, if { is so defined in the strip 
{z: —1 < Re z < 1} it is analytic there. If this is combined with (8.7), 
{(z) is defined for Re z > —1 with a simple pole at z = 1. 
Now if —1 < Rez < 0 then 


00 
[eta = — 
1 


I 1 1 1 
_ z—- t — . 
= 5) dt, 1 < Rez <0 


Noto 


inserting this in (8.9) gives 


810 = &(2)T'(z) = | (= 


0 
But 


1 1 1fe41 -! tai 
1) 2 3\ a1) = 3 Ot GD. 


e 
A straightforward computation with Exercise V. 2.8 gives 


cot (4it) = — — 4it > ae 


are 
for t ~ 0. Thus 
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Applying this to (8.10) gives 


8.11 ¢(z)l(z) = 2\(d a 24 Ann ara) t? dt 
J \n= 
-22 | aca 
0 
-2> (27n)*~! 


+1 


= 2(2n)?~14(1—z) Hse 


for —1 < Rez < 0. (It is left to the reader to justify the interchanging of 
the sum and the integral.) Now for x a real number with —1 < x < 0, the 
change of variable s = t? gives (by Example V. 2.12) 


7 t* 1 P(e 1) 
8.1 ——— dt = ~ d. 
? len | stl 
0 0 
I 1 
= 57 cosec [477(1 ~x)] 
— 1 (4 ) 
= 9 7 SE 5X J. 


But Exercise 7.3 gives 


1 d=) a (1—x) 
T(x) 


Combining this with (8.11) and (8.12) yields the following. 


———— [2 sin (47x) cos (477x)] 


8.13 Riemann’s Functional Equation. 
{(z) = 22m)’ *T(1 —2)(1 —z) sin (47z) 


for —1 < Rez < 0. 

Actually this was shown for x real and in (—1, 0); but since both sides 
of (8.13) are analytic in the strip —1 < Rez < 0, (8.13) follows. The same 
type of reasoning gives that (8.13) holds for —1 < Rez < 1 (what happens 
at z = Q?). But we wish to do more than this. We notice that the right hand 
side of (8.13) is analytic in the left hand plane Re z < 0. Thus, use (8.13) to 
extend the definition of &(z) to Re z < 0. We summarize what was done as 
follows. 
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8.14 Theorem. The zeta function can be defined to be meromorphic in the 
plane with only a simple pole at z = 1 and Res (€; 1) = 1. Forz 4 1 ¢ satisfies 
Riemann’s functional equation. 

Since [(1—z) has a pole at z = 1, 2,... and since €¢ is analytic at z = 
2, 3,... we know, from Riemann’s functional equation, that 


8.15 ¢(1—z) sin (47z) = 0 


for z = 2, 3,.... Furthermore, since the pole of [(1—z) at z = 2, 3,... 
is simple, each of the zeros of (8.15) must be simple. Since sin (47z) = 0 
whenever z is an even integer, ((1—z) = 0 for z = 3, 5,.... That is &(z) = 
0 for z = ~2, —4, —6,... . Similar reasoning gives that ¢ has no other 
zeros outside the closed strip {z: 0 < Rez < 1}. 


8.16 Definition. The points z = —2, —4,... are called the trivial zeros of ¢ 
and the strip {z: 0 < Re z < 1} is called the critical strip. 

We now are in a position to state one of the most celebrated open questions 
in all of Mathematics. Is the following true? 


The Riemann Hypothesis. /f z is a zero of the zeta function in the critical 
strip then Re z = 3. 

It is known that there are no zeros of on the line Re z = 1 (and hence 
none on Re z = 0 by the functional equation) and there are an infinite 
number of zeros on the line Re z = 4. But no one has been able to show that 
¢ has any zeros off the line Re z = 3 and no one has been able to show that 
all zeros must lie on the line. 

A positive resolution of the Riemann Hypothesis will have numerous 
beneficial effects on number theory. Perhaps the best way to realize the 
connection between the zeta function and number theory is to prove the 
following theorem. 


8.17 Euler’s Theorem. Jf Re z > 1 then 


o-Ti(ee) 


n=1 
where {p,} is the sequence of prime numbers. 


Proof. First use the geometric series to find 


; : 
8.18 = > a™ 


for all > 1. Now ifn > 1 and we take the product of the terms (1 —p; 7)! 
for 1 < k < n, then by the distributive law of multiplication and by (8.18), 


8.19 [] (= ) => 777 


k=1 j=l 


when the integers 1,, 22,... are all the integers which can be factored as a 
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product of powers of the prime numbers p,,..., p, alone. (The reason that 
no number n;” has a coefficient in this expansion other than 1 is that the 
factorization of n; into the product of primes is unique.) By letting n— oo 
the result is achieved. [J 


Exercises 


1. Let &z) = 2(z—1)a7?7&(z)'(4z) and show that é is an entire function 
which satisfies the functional equation (2) : = &1—z). 

2. Use Theorem 8.17 to prove that » p, ' = 00. Notice that this implies 
that there are an infinite number of primes. 


3. Prove that ¢7(z) = S an) for Re z > 1, where d(n) is the number of 
n 
=1 


divisors of n. 


4. Prove that {(z)¢(z—1) = >: ae , 
n=] nw 

the divisors of n. 

5. Prove that “s = > 


integers less han n and ah are relatively prime to n. 


6. Prove that —~ = > ae ) 


fe ) 
Let n = pi'p® . ” be the factorization of n into a product of primes 
Pis+++5Dm and suppose that these primes are distinct. Let »(1) = 1; if 
kj =...=k,, = 1 then let u(n) = (—1)"; otherwise let p(n) = 0. 


o'(2) — A(n) 

7. Prove that =— = ifn = 
at ay Se ; log p if n 
p™ for some prime p and m > 1; and A(n) = 0 otherwise. 

8. (a) Let n(z) = ¢'(z)/&(z) for Re z > 1 and show that jim (Z—Zo)n(z) is 


always an integer for Re z) > 1. Characterize the point z, (in its relation to ¢) 
in terms of the sign of this integer. 
(b) Show that for « > 0 


Rey (l+et+it) = — Y A(n)n™“*9 cos (t log n) 
n=1 
where A(x) is defined in Exercise 7. 
(c) Show that for all « > 0, 
3Re 7 (L+¢)+4Re y (1+e+it)+Re 7 (1+e4+2it) < 0. 
(d) Show that ¢(z) # 0 if Re z = 1 (or 0). 


Chapter VIII 


Runge’s Theorem 


In this chapter we will prove Runge’s Theorem, use it to prove a more 
general form of Cauchy’s Theorem, and investigate simple connectedness. 
Also proved is a Theorem of Mittag-Leffler on the existence of meromorphic 
functions with prescribed poles and singular parts. 


§1. Runge’s Theorem 


In Chapter IV we saw that an analytic function in an open disk is given 
by a power series. Furthermore, on proper subdisks the power series con- 
verges uniformly to the function. As a corollary to this result, an analytic 
function on a disk D is the limit in H(D) of a sequence of polynomials. We 
ask the question: Can this be generalized to arbitrary regions G? The answer 
is no. As one might expect the counter-example is furnished by G = {z: 
0 < |z| < 2}. If {p,(z)} is a sequence of polynomials which converges to an 
analytic function f on G, and y is the circle |z| = 1 then f,f = lim |,p, = 0. 
But z~* is in H(G) and f,z7! # 0. 

The fact that functions analytic on a disk are limits of polynomials is due 
to the fact that disks are simply connected. If G is a punctured disk then the 
Laurent series development shows that each analytic function on G is the 
uniform limit of rational functions whose poles lie outside G (in fact at the 
center of G). That is, each fin H(G) is the limit of a sequence of rational 
functions which also belong to H(G). This is what can be generalized to 
arbitrary regions, and it is part of the content of Runge’s Theorem. 

We begin by proving a version of the Cauchy Integral Formula. Unlike 
the former version, however, the next proposition says that there exists 
curves such that the formula holds; not that the formula holds for every 
curve. 


1.1 Proposition. Let K be a compact subset of the region G; then there are 
straight line segments y1, ~~~ 5 Ym in G—K such that for every function f in H(G), 


n 


fz) = ye f(y) dw 


7 207i J wz 
Vk 


for all z in K. The line segments form a finite number of polygons. 


Proof. Let 0 < 6 < 4d(K, C—G) and place a “grid” of horizontal and 
vertical lines in the plane such that consecutive lines are less than a distance 
6 apart. Let R,,..., R,, be the resulting rectangles which intersect K (there 
are only a finite number of them because K is compact). Also let @R, be the 
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boundary of R,;, 1 <j < _m, considered as a polygon with the counter- 
clockwise direction. 

If ze R,;, 1 <j < m, then d(z, K) < ./28 so that R,; < G by the choice 
of 6. Also, many of the sides of the rectangles R,,..., R,, will intersect. 
Suppose R; and R; have a common side and let o, and o; be the line segments 
in OR,, and OR; respectively, such that R; R; = {o;} = {o,}. From the 
direction given 0R, and 0R;, o; and o; are directed in the opposite sense. So 
if p is any continuous function on {o;}, 


Let y,,..., y, be those directed line segments which constitute a side of 
exactly one of the R;, 1 <j < m. Thus 


1.2 y fe=¥ Y 


m 
for every continuous function » on |) @R,. 
j=l 
We claim that each y, is in G—K. In fact, if one of the y, intersects K, it 
is easy to see that there are two rectangles in the grid with y, as a side and 
so both meet K. That is, y, is the common side of two of the rectangles 
R,,..., R,, and this contradicts the choice of y,. 
If z belongs to K and is not on the boundary of any R, then 


o(w) = x (2) 
TL\W-Z 


is continuous on |) @R, for fin H(G). It follows from (1.2) that 
j=l 


1.3 Sb [w= St [ on 


am ani |} w—Z Fame! 2ni | w—Z 
J wR; Vk 


But z belongs to the interior of exactly one R;. If z ¢ R,, 


1 | f) 


2ni |} w—z 
ORj 
and if z is in R,, this integral equals f(z) by Cauchy’s Formula. Thus (1.3) 
becomes 


dw = 0; 


1.4 fe=> J | OY iy 


Vk 
whenever z< K — |) @R,. But both sides of (1.4) are continuous functions 
j=l 
on K (because each y, misses K) and they agree on a dense subset of K. 
Thus, (1.4) holds for all z in K. The remainder of the proof follows. | 


Runge’s Theorem 193 


This next lemma provides the first step in obtaining approximation by 
rational functions. 


1.5 Lemma. Let y be a rectifiable curve and let K be a compact set such that 
Ko {y} = 0. If f is a continuous function on {y} and « > 0 then there is a 
rational function R(z) having all its poles on {y} and such that 


| oe dv R@ 
w—Z 


Yv 


<€ 


for all z in K. 


Proof. Since K and {y} are disjoint there is a number r with 0 < r < d(K, 
{y}). If y is defined on [0, 1] then forO < s,t < landzin kK 


POO) — flS)| 
LAD) LID 5 NV) AF) PO) 
i I 
< 5 |) br] + 5 hol [fo 
-sor)) + | fe) -Fo) 


There is a constant c > 0 such that |z| < c for all z in K, |y(t)| < c and 
|f((H))| < ¢ for all ¢ in [0, 1]. This gives that for all s and ¢ in [0, 1] and zin K, 


fo) — fs) 
v)—-z ys)—z 


< S bs)—r(01 + 1/0) S00) 


Since both y and fo y are uniformly continuous on [0, 1], there is a partition 
{0 =tp9 < t; <... < t, = 1} such that 

IYO) _— fo(t;) € 

yt)-z y(t;)—-2z| VY) 


for t;-1 <t <t; 1<j <n, and z in K. Define R(z) to be the rational 
function 


1.6 


RE) = Y fOAtj-1) We) rtj- Aj) 


The poles of R(z) are y(0), y(t,),.-., v(t,—1). Using (1.6) yields that 
fw) [SS (TOO) — fOlt)-) 
(2 dw -RG) = 2, le — ro] dy(t) 


=) > | dly\() 


< 


V 
= € 


for all z in K. 
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1.7 Proposition. Let K be a compact subset of the region G. There are straight 
line segments y1,--+3Y_ in G—K such that for every function f in H(G) and 
for every « > 0, there is a rational function R(z) having poles only on the line 
segments y,,..., 7, and such that 


[f@)—R@)| < « 
for all z in K. 


Proof. This follows immediately from Proposition 1.1 and Lemma 1.5. Ij 

This proposition is almost the result that we want. The part that is lacking 
is that the poles of the rational function are inside G. The next several 
lemmas will furnish the tools needed to approximate the given rational 
function by one whose poles are closer to C—G. We then do this “pole 
pushing” a finite number of times and obtain an approximation by a rational 
function whose poles are in a prescribed subset of C—G. 


1.8 Lemma. Let K be a compact set and let a, be C—K such that 
la—b| < 4d(b, K). 


Then for every « > 0 and for every rational function R(z) having a as its only 
pole, there is a rational function Q(z) having b as its only pole and satisfying 


|R(z)— Q@)| < « 


for all z in K. 

Before proceeding to the proof let us see how this lemma can be used 
to “push a pole” from a point a to any point b, even if b does not satisfy the 
hypothesis of the lemma. For example, if a, b and K are as in the figure then 


|a—b| > 4r where r = d(b, K). However, we can pick points b, and b, such 
that |a—b,| < 4d(b,, K) and |b, —b,| < 4d(b,, K) and |b,—5| < 4r. Using 
the lemma we find rational functions Q,, Q,, and Q such that |R(z)—Q,(z)| 
< ¢/3, |Q,(z)—Q,(z)| < ¢/3, and |Q,(z)—Q(z)| < ¢/3 for all z in K; and 
Q,, Q2, Q have poles at b,, b,, and b, respectively. It now follows that 
|R(z)— Q(z)| < « for all z in K. 

There is a situation in which we cannot move a pole from a to b. If a, b, 
and K are as in the adjoining figure then we again have that |a—b| > 4d(b, K). 
However, in this situation there do not exist a finite number of points bo, 
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b,,...,5, such that any consecutive pair satisfies the hypothesis of the 
lemma and a = bo, b = 5b,,. In order to get from a to b we would have to 
eventually put one of the points b; in K. But this gives d(b,, K) = 0 so that 
this part of the process is meaningless. Alternately, if we start at z = a we 
will never get out of the inside ring of the annulus. 

These examples illustrate the fact (which is later proved) that a pole can 
be pushed to any other point in the same component of C—K, but, in 
general, a pole cannot be pushed from one component of C —K to another. 


Proof of Lemma 1.8. 

Case 1. Suppose R(z) = (z—a)~", n = 1. By hypothesis 
a~—b| 1 
—_—__— < _ 
z—b 2 


for all z in K. Therefore 


CO a ea es 


b\* 
i 


). But this series is dominated by 


1 ~ a— 
= Ga D,* (= 
(k+n—1)! (“ro 


(n—1)Ik! k 
), A,(4)‘ for z in K; and 


Aya 14)"* _ 4 (A+n)!k'(n—1)! 
A,(4)* 2 (ktn—-I(k+1)'(n—-1)! 
_4htn 
*k+1’ 
which converges to 4 as k — oo, By the Weierstrass M-test (II. 6.2) 


co _B\k 
S A, € 5) 
k=0 z—b 


where A, = 
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converges uniformly on K to R(z). Thus, if N is sufficiently large, 
N 
: a—b\* 
= A, | —— 
2) 2 ( — 5) 


satisfies | R(z)— Q(z)| < ¢ for all z in K and 5 is the only pole of Q(z). 


Case 2. If R(z) is any rational function whose only pole is a then 
RQ) = ¥) rfe-a)-1+p@) 
i= 


where p(z) is a polynomial and r,,...,7,, are constants. From Case 1 there 
is a rational function Q(z) whose only pole is b and such that 


\(z—a)-5-O,(2)| < — 


mir || 


for all z in K whenr, 4 0 (Q,(z) = 0 if, = 0). If 


O() = ¥; r,0,2)+0@) 


then 
|O(z)— R(2)| < « 
for all zin K. 
It is also necessary to prove a lemma similar to the one above which 


enables us to push a pole to oo. To do this recall that a rational function 
whose only pole is at 0 (i.e., lim R(z) = 00) is a polynomial. 


zZ—> 


1.9 Lemma. Let K be a compact set and suppose d is the spherical metric on 
C.,. If ais a point in C—K such that 


d(a, ©) < 3d(K, o), 


then for every « > O and for every rational function R(z) whose only pole is 
at z = a, there is a polynomial Q(z) with 


|R(z)—Q(z)| < « 
for all z in K. 


Proof. As in the proof of Lemma 1.8 it suffices to only consider the case 
where R(z) = (z—a)~" for some integer n > 1. The hypothesis gives that 
for zin K, 


2 1 
tnt erin < een 
[1+ |al7}* ~ [1+]2z|7]*’ 
from here it follows that 


34+4z|? < Jal?. 
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Hence a # O and for all zin K 


Therefore 


for constants A,, k => 0. As in the proof of the preceding lemma, this series 
converges uniformly for z in K. So if N is sufficiently large, the polynomial 


(-ys , (2\ 
7 2,“(3) 


|O(z)— R()| < « 


Q(z) = 


satisfies 


for all z in K. 
The next, and final, lemma in this series says that we can move a pole 
off co and back onto the finite plane. 


1.10 Lemma. /f K is a compact set and b is a point in C—K such that 
d(co, b) < $d(~, K), 


then for every « > 0 and for every polynomial R(z) there is a rational function 
Q(z) whose only pole is z = b and such that 


|R(z)—-Q(@)| < « 
for all z in K. 


Proof. From the hypothesis |z| < 4|b| for every z in K. That is, K < D, = 
{z: |z| < 4|b|}. Now the Mobius transformation (z—b)~* takes D, onto a 
disk D, = {z: |z—c| < r} such that 0¢D, and r < |cl. 

Let u = (z—b)“' and let p(z) be a polynomial such that R(z) = p(z—b) 
= p(1/u). We want a polynomial in u (i.e., a rational function with b as its 
only pole) to approximate p(1/u). Therefore it is sufficient to show that for 
every 6 > 0 and every integer n = 1 there is a polynomial qg(u) such that 


<6 


1 
Fe — qu) 
u 

for every wu in D,. But ju—c| < r and r < |c| gives that 


u—-c r 


<—<] 
Ic| 


Cc 
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for all win D,. Thus 


S| 
Q 
en 
june 
| 
a 
a] 
~ 
— 


ix c—u\* 
=a dD, 4 (=) 3 
k=0 
and, as before, the series converges uniformly for z in K. The proof of the 
lemma is concluded in the same fashion as the two preceding ones. JJ 
Before stating Runge’s Theorem a property of connectedness is needed. 


The proof will not be given; in fact, the reader was asked to prove this in 
Exercise II. 2.5. (See also Exercise II. 6.9.) 


1.11 Lemma. Let (X, d) be a connected metric space. Then for every 5 > 0 
and for all points z and z’ in X there are points Xo, X1,..-+,Xp in X with 
Xo = 2, Xp =2' and d(x,-1, x) <6 forl<k <p. 


1.12 Runge’s Theorem. Let G be an open set in C and let E be a subset of 
C,,—G such that E~ intersects each component of C,,—G. If f is an analytic 
function on G, K is a compact subset of G, and « > 0 then there is a rational 
function R(z) all of whose poles lie in E and such that 


[f(z)— R@)| < « 
for all z in K. 
Proof. According to Proposition VII. 1.2 there is a sequence of compact 
sets {K,} such that G = |) K, K, < int K,,,, and each component of 
n=1 


C., —K, contains a component of C,,—G. If K is a given compact subset of 
G then choose K, such that K < int K,. Now define a set H by 


H = {z:d(z, C—K,) = 4d(z, K)} U {z: d(z, C—K,) 
> 4d(K, C—K,)} 
Clearly H is closed, H is contained in int K,, and H contains K. Since K,, is 


compact, H must be compact. By Proposition 1.7 there is a rational function 
Q(z) with all its poles in (int K,)—H and such that 


If2)-O0)| < 5 
for all z in H. Write | 
Ol2) = Q1@)+ ... +Qnl2) 


where each Q ,(z) is a rational function with exactly one pole in (int K,) —H. 
Now to “push” the pole of Q(z) out to one of the points in E. Consider 
Q,(z) and suppose its pole is the point z = a in (int K,)—H. 

Since 0K, is compact there is a point b in @K, such that |a—b| = d(a, 
C—K,). Since a is not in H 
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1.13 la—b| < 4d(K, C—K,) < 4d(b, K). 
(This last inequality holding because d(K, C—K,) = d(K, 0K,)). From the 


definition of the boundary of a set, the fact that b is on 0K, implies there is a 
point b’ in C—K, such that |b—b’| < 4d(K, C—K,). Hence 


1.14 lb—b’| < 4d(b’, K). 


Let D be the unique component of C,,—X, such that b’ e« D. By the con- 
struction of K,, D contains a component of C,,-—G; in particular, DO E7 £ 
LJ. Let c be a pointin DONE’. 


Case 1. Assume c # ©. 
Since both b’ and c belong to D, and D is connected we can use Lemma 1.11 
to find points s,,...,s5, in D such that 


1.15 [Sy — Sy 4 | < 4d(K, C—K,) 


for 2< k < p—1; where s, = b’ and s,=c. Let 59 =a, Ss, = b, and 
choose s,,, in E such that 


1.16 lc—S,41| < 4d(K, C—K,). 
We claim that forO < k < p 
1.17 [S,—Sp41| < 4d(S,41, K). 


In fact, (1.17) for 2 < k < p follows directly from (1.15), (1.16), and the 
fact that each s, for 2 < k < p+1 is not in K,. For k = 0, the inequality is 
a restatement of (1.13); for k = 1, the inequality is a restatement of (1.14). 
Thus, (1.17) holds for all k, 0 < k < p. 

Now appeal to Lemma 1.8 and find rational functions S,(z), ..., S,+1(Z) 
such that s, is the only pole of S,(z) and 


€ 
|S.(z) — Sy 4 1(2)| < om(p +1) 
for all z in K and 0 <k < p (S,(z) = Q,(2)). Let R,(z) = S,+,(2); then 
R,(Z) is a rational function whose only pole is at the point s,,, in E, and 


for all zin K 
p 


12:2)-Si@| <s > |S) —Si+1)| 


k=0 


< € 
2m 
Case 2, Assume c = ©. 
In this case there is a point s in E such that d(s, c) < 6 for any 5 > 0. 
It is left to the reader to supply the details in showing that there is a rational 


function R,(z) with a single pole at s, and such that 


2.@)-R,@)| < = 


for all z in K. 
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To finish the proof perform similar operations on Q,(z),...,Q,(z) and 
obtain rational functions R,(z),..., R,(z) whose only poles are in E and 
such that for2 <j<m 


2,2) -R@)| < 


for all z in K. 
Let R(z) = R,(z)+ ...+R,,(Z); R(z) has all its poles in E and satisfies 


|R(z)—-f(z)| < « 
for all z in K. 


1.18 Corollary. Let G be an open subset of the plane and let E be a subset of 
C.,-G such that E~ intersects each component of C,,—G; let R(G, E) denote 
the set of rational functions (as functions on G) whose poles lie in E. For every 
f in H(G) there is a sequence {R,,} in R(G, E) such that f = lim R,,. That is, 
R(G, E) is dense in H(G). 

The next corollary follows by taking {oo} as the set E and using the fact 
that a rational function whose only pole is at 00 is a polynomial. 


1.19 Corollary. If G is an open subset of C such that C,,—G is connected then 
for each analytic function f on G there is a sequence of polynomials {p,,} such 
that f = lim p, in H(G). 

The condition that E~ meet every component of C,—G cannot be 
relaxed. This can be seen by considering the punctured plane C— {0} = G. 
So C,—G = {0, «}. Suppose that for this case we could weaken Runge’s 
Theorem by assuming that E consisted of oo alone. Then for each integer 
n = 1 we could find a polynomial p,(z) such that 


1 
< 
n 


1.20 : — p,{z) 
Zz 


] 1 
for — < |z| < n. Then [1 —zp,(z)| < Fl < 1 for < |z| <n. But if [zZ] =n 
then 


1 1 
[p.(z)| = : lzp,(2)| < = lep(z)—1| + = < 


2 
By the Maximum Modulus Theorem, |p,(z)| < for |z| < n. In particular, 


P,{Z) 90 uniformly on |z| < 1. This clearly contradicts (1.20) and shows 
that E must be the set {0, oo}. 

Of course, the point in the above paragraph could have been made by 
appealing to what was said about this same example at the beginning of 
this section. However, this further exposition gives an introduction to a 
concept whose connection with Runge’s Theorem is quite intimate. 


1.21 Definition. Let K be a compact subset of the plane; the polynomial 
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convex hull of K, denoted by K, is defined to be the set of all points w such 
that for every polynomial p 


|p(w)| < max {|p(z)|: ze K}. 
That is, if the right hand side of this inequality is denoted by ||p||,, then 
K = {w:|p(w)| < Ilpllz for all polynomials p}. 


If K is an annulus then K is the disk obtained by filling in the interior hole. 
In fact, if K is any compact set the Maximum Modulus Theorem gives that 
K is obtained by filling in any “holes” that may exist in K. 


Exercises 


1. Prove the following variation on Runge’s Theorem. Let K be a compact 
set, G an open set containing K, and E a subset of C,, intersecting each com- 
ponent of C,, —K. If fis any analytic function on G and e > 0 then there is a 
rational function R(z) having its poles in £ and satisfying 


[f@)—R@)| < « 
for all z in K. 
2. Let G be the open unit disk B(O; 1) and let K = {z: + < |z| < 3}. Show 
that there is a function f analytic on some open subset G, containing K 
which cannot be approximated on K by functions in H(G). 


Remarks. The next two problems are concerned with the following question. 
Given a compact set K contained in an open set G, © G, can functions in 
H(G,) be approximated on K by functions in H(G)? Exercise 2 says that 
for an arbitrary choice of K, G, and G, this is not true. Exercise 4 below 
gives criteria for a fixed K and G such that this can be done for any G,. 
Exercise 3 is a lemma which is useful in proving Exercise 4. 
3. Let K be a compact subset of the open set G and suppose that any bounded 
component D of G— Khas D™ \ 0G # [J]. Then every component of C,,—K 
contains a component of C,,—G. 
4. Let K be a compact subset of the open set G; then the following are 
equivalent: 

(a) If f is analytic in a neighborhood of K and « > 0 then there is a g 
in H(G) with | f(z)—g(z)| < ¢ for all z in K; 

(b) If D is a bounded component of G—K then D™ N 0G # [;; 

(c) If z is any point in G—K then there is a function fin H(G) with 


[f(z)| > sup {|f(w)|: win K}. 


5. Can you interpret part (c) of Exercise 4 in terms of K? 
6. Let K be a compact subset of the region G and define Kg = {zeG: 
If@| < Iifllx for all f in H(G)}. 

(a) Show that if C,,—G is connected then Kg = K. 

(b) Show that d(K, C—G) = d(Kg, C—G). 
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(c) Show that Kg < the convex hull of K = the intersection of all convex 
subsets of C which contain K. 

(d) IfKg < G, < Gand G, is open then for every g in H(G,) ande > 0 
there is a function fin H(G) such that | f(z)—g(z)| < « for all z in Kg. (Hint: 
see Exercise 4.) 

(e) Kg = the union of K and all bounded components of G—K whose 
closure does not intersect @G. 


§2. Another version of Cauchy’s Theorem 

Another version of the Theorem of Cauchy is presented here and used 
to complete the proof of the Residue Theorem (V. 2.2). 
2.1 Cauchy’s Theorem (Fourth Version). Let G be an open set in C and let 


Vis-++s Ym Le Closed rectifiable curves in G such that 


2.2 y n(y,; a) = 0 


k=1 


for all a in C—G. Then for any analytic function f on G 
2.3 y [f=o. 


Notice that this version of Cauchy’s Theorem generalizes the previous 
versions. For example if y,. and y, are closed rectifiable curves in F such 
that yo ~ y, then n(y9; a)+n(—y,; a) = 0 for all points a in C—G. By the 
above theorem 0 = f,, f+J_,,f = J,,f—J,,4 which is the first version of 
Cauchy’s Theorem. 


Proof of Theorem 2.1. Let K = \) {y,} and fix « > 0. If M = max {V(y,), 
k=1 


..., V(y,,)} then, according to Runge’s Theorem, there is a rational function 
R(z) having its poles in C,, —G and satisfying 


€ 
—— < —_—_———e 
If@-R@| < — 
for all z in K. Hence 


2.4 
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If it can be shown that ¥° f,, R(z)dz = 0, (2.3) will be proven since the ¢ in 
Ka 
(2.4) is arbitrary. 
But to show that )° f,, R = 0 it suffices to show this under the assump- 
Ka1 


tion that R(z) = (z—a)~? where p = 1 and ais a point not in G. If p > 2 
then (z—a)~” has a primitive so that J,, (z—a)-? dz = O fork =1,...,m. 
If p = 1 then 


Sf Rede =F nyse 


and this is zero by hypothesis (2.2). Hence the theorem is proved. JJ 

We now use the above theorem to prove the Residue Theorem (V. 2.2). 
Let f be analytic in the region G except for isolated singularities at a,,... Ap, 
in G; and let y be a closed rectifiable curve in G not passing through a,, 
1 < k < m, such that y~ 0 in G. It must be shown that 


oo mi | f= 2, n(y; a) Res (f3 a). 


Let m, = n(y; a,) for 1 < k < m; choose positive numbers r,;,..., 7, such 
that no two closed disks B(a,; r,) intersect, none of them intersects {y}, 
and each disk is contained in G. (This can be done by induction and by 
using the fact that y does not pass through any of the singularities.) Let 
y,(t) = 1, exp (—2zim, t) for O < t < 1. Then 


ny; aj) + res 2 aj) =0 


st 


for 1 <j < m. Also n(y,; a) = 0 for every a in C—G andl <k<m. 
Finally, u(y; a) = 0 for every a in C—G since y is homotopic to zero in G. 
Hence 


nly; a) + x ny; @) = 0 


for all a not in G— {a,,...,4a,,}. Since f is analytic in G— {a,,..., Qn}, 
Theorem 2.1 gives 


< 


kk 
=|f- 7 nly; ay) Res (f; a); 
. = 
this proves the Residue Theorem. 


Exercise 


1. Let G = C— {a, b}, a # b, and let y be the curve in the figure below. 
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(a) Show that n(y; a) = n(y; 5b) = 0. 

(b) Convince yourself that y is not homotopic to zero. (Notice that the 
word is “‘convince’”’ and not “prove’’. Can you prove it?) Notice that this 
example shows that it is possible to have a closed curve y in a region such 
that n(y; z) = 0 for all z not in G without y being homotopic to zero. That 
is, the converse to an easy proposition is false. 


§3. Simple connectedness 


Recall that an open connected set G is simply connected if and only if 
every closed rectifiable curve in G is homotopic to zero. The purpose of this 
section is to prove some equivalent formulations of simple connectedness. 


3.1 Definition. Let X and © be metric spaces; a homeomorphism between 
X and Q is a continuous map f: X ~ Q which is one-one, onto, and such 
that f~*: Q — X is also continuous. 

Notice that if f: X + is one-one, onto, and continuous then f is a 
homeomorphism if and only if fis open (or, equivalently, f is closed). 

If there is a homeomorphism between X and © then the metric spaces 
X and Q are homeomorphic. 

We claim that C and D = {z: |z| < 1} are homeomorphic. In fact 
f(z) = z(1+|z|)~* maps C onto D in a one-one fashion and its inverse, 
f~'(w) = o(1—|e|)~*, is clearly continuous. Also, if f is a one-one analytic 
function on an open set G and 2 = f(G) then G and 9 are homeomorphic. 
Finally, all annuli are homeomorphic to the punctured plane. 


3.2 Theorem. Let G be an open connected subset of C. Then the following are 
equivalent: 


(a) G is simply connected; 

(b) n(y; a) = 0 for every closed rectifiable curve y in G and every point 
ainC—G; 

(c) C, —G is connected; 

(d) For any f in H(G) there is a sequence of polynomials which converges 
to f in H(G); 

(e) For any f in H(G) and any closed rectifiable curve y in G, f, f=0; 

(f) Every function f in H(G) has a primitive; 
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(g) For any fin H(G) such that f(z) 4 0 for all z in G there is a function g 
in H(G) such that f(z) = exp g(z); 

(h) For any f in H(G) such that f(z) # 0 for all z in G there is a function 
gin H(G) such that f(z) = [g(z)]"; 

(i) G is homeomorphic to the unit disk; 

(j) Jf u: G— R is harmonic then there is a harmonic function v: G—> R 
such that f = u+iv is analytic on G. 


Proof. The plan is to show that (a) = (b) >... = (i) = (a) and (h) > (j) 
=> (g). Many of these implications have already been done. 

(a) => (b) If y is a closed rectifiable curve in G and a is a point in the 
complement of G then (z—a)~* is analytic in G, and part (b) follows by 
Cauchy’s Theorem. 

(b) = (c) Suppose C,,—G is not connected; then C,,-—G = A U B where 
A and B are disjoint, non-empty, closed subsets of C,,. Since oo must be 
either in A or in B, suppose that oo is in B; thus, A must be a compact subset 
of C (A is compact in C,, and doesn’t contain 00). But then G, = GUA = 
C,,—B is an open set in C and contains A. According to Proposition 1.1 
there are a finite number of polygons y,,...., y,, in G,—A = G such that 
for every analytic function fon G, 


fz) = 2, Fri) w= I) 


for all z in A. In particular, if f(z) = 1 then 


m 


»y ny; 3 Z) 
k=1 


for all z in A. Thus for any z in A there is at least one polygon y, in G such 
that n(y,; z) # 0. This contradicts (b). 

(c) => (d) See Corollary 1.19. 

(d) = (e) Let y be a closed rectifiable curve in F, let f be an analytic 
function on G, and let {p,,} be a sequence of polynomials such that f = lim p, 
in H(G). Since each polynomial is analytic in C and y~0 in C, f, p, = 0 
for every n. But {p,} converges to f uniformly on {y} so that J, f = lim 

Pn = 9. 
h (e) = (f) Fix ain G. From condition (e) it follows that there is a function 
F: G > C defined by letting F(z) = J, f where y is any rectifiable curve in G 
from a to z. It follows that F’ = f (see the proof of Corollary IV. 4.15). 

(f) > (g) If f(z) # 0 for all zin G then f'/fis analytic on G. Part (f) implies 
there is a function F'such that F’ = f’/f. It follows (see the proof of Corollary 
IV. 4.16) that there is an appropriate constant c such that g = F+c satisfies 
f(z) = exp g(z) for all z in G. 

(g) = (h) This is trivial. 

(h) => (i) If G = C then the function z(1+|z])~ * was shown to be a homeo- 
morphism immediately prior to this theorem. If G 4 Cthen Lemma VII. 4.3 
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implies that there is an analytic mapping f of G onto D which is one-one. 
Such a map is a homeomorphism. 

(i) = (a) Let h: G— D = {z: |z| < 1} be a homeomorphism and let y 
be a closed curve in G (note that y is not assumed to be rectifiable). Then 
o(s) = h(y(s)) is a closed curve in D. Thus, there is a continuous function 
A: I? -> D such that A(s, 0) = o(s) for0 < s < 1, A(s,1) = Ofor0 <s< 1 
and A(0, 4) = A(l, 2) for 0 < ¢ < 1. It follows that [ = h7' oA is a con- 
tinuous map of J* into G and demonstrates that y is homotopic to the curve 
which is constantly equal to h~ ‘'(0). The details are left to the reader. 

(h) = (j) Suppose that G # C; then the Riemann Mapping Theorem 
implies there is an analytic function / on G such that A is one-one and A(G) 
= D.Ifu:G— Ris harmonic then uv, = uoh~/isa harmonic function on D. 
By Theorem III. 2.30 there is a harmonic function v,: D— R such that 
f;, = u,t+iv, is analytic on D. Let f= f, oh. Then fis analytic on G and 
u is the real part of f, Thus v = Im f = 0, o/ is the sought after harmonic 
conjugate. Since Theorem III. 2.30 also applies to C, (j) follows from (h). 

(j) = (g) Suppose /: G — C is analytic and never vanishes, and let u = 
Re f, v=Im/f. If U: G— R is defined by U(x, y) = log |f(x+iy)| = log 
[u(x, y)* +iv(x, y)*]* then a computation shows that U is harmonic. Let V 
be a harmonic function on G such that g = U+iV is analytic on G and 


I) = | for all 


h(z) 
zin G. That is, //h is an analytic function whose range is not open. It follows 
that there is a constant c such that f(z) = c h(z) = c exp g(z) = exp [g(z)+ 
c,]. Thus, g(z)+c, is a branch of log f(z). 

This completes the proof of the theorem. Jj 

This theorem constitutes an aesthetic peak in Mathematics. Notice that it 
says that a topological condition (simple connectedness) is equivalent to 
analytical conditions (e.g., the existence of harmonic conjugates and Cauchy’s 
Theorem) as well as an algebraic condition (the existence of a square root) 
and other topological conditions. This certainly was not expected when 
simple connectedness was first defined. Nevertheless, the value of the theorem 
is somewhat limited to the fact that simple connectedness implies these nine 
properties. Although it is satisfying to have the converse of these implica- 
tions, it is only the fact that the connectedness of C,,—G implies that G is 
simply connected which finds wide application. No one ever verifies one of 
the other properties in order to prove that G is simply connected. 

For an example consider the set G = C—{z = re”: 0 < r < oo}; that 
is, G is the complement of the infinite spiral r = 0, 0 < 0 < o. Then 
C.,, —G is the spiral together with the point at infinity. Since this is connected, 
G is simply connected. 


let h(z) = exp g(z). Then h is analytic, never vanishes, and 


4, Mittag-Leffler’s Theorem 
§ g 


Consider the following problem: Let G be an open subset of C and let 
{a,} be a sequence of distinct points in G such that {a,} has no limit point 
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in G. For each integer k > 1 consider the rational function 


mk A 
41 S,@2) = > Lar 
1 (z—a,) 
where m, is some positive integer and A,,,...,A,,,, are arbitrary complex 


coefficients. Is there a meromorphic function f on G whose poles are exactly 
the points {a,} and such that the singular part of f at z = a, is S,(z)? The 
answer is yes and this is the content of Mittag-Leffler’s Theorem. 


4.2 Mittag-Leffler’s Theorem. Let G be an open set, {a,} a sequence of 
distinct points in G without a limit point in G, and let {S,(z)} be the sequence 
of rational functions given by equation (4.1). Then there is a meromorphic 
function f on G whose poles are exactly the points {a,} and such that the 
singular part of f at a, is S,(z). 


Proof. Although the details of this proof are somewhat cumbersome, the 
idea is simple. We use Runge’s Theorem to find rational functions {R,(z)} 


with poles in C,,—G such that | y, S,2)-R@)| is a Cauchy sequence in 
k=1 


M(G). The resulting limit is the sought after meromorphic function. (Actually 
we must do a little more than this.) 
Use Proposition VII. 1.2 to find compact subsets of G such that 


G = \) K,, K, Cc int Ki +1> 
n=1 


and each component of C,,—XK,, contains a component of C,,—G. Since 
each K, is compact and {a,} has no limit point in G, there are only a finite 
number of points a, in each K,. Define the sets of integers J, as follows: 


I, = {k: a, € Ky}, 
I, = {k: a,¢ K,—K,_1} 
for n > 2. Define functions f, by 
SAZ) = p> S,{Z) 


for n > 1. Then f, is rational and its poles are the points {a,: keI,}¢ 
K,—K,-1- (if 7, is empty let f, = 0.) Since f, has no poles in K,_, (form = 2) 
it is analytic in a neighborhood of K,_,. According to Runge’s Theorem 
there is a rational function R,(z) with its poles in C,, —G and which satisfies 


|fa(Z)— R,(Z)| < G)” 


for all z in K,_,. We claim that 


43 f@) = fi@) + Y U@)- Re) 


is the desired meromorphic function. It must be shown that f is a mero- 
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morphic function and that it has the desired properties. Start by showing 
that the series in (4.3) converges uniformly on every compact subset of 
G—{a,: k = 1}. This will give that fis analytic on G— {a,: k < 1} and it 
will only remain to show that each a, is a pole with singular part S,(z). So 
let K be a compact subset of G— {a,: k => 1}; then K is a compact subset of 
G and, therefore, there is an integer N such that K © Ky. If n = N then 
| f,(z) —R,(z)| < ()" for all z in K. That is, the series (4.3) is dominated on K 
by a convergent series of numbers; by the Weierstrass M-test (II. 6.2) the 
series (4.3) converges uniformly on K. Thus fis analytic on G— {a,: k = 1}. 

Now consider a fixed integer k > 1; there is a number R > 0 such that 
|a;—a@,| > R for j A k. Thus f(z) = S,(z)+2(z) for 0 < |z—a,| < R, where 
g is analytic in B(a,; R). Hence, z = a, is a pole of f and 5,(z) is its singular 
part. This completes the proof of the theorem. 

Just as there is merit in choosing the integers p, in Weierstrass’s Theorem 
(VII. 5.2) as small as possible, there is merit in choosing the rational functions 
R,(z) in (4.3) to be as simple as possible. As an example let us calculate the 
simplest meromorphic function in the plane with a pole at every integer 7. 


The simplest singular part is (z—7)~* but y (z—n)~' does not converge in 


M(C). However (z—n)~*+(z+n)7* = 2x(z? — n*)~' a 


>) 2z 
z 44 z7— 
n=1 


does converge in M(C). The singular part of this function at z = nis(z—n)~ - 
In fact, from Exercise V. 2.8 we have that this function is 7 cot 7z. 


Exercises 


1. Let G be a region and let {a,} and {b,,} be two sequences of distinct points 
in G such that a, # b,, for all n, m. Let S,(z) be a singular part at a, and let 
Dm be a positive integer. Show that there is a meromorphic function fon G 
whose only poles and zeros are {a,} and {b,,} respectively, the singular part 
at z = a, is S,(z), and z = b,, is a zero of multiplicity p,,. 

2. Let {a,} be a sequence of points in the plane such that |a,| —> 00, and let 
{b,} be an arbitrary sequence of complex numbers. 

(a) Show that if integers {k,} can be chosen such that 


4.4 > (=)" ° 


converges absolutely for all r > 0 then 


4.5 >(3)"3 


converges in M(C) to a function f with poles at each point z = a,. 
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(b) Show that if lim sup |b,| < oo then (4.4) converges absolutely if 
k, = n for all n. 
(c) Show that if there is an integer k such that the series 


4.6 > gn geri 


converges absolutely, then (4.4) converges absolutely if k, = k for all zn. 

(d) Suppose there is an r > O such that |a,—a,,| > r for alln 4 m. Show 
that > |a,|~* < oo. In particular, if the sequence {b,} is bounded then the 
series (4.6) with kK = 2 converges absolutely. (This is somewhat involved and 
the reader may prefer to prove part (f) directly since this is the only applica- 
tion.) 

(e) Show that if the series (4.5) converges in M(C) to a meromorphic 
function f then 


—[ 5, 6 tnd 
fe) = >| Pe + Bh (2) 4-42) \] 


(f) Let w and w’ be two complex numbers such that Im (w’/w) # 0. 
Using the previous parts of this exercise show that the series 
J {1 ] Zz 
=I +D (stata) 
where the sum is over all w = 2nw+2n'w for n, n’ = 0, +1, +2,... but 
not w = Q, is convergent in M(C) to a meromorphic function ¢ with simple 
poles at the points 2nw+2n’w’. This function is called the Weierstrass zeta 


function. 
(g) Let Q(z) = —C’(z); e" is called the Weierstrass pe function. Show that 


] 
§(z) = _) 3+ »’ (a5 w)? - 3) 


where the sum is over the same w as in part (f). Also show that 
(A(z) = O(2+2nw+2n'w’ 


for all integers z and n’. That is, @ is doubly periodic with periods 2w and 2w’. 
3. This exercise shows how to deduce Weierstrass’s Theorem for the plane 
(Theorem VII. 5.12) from Mittag-Leffler’s Theorem. 

(a) Deduce from Exercises 2(a) and 2(b) that for any sequence {a,} in C 
with lim a, = o anda, # 0 there is a sequence of integers {k,,} such that 


FJ 1 1 1 kn~ 1 
hz) = > +—4+—(=)4+...4+ (= 
n=1 2—G, an Gn \@n Qn \&n 


is a meromorphic function on C with simple poles at a,, a,.... 
The remainder of the proof consists of showing that there is a function f 
such that h = f'/f. This function f will then have the appropriate zeros. 
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(b) Let z be an arbitrary but fixed point in C — {a,, a,,...}. Show that if 
y, and y, are any rectifiable curves in C— {a,, a,,...} from 0 to z and h is 
the function obtained in part (a), then there is an integer m such that 


[ a- [ h = 2nim. 
v1 y2 
(c) Again let h be the meromorphic function from part (a). Prove that 
for z # a,, az,... and y any rectifiable curve in C— {a,, a,,...}, 


f(z) = exp ( J h) 


defines an analytic function on C— {a,, a,,...} with f’/f = h. (That is, the 
value of f(z) is independent of the curve y and the resulting function f is 
analytic. 

(d) Suppose that z € {a,, a), ...}; show that z is a removable singularity 
of the function f defined in part (c). Furthermore, show that f(z) = 0 and 
that the multiplicity of this zero equals the number of times that z appears 
in the sequence {a,, d2,...}. 

(e) Show that 


= Zz z I1fz\, 1 fz\* 
4.7 fe) =] (1- =) ew] = + 52) +7 (2)"| 


Remark. We could have skipped parts (b), (c), and (d) and gone directly 
from (a) to (e). However this would have meant that we must show that (4.7) 
converges in H(C) and it could hardly be classified as a new proof. The steps 
outlined in parts (a) through (d) give a proof of Weierstrass’s Theorem 
without introducing infinite products. 

4. This exercise assumes a knowledge of the terminology and results of 
Exercise VII. 5.11. 

(a) Define two functions fand g in H(G) to be relatively prime (in symbols, 
(f, g) = 1) if the only common divisors of fand g are non-vanishing functions 
in H(G). Show that (f, g) = 1 iff Z(f)n &(g) = 0. 

(b) If (4 g) = 1, show that there are functions f,, g, in H(G) such that 
ti +22, = 1. (Hint: Show that there is a meromorphic function g on G 
such that f, = pg ¢ H(G) and g|(1—/7;).) 

(c) Let f;,...,f,¢ H(G) and g=g.c.d {f;,...,f,}. Show that there 
are functions ¢,,...,9, in H(G) such that g=9,f,;+...+9,f,. (Hint: 
Use (b) and induction.) 

(d) If {4,} is a collection of ideals in H(G), show that % = ()\ Y, is 


also an ideal. If 7 < H(G) then let ¥ = {Y: FY is an ideal of H(G) and 
Sc J}. Prove that ¥ is the smallest ideal in H(G) which contains S 
and ¥ = {o,fit+...+o,Sn: % ¢€ H(G), fe SF forl1 <k <n}. F is called 
the ideal generated by F and is denoted by ¥ = (Vf). If F is finite then 
(S) is called a finitely generated ideal. If S = { f} for a single function 
f then (/) is called a principal ideal. 
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(ec) Show that every finitely generated ideal in H(G) is a principal ideal. 

(f) An ideal is called a fixed ideal if Z(.Y%) # C); otherwise it is called 
a free ideal. Prove that if % = (f) then F(Y) = Z(S) and that a principal 
ideal is fixed. 

(g) Let f,(z) = sin (2~"z) for alln > O and let ¥ = ({f,, fo... .}). Show 
that % is a fixed ideal in H(C) which is not a principal ideal. 

(h) Let % be a fixed ideal and prove that there is an f in H(G) with 
Ff) = £(F) and ¥ < (f). Also show that ¥ = (/) if F is finitely gener- 
ated. 

(i) Let @ be a maximal ideal which is fixed. Show that there is a point 
ain G such that 4 = ((z—a)). 

(j) Let {a,} be a sequence of distinct points in G with no limit point in G. 
Let % = {fe H(G): f(a,) = 0 for all but a finite number of the a,}. Show 
that % is a proper free ideal in H(G). 

(k) If ¥ is a free ideal show that for any finite subset Y of %, Z(SY) 
# (J. Use this to show that ¥% can contain no polynomials. 

(1) Let ¥ be a free ideal; then -¥ is a maximal ideal iff whenever g ¢ H(G) 
and Z(g)n Z(f) # 0 for all fin ¥ then ge FZ. 

5. Let G be a region and let {a,} be a sequence of distinct points in G with 
no limit point in G. For each integer n > 1 choose integers k, = 0 and 
constants A”, 0 < k < k,. Show that there is an analytic function f on G 
such that f(n) = k!A™. (Hint: Let g be an analytic function on G with a 
zero at a, of multiplicity k,. Let h be a meromorphic function on G with 
poles at each a, of order k, and with singular part S,(z). Choose the S, so 
that f = gh has the desired property.) 

6. Find a meromorphic function with poles of order 2 at 1, ./2, J3,..- 
such that the residue at each pole is 0 and lim (z—,/n)*f(z) = 1 for all n. 

z>vVn 
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Analytic Continuation and Riemann Surfaces 


Consider the following problem. Let f be an analytic function on a region 
G; when can f be extended to an analytic function f,; on an open set G, 
which properly contains G? If G, is obtained by adjoining to G a disjoint 
open set so that G becomes a component of G,, fcan be extended to G, by 
defining it in any way we wish on G,—G so long as the result is analytic. 
So to eliminate such trivial cases it is required that G, also be a region. 

Actually, this process has already been encountered. Recall that in the 
discussion of the Riemann zeta function (Section VII. 8) {(z) was initially 
defined for Re z > 1. Using various identities, principal among which was 
Riemann’s functional equation, € was extended so that it was defined and 
analytic in C— {1} with a simple pole at z = 1. That is, € was analytically 
continued from a smaller region to a larger one. 

Another example was in the discussion which followed the proof of the 
Argument Principle (V. 3.4). There a meromorphic function f and a closed 
rectifiable curve y not passing through any zero or pole of f was given. 
If z = ais the initial point of y (and the final point), we put a disk D, about 
a on which it was possible to define a branch 7, of log f. Continuing, we 
covered y by a finite number of disks D,, D,,...,D,, where consecutive 
disks intersect and such that there is a branch @; of log fon D,. Furthermore, 
the functions 7, were chosen so that ¢7,(z) = ¢;_,(z) for z in Dj_, N D,, 
2 <j <n. The process analytically continues 7, to D, U D3, then D, UD, 
U D3, and so on. However, an unfortunate thing (for this continuation) 
happened when the last disk D, was reached. According to the Argument 
Principle it is distinctly possible that ¢,(z) 4 ¢,(z) for z in D, A D,. In fact, 
¢.(z)—¢,(z) = 27iK for some (possibly zero) integer K. 

This last example is a particularly fruitful one. This process of continuing 
a function along a path will be examined and a criterion will be derived 
which ensures that continuation around a closed curve results in the same 
function that begins the continuation. Also, the fact that continuation around 
a closed path can lead to a different function than the one started with, will 
introduce us to the concept of a Riemann Surface. 

This chapter begins with the Schwarz Reflection Principle which is more 
like the process used to continue the zeta function than the process of 
continuing along an arc. 


§1. Schwarz Reflection Principle 


If G is a region and G* = {z:Z¢G} andif fis an analytic function on G, 
then f*: G* > C defined by f*(z) = f(Z) is also analytic. Now suppose that 


212 
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f = f*; that is, fis symmetric with respect to the real axis. Then 9(z) = f(z) 
—f(z) is analytic on G. Since G is connected it must be that G contains an 
open interval of the real line. Suppose f(x) is real for all x in GA R; then 
g(x) = Ofor xin GOR. But GA BR has a limit point in G so that f(z) = f(Z) 
for all zinG. 

The fact that f must satisfy this equation is used to extend a function 
defined on GCN {z: Im z = 0} to all of G. 

If G is a symmetric region (i.e.,G = G*)thenletG, = {ze G:Imz > 0}, 
G_ = {zeG: Im z < 0}, and Gp = {zeG: Im z = 0}. 


1.1 Schwarz Reflection Principle. Let G be a region such that G = G*. If 
f: Gz UGo > C is a continuous function which is analytic on G., and if 
F(x) is real for x in Go, then there is an analytic function g: G —> C such that 
g(z) = f(z) for z in Gs UG. 


Proof. For z in G_ define g(z) = f(Z) and for z in G, U G, let g(z) = f(z). 
It is easy to see that g: G—C is continuous; it must be shown that g is 
analytic. It is trivial that g is analytic on G, U G_ so fix a point x9 in Go 
and let R > 0 with B(x,; R) < G. It suffices to show that g is analytic on 
B(x; R); to do this apply Morera’s Theorem. Let T = [a, b, c, a] be a triangle 
in B(x 9; R). To show that J;f = 0 it is sufficient to show that [pf = 0 


b G 


whenever P is a triangle or a quadrilateral lying entirely in G, UG g or 
G_ U Go. In fact, this is easily seen by considering various pictures such as 
the one above. Therefore assume that T © G, U Go and [a, b] < Go. The 
proof of the other cases is similar and will be left to the reader. (See Exercise 
1 for a general proposition which proves all these cases at once.) 

Let A designate T together with its inside; then g(z) = f(z) for all z in A. 
By hypothesis fis continuous on G, U Gp and so fis uniformly continuous 
on A. So if « > O there isa 6 > O such that when z and z’ e A and |z—z’| < 6 
then | f(z)—/(z’)| < «. Now choose « and f on the line segments [c, a] and 
[b, c] respectively, so that |«—a| < 6 and |B—5d| < 6. Let 7, = [e, B, c, «] 
and Q = [a, b, B, «, a]. Then [;f = Jr, f+Jof, but 7, and its inside are 
contained in G, and fis analytic there; hence 


1.2 [r= [F 
T Q 
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a b 


But if 0 < ¢t < 1 then 


[78+ (1 —f)a] —[th+(1—dal| < 
so that 
[f@B+(1 —t«)—f(th+(1—1a)| < «. 
If M = max {|f(z)|: ze A} and ? = the perimeter of T then 


1.3 | [r+ f f| = |e-@) f f(th + (1 —2)a)dt —(B—«) f FUB+(1—1a)ar 
0 0 


{a, b] [B, a] 


IA 


[b—al |f L/tb-+ 1 —)a) — fp + (1-2) 
0 


+|(—a)—(B—o)| |f fuB-+(1—Da)ar| 
0 


< elb—a|+M|(b—B)+(a—a| 
< e£+2M5 
Also 
| f st] < Mla-a| < m3 
[a, a] 
and 
| { f| < M6. 
[b, 8] 


Combining these last two inequalities with (1.2) and (1.3) gives that 


| J fl < e£+4M8. 


Since it is possible to choose 8 < « and since e is arbitrary, it follows that 
Jr = 0; thus f must be analytic. J 

Can the reflection principle be generalized? For example, instead of 
requiring that G be a region which is symmetric with respect to the real axis, 
Suppose that G is symmetric with respect to a circle. (Definition III. 3.17). 
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Can the reflection principle be formulated and proved in this setting? The 
answer is provided in the exercises below. 


Exercises 


1. Let y be a simple closed rectifiable curve with the property that there is a 
point a such that for all z on y the line segment [a, z] intersects {y} only at z; 
i.e. [a, z] A {y} = {z}. Define a point w to be inside y if [a, w] ON {ty} = O 
and let G be the collection of all points that are inside y. 

(a) Show that G is a region and G = GU {y}. 

(b) Let f: G~ — C be a continuous function such that fis analytic on G. 
Show that J, f = 0. 

(c) Show that n(y; z) = +1 if z is inside y and n(y; z) = Oifz¢eG. 


Remarks. It is not necessary to assume that y has such a point a as above; 
each part of this exercise remains true if y is only assumed to be a simple 
closed rectifiable curve. Of course, we must define what is meant by the 
inside of y. This is difficult to obtain. The fact that a simple closed curve 
divides the plane into two pieces (an inside and an outside) is the content of 
the Jordan Curve Theorem. This is a very deep result of topology. 

2. Let G be a region in the plane which does not contain zero and let G* be 
the set of all points z such that there is a point w in G where z and w are 
symmetric with respect to the circle |é| = 1. (See III. 3.17.). 

(a) Show that G* = {z: (1/Z)¢€G}. 

(b) If f: G—>C is analytic, define f*: G* > C by f*(z) = f(1/Z). Show 
that f* is analytic. 

(c) Suppose that G = G* and f is an analytic function defined on G 
such that f(z) is real for z in G with |z| = 1. Show that f = f*. 

(d) Formulate and prove a version of the Schwarz Reflection Principle 
where the circle |] = 1 replaces R. Do the same thing for an arbitrary circle. 
3. Let G, Gi, G_, Go be as in the statement of the Schwarz Reflection 
Principle and let f: G, U Gp > C,, be a continuous function such that /f is 
meromorphic on G,. Also suppose that for x in Gg f(x) €« R. Show that there 
is a meromorphic function g: G->C,, such that g(z) = f(z) for zinG+ UG. 
Is it possible to allow f to assume the value oo on Go? 


§2. Analytic Continuation Along a Path 


Let us begin this section by recalling the definition of a function. We use 
the somewhat imprecise statement that a function is a triple (f, G, Q) where 
G and Q are sets and fis a “‘rule’’ which assigns to each element of G a unique 
element of Q. Thus, for two functions to be the same not only must the rule 
be the same but the domains and the ranges must coincide. If we enlarge the 
range 2 to a set Q, then (f, G, Q,) is a different function. However, this 
point should not be emphasized here; we do wish to emphasize that a change 
in the domain results in a new function. Indeed, the purpose of analytic 
continuation is to enlarge the domain. Thus, let G = {z: Re z > —1} and 
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F(Z) = log (1 +z) for z in G, where log is the principal branch of the logarithm. 
Let D = BO; 1) and let 


co gn 
— —] n-1 7 
ge) = D (ot 
for z in D. Then (f, G, C) # (g, D, C) even though f(z) = g(z) for all z in D. 
Nevertheless, it is desirable to recognize the relationship between f and g. 
This leads, therefore, to the concept of a germ of analytic functions. 


2.1 Definition. A function element is a pair (f, G) where G is a region and 
fis an analytic function on G. For a given function element (f, G) define the 
germ of f at a to be the collection of all function elements (g, D) such that 
ae D and f(z) = g(z) for all z in a neighborhood of a. Denote the germ 
by [/].. 

Notice that [/], is a collection of function elements and it is not a function 
element itself. Also (g, D) <[f], if and only if (f, G) « [g],- (Verify!). It should 
also be emphasized that it makes no sense to talk of the equality of two 
germs [f], and [g], unless the points a and b are the same. For example, if 
(f, G) is a function element then it makes no sense to say that [/], = [/], 
for two distinct points a and b in G. 


2.2 Definition. Let y: [0, 1] > C be a path and suppose that for each ¢ in 
[0, 1] there is a function element (f,, D,) such that: 


(a) y(t)e D,; 
(b) for each ¢ in [0, 1] there is a 5 > O such that |s—z| < 6 implies 
y(s) ¢ D, and 


2.3 ARS = [Fil ¢s)- 


Then (f,, D,) is the analytic continuation of (fo, Do) along the path y; or, 
(f;, D,) is obtained from (fo, Do) by analytic continuation along y. 

Before proceeding, examine part (b) of this definition. Since y is a 
continuous function and (¢) is in the open set D,, it follows that there is a 
6 > 0 such that »(s) « D, for |s—z| < 8. The important content of part (b) 
is that (2.3) is satisfied whenever |s—t| < 8. That is, 


f(Z) = f(z), z€D, OD, 
whenever |s—z| < 5. 

Whether for a given curve and a given function element there is an 
analytic continuation along the curve can be a difficult question. Since no 
degree of generality can be achieved which justifies the effort, no existence 
theorems for analytic continuations will be proved. Each individual case 
will be considered by itself. Instead uniqueness theorems for continuations 
are proved. One such theorem is the Monodromy Theorem of the next 
section. This theorem gives a criterion by which one can tell when a con- 


tinuation along two different curves connecting the same points results in the 
same function element. 


Analytic Continuation Along a Path 217 


The next proposition fixes a curve and shows that two different con- 
tinuations along this curve of the same function element result in the same 
function element. Alternately, this result can be considered as an affirmative 
answer to the following question: Is it possible to define the concept of 
“the continuation of a germ along a curve?” 


2.4 Proposition. Let y: [0, 1]->C be a path from a to b and let {(f,, D,): 
0<t <1} and {((g,, B,: 0 < t < 1} be analytic continuations along y such 


that [fola = [Zola Then (fil, = [21].- 
Proof. This proposition will be proved by showing that the set 


T= {t€[0, 1): Alaw = [ed 2} 


is both open and closed in [0, 1]; since T is non-empty (0 € 7) it will follow 
that T = [0, 1] so that, in particular, 1 € T. 

The easiest part of the proof is to show that JT is open. So fix ¢ in T and 
assume ¢ # 0 or 1. (If ¢ = 1 the proof is complete; if t = 0 then the argu- 
ment about to be given will also show that [a, a+6] < T for some 6 > 0.) 
By the definition of analytic continuation there is a 6 > O such that for 
|ls—t| < 6, y(s)eD, 0 B, and 


‘a y(s) [fil y(s)° 
Ig sl y(s) = lg A y(s)° 


But since te 7, f,(z) = g,(z) for all z in D, O B,. Hence [fi] 5) = [24] ys) for 
all y(s) in D, 0 B,. So it follows from (2.5) that [fl,;s) = [gsl,(s) Whenever 
|s—zt| < 5. That is, (¢—6, ¢+6) © T and so T is open. 

To show that T is closed let ¢ be a limit point of 7, and again choose 
5 > 0 so that y(s) e D, A B, and (2.5) is satisfied whenever |s—z| < 6. Since 
tis a limit point of T there is a point s in T with |s—t| < 6;soG = D, NB, 
OD, B, contains y(s) and, therefore, is a non-empty open set. Thus, 
fz) = g,(z) for all z in G by the definition of 7. But, according to (2.5), 
F(z) = f(z) and gz) = g,z) for all z in G. So f(z) = gz) for all z in G 
and, because G has a limit point in D, A B,, this gives that [fj], 1) = [2¢lyc1 
That is, t¢ J and so T is closed. J 


2.6 Definition. If y: [0, 1] ~ C is a path from ato band {(f,, D):0 < t < 1} 
is an analytic continuation along y then the germ [f,], is the analytic con- 
tinuation of [fo], along y. 

The preceding proposition implies that Definition 2.6 is unambiguous. 
As stated this definition seems to depend on the choice of the continuation 
{(f,, D,)}. However, Proposition 2.4 says that if {(g,, B,)} is another con- 
tinuation along y with [fo], = [gol, then[/i], = [g,],. So in fact the definition 
does not depend on the choice of continuation. 


2.5 


2.7 Definition. If (f; G) is a function element then the complete analytic 
function obtained from (f, G) is the collection ¥ of all germs [g], for which 
there is a point a in G and a path y from a to b such that [g], is the analytic 
continuation of [/], along y. 
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A collection of germs F is called a complete analytic function if there is a 
function element (f, G) such that ¥Y is the complete analytic function ob- 
tained from (/, G). 

Notice that the point a in the definition is immaterial; any point in G 
can be chosen since G is an open connected subset of C (see II. 2.3). Also, 
if F is the complete analytic function associated with (f, G) then [/], ¢ F 
for all z in G. 

Although there is no ambiguity in the definition of a complete analytic 
function there is an incompleteness about it. Is it a function? We should 
refrain from calling an object a function unless it is indeed a function. To 
make ¥ a function one must manufacture a domain (the range will be C) 
and show that ¥ gives a “rule”. This is easy. In a sense we let ¥ be its own 
domain; more precisely, let 


A = (2, [f1.): (f1. € F }. 


Define ¥ : 2 > C by F(z, [f],) = f(z). In this way ¥ becomes an “honest” 
function. Nevertheless there is still a lingering dissatisfaction. To have a 
satisfying solution a structure will be imposed on & which will make it 
possible to discuss the concept of analyticity for functions defined on &. 
In this setting, the function ¥ defined above becomes analytic; moreover, it 
reflects the behavior of each function element belonging to a germ that is in 
F . The introduction of this structure is postponed until Section 5. 


Exercises 


1. The collection {Dp, D,,..., D,} of open disks is called a chain of disks 
ifD,,AD, #4 Oforl <j<auIf {(f;, D,): 0 <j < n} is a collection of 
function elements such that {Do, D,,..., D,} is a chain of disks and f;_ ,(z) 
= f(z) for zin Dj_, ND;, 1 <j <n; then {(f;, Dj): 0 <j < n} is called 
an analytic continuation along a chain of disks. We say that (/,, D,,) is obtained 
by an analytic continuation of (fo, Do.) along a chain of disks. 

(a) Let {(f;, D;): 0 <j < n} be an analytic continuation along a chain 
of disks and let a and b be the centers of the disks Dy and D,, respectively. 
Show that there is a path y from a to b and an analytic continuation {(g,, B,)} 


along y such that ty} < U Dj, [fola = [Sola and [fale = [gi]s- 


(b) Conversely, let {( i, D,): 0 < t < 1} be an analytic continuation 
along a path y: [0, 1] ~ C and let a = (0), b = (1). Show that there is an 
analytic continuation along a chain of disks {(g;, B;): 0 <j < n} such that 


hs U Bj, [fola = [Sola and [fi}5 = [8nlo- 


2. Let ’D, = Bi; 1) and let fo be the restriction of the principal branch of 
Jz to Do. Let y(t) = exp (Qz7it) and o(t) = exp (47it) for 0 < t < 1. 

(a) Find an analytic continuation {(f,, D,): 0 < t < 1} of (fo, Do) along 
y and show that [/;], = [—/ol,. 
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(b) Find an analytic continuation {(g,, B,):0 < t < 1} of (fo, Do) along 
o and show that [g,], = [gol]. 
3. Let f be an entire function, Dy = B(O; 1), and let y be a path from 0 to b. 
Show that if {(f;,, D,): 0 < t < 1} is a continuation of (f, Do) along y then 
f(z) = f(z) for all z in D,. (This exercise is rather easy; it is actually an 
exercise in the use of the terminology.) 
4. Let y: [0, 1] ~C be a path and let {(f,, D,): 0 < t < 1} be an analytic 
continuation along y. Show that {(/7, D,): 0 < t < 1} is also a continuation 
along y. 
5. Suppose y: [0, 1] ->C is a closed path with (0) = »(1) =a and let 
{(f,, D,): 0 < t < 1} be an analytic continuation along y such that [/,], = 
[fol, and fo # 0. What can be said about (fo, Do)? 
6. Let Dy = B(1; 1) and let fg be the restriction to Dg of the principal 
branch of the logarithm. For an integer n let (7) = exp (27int),O < t < 1. 
Find a continuation {(f,, D,): 0 < t < 1} along y of (fo, Do) and show that 
[Aili = [fo +27in];. 
7. Let y: [0, 1] ~ C be a path and let {(f,, D,): 0 < t < 1} be an analytic 
continuation along y. Suppose G is a region such that /,(D,) < G for all ¢, 
and suppose there is an analytic function h: G—>C such that h(/,(z)) = z 
for all z in Dy. Show that AC f,(z)) = z for all z in D, and for all ¢. 

Hint: Show that T = {t: AC/,(z)) = z for all z in D,} is both open and 
closed in [0, 1]. 
8. Let y: [0, 1] + C be a path with (0) = 1 and y(t) # 0 for any ¢. Suppose 
that {(f,, D,): 0 < t < 1} is an analytic continuation of f(z) = log z. Show 
that each f, is a branch of the logarithm. 


§3. Monodromy Theorem 


Let a and b be two complex numbers and suppose y and o are two paths 
from a to b. Suppose {(f,, D,)} and {(g,, B,)} are analytic continuations 
along y and o respectively, and also suppose that [fo], = [go], Does it 
follow that [/,], = [g.],? If y and o are the same path then Proposition 2.4 
gives an affirmative answer. However, if y and o are distinct then the answer 
can be no. In fact, Exercises 2.2 and 2.6 furnish examples which illustrate 
the possibility that [f,], # [g,],. Since both of these examples involve curves 
which wind around the origin, the reader might believe that a sufficient 
condition for [/f,], and [g,], to be equal can be couched in the language of 
homotopy. However, since all curves in the plane are homotopic the result 
would have to be phrased in terms of homotopy in a proper subregion of C. 
For the examples in Exercises 2.2 and 2.6, this sought after criterion must 
involve the homotopy of the curves in the punctured plane. This is indeed the 
case. The origin is discarded in the above examples because there is no 
germ [h], centered at zero which belongs to the complete analytic function 
obtained from (fo, Do). 

If (f, D) is a function element and ae D then f has a power series expan- 
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sion at z = a. The first step in proving the Monodromy Theorem is to 
investigate the behavior of the radius of convergence for an analytic continua- 
tion along a curve. 


3.1 Lemma. Let y: [0, 1] — C be a path and let {(f,, D,): 0 < t < 1} be an 
analytic continuation along y. For 0 < t < 1 let R(t) be the radius of con- 
vergence of the power series expansion of f, about z = y(t). Then either R(t) 
= 0 or R: [0, 1] ~ (, ©) is continuous. 


Proof. If R(t) = 0 for some value of ¢ then it is possible to extend f, to an 
entire function. It follows that f(z) = f,(z) for all z in D, so that R(s) = oo 
for each s in [0, 1]; that is R(s) = 00. So suppose that R(t) < oo for all t. 
Fix ¢ in [0, 1] and let + = >(2); let 


Cc 


fe) = Y afe—) 
be the power series expansion of f, about 7. Now let 5, > 0 be such that 
|s—t]| < 5, implies that y(s)¢ D, 7 B(r; R(t) and [fs = ly). Fix s 
with |s—z| < 6, and let o = (s). Now f, can be extended to an analytic 
function on B(r; R(Z)). Since f, agrees with f, on a neighborhood of oc, f, can 
be extended so that it is also analytic on B(r; R(t)) U D,. If f, has power 
series expansion 


fe) = Y, o(2-0) 


about z = o, then the radius of convergence R(s) must be at least as big as 
the distance from oc to the circle |Z—7| = R(t): that is, R(s) => d(o, {z: |z—-| 
= R(t)}) => R()—|r—o|. But this gives that R(A)—R(s) < |y(H—y(s)]. A 
similar argument gives that R(s)— R(t) < |y(t)—y(s)|; hence 


IR@)—RO] < YO-v)| 


for |s—t| < 8,. Since y: [0, 1] > C is continuous it follows that R must be 
continuous at ¢. 


3.2 Lemma. Let y: [0, 1] ~ C be a path from a to b and let {(f,, D,): 0 < t 
< 1} be an analytic continuation along y. There is a number « > O such that 
if «: [0, 1] + C is any path from a to b with |(t)—o(t)| < « for all t, and if 
{(g, B,): 0 < t < 1} is any continuation along o with [gol], = [fola; then 
(oil, = [hil 


Proof. For 0 < t < 1 let R(t) be the radius of convergence of the power 
series expansion of f, about z = y(Z). It is left to the reader to show that if 
R(t) = © then any value of « will suffice. So suppose R(t) < oo for all t. 
Since, by the preceding lemma, R is a continuous function and since R(t) > 0 
for all ¢, R has a positive minimum value. Let 


3.3 O<c«<4min{R):0<1t< 1} 


and suppose that o and {(g,, B,)} are as in the statement of this lemma. 
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Furthermore, suppose that D, is a disk of radius R(t) about y(f). The truth of 
the conclusion will not be affected by this assumption (Why?), and the 
exposition will be greatly simplified by it. 

Since |o(1)—y(t)] < « < R(t), o(f)¢ B,D, for all t. Thus, it makes 
sense to ask whether g,(z) = f,(z) for all z in B, N D,. Indeed, to complete 
the proof we must show that this is precisely the case for t = 1. Define the 
set T= {te[0, 1]: A(z) = g,(z) for z in B, A D,}; and show that le T. 
This is done by showing that T is a non-empty open and closed subset of 
[0, 1]. 

From the hypothesis of the lemma, 0 « T so that T # (J. To show T is 
open fix ¢ in T and choose 6 > O such that 


lvs)-v@] < & Plysy = Palys) 
3.4 |o(s) —o(2)| < €, [Zslocsy = [g tlacs)s and 
o(s)e B, 


whenever |s—t| < 6. We will now show that B,N B,N D,A D, 4 © for 
|s—t| < 8; in fact, we will show that o(s) is in this intersection. If |s—t| < 6 
then 

lo(s)—(s)| < € < ROS) 
so that o(s) e¢ D,. Also 


lo(s)-v(4)| < lo(s)—y(8)| + lv) -v] < 2e < RY 
by (3.3); so o(s) e D,. Since we already have that o(s) e B, A B, by (3.4), 
o(s)E BLO B, A D, OD, = G. 


Since te T it follows that f(z) = g,(z) for all z in G. Also, from (3.4) f(z) = 
Fz) and g.(z) = g,(z) for all z in G. Thus f(z) = g,(z) for z in G; but since 
G has a limit point in B, N D, it must be that s ¢ 7. That is, (¢—6, +6) < T 
and T is open. The proof that 7 is closed is similar and will be left to the 
reader. fj 


3.5 Definition. Let (f, D) be a function element and let G be a region which 
contains D; then (f, D) admits unrestricted analytic continuation in G if for 
any path y in G with initial point in D there is an analytic continuation of 
(f, D) along y. 

If D = {z: |z—1| < 1} and fis the principal branch of ./z or log z then 
(f, D) admits unrestricted continuation in the punctured plane but not in 
the whole plane (see Exercise 2.7). 

It has been stated before that an existence theorem for analytic con- 
tinuations will not be proved. In particular, if (f; D) is a function element 
and G is a region containing D, no criterion will be given which implies that 
(f, D) admits unrestricted continuation in G. The Monodromy Theorem 
assumes that G has this property and states a uniqueness criterion. 


3.6 Monodromy Theorem. Let (f, D) be a function element and let G be a 
region containing D such that (f, D) admits unrestricted continuation in G. 
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Let ae D, beG and let y> and y, be paths in G from a to b; let {(f,, D,): 
0<t< land {((g,, D,:0 < t < 1} be analytic continuations of (f, D) along 
Yo and y, respectively. If yy and y, are FEP homotopic in G then 


(fil, = [gi).- 


Proof. Since y, and y, are fixed-end-point homotopic in G there is a con- 
tinuous function I: [0, 1]x[0, 1] - G such that 


TZ0=y() Fe) =n® 
PO, u) =a Tad, u) = b 


for all ¢ and u in (0, 1]. Fix u, 0 < u < 1 and consider the path y,, defined 
by y,(t) = T(t, u), from a to b. By hypothesis there is an analytic continuation 


{(Ayu, D,):0< t < 1} 


of (f, D) along y,. It follows from Proposition 2.4 that [g,], = [/1,1], and 
[fi], = [A1, olg- So it suffices to show that 


[hi , ols = [hy als 
To do this introduce the set 


U = {we [0, 1]: [hy ul, = (Ar, ole}, 


and show that U is a non-empty open and closed subset of [0, 1]. Since 
Oe U, U # (2. To show that U is both open and closed we will establish the 
following. 


3.7 Claim. For u in [0, 1] there is a& > 0 such that if |u—v| < 6 then [h,,,], = 
[hy, ol. For a fixed wu in [0, 1] apply Lemma 3.2 to find an ¢« > O such that if 
o is any path from a to b with |y,(t)—o(2)| < ¢ for all ¢, and if {(k,, E,)} is 
any continuation of (f, D) along o, then 


3.8 (Ay sule = [kis 


Now [ is a uniformly continuous function, so there is a 6 > 0 such that 
if |u—v| < 6 then |y,(4) — y,(| = [CG w—-T v)| < ¢ for all ¢. Claim 3.7 
now follows by applying (3.8). 

Suppose ue U and let 6 > 0 be the number given by Claim 3.7. By the 
definition of U, (u—6, u+6) < U; so U is open. If we U™ and 4 is again 
chosen as in (3.7) then there is a w in U such that |u—v| < 6. But by (3.7) 
(1, ulo = (41, .),; and since veU [h,, ,], = [h1, 0], Therefore [h, ,], = 
[A;, ol, So that ue U; that is, U is closed. Jj 

The following corollary is the most important consequence of the 
Monodromy Theorem. 


3.9 Corollary. Let (f, D) be a function element which admits unrestricted 
continuation in the simply connected region G. Then there is an analytic 
function F: G->C such that F(z) = f(z) for all z in D. 


Proof. Fix ain D and let z be any point in G. If y is a path in G from a to z 
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and {(f,, D,): 0 < t < 1} is an analytic continuation of (f, D) along y then 
let F(z, vy) = f,(z). Since G is simply connected F(z, y) = F(, o) for any 
two paths y and o in G from a to z. Thus, F(z) = F(z, y) gives a well defined 
function F: G->C. To show that F is analytic let z¢G and let y and 
{(f,, D,)} be as above. A simple argument gives that F(w) = f,(w) for w ina 
neighborhood of z (Verify!); so F must be analytic. 


Exercises 


1. Prove that the set 7 defined in the proof of Lemma 3.2 is closed. 

2. Let (f, D) be a function element and let ae¢ D. If y: [0, 1] ~ C is a path 
with (0) = a and 7(1) = b and {(f,, D,): 0 < t < 1} is an analytic con- 
tinuation of (f; D) along y, let R(t) be the radius of convergence of the power 
series expansion of f, at z = y(Z). 

(a) Show that R(t) is independent of the choice of continuation. That is, 
if a second continuation {(g,, B,)} along y is given with [go], = [/], and r(z) 
is the radius of convergence of the power series expansion of g, about 
z = y(t) then r(t) = R(¢) for all t. 

(b) Suppose that D = B(1; 1), fis the restriction of the principal branch 
of the logarithm to D, and y(t) = 1+at for 0 <t< 1 and a>0. Find 
R(t). 

(c) Let (f, D) be as in part (b), let 0 < a < 1 and let »(#) = (1—-a?) 
exp (27it) for 0 < ¢ < 1. Find R(Z). 

(d) For each of the functions R(t) obtained in parts (b) and (c), find 
min {R(t): 0 < ¢t < 1} as a function of a and examine the behavior of this 
function as a—> oc or a—>0O. 

3. Let P°: [0, 1]x[0, 1] — G be a continuous function such that (0, u) = a, 
rd, u) = 6 for all wu. Let y(t) = PF, uw) and suppose that {Y4,,, Dis): 
0 < ¢ < 1} is an analytic continuation along y, such that [fo J, = [/o.l, for 
all uw and v in [0, 1]. Let R(¢, u) be the radius of convergence of the power 
series expansion of /, , about z = I(t, u). Show that either R(t, uv) = o or 
R: [0, 1] x [0, 1] — (O, 00) is a continuous function. 

4. Use Exercise 3 to give a second proof of the Monodromy Theorem. 


§4. Topological Spaces and Neighborhood Systems 


The notion of a topological space arises by abstracting one of the most 
important concepts in the theory of metric spaces—that of an open set. 
Recall that in Chapter II we were given a metric or distance function on a 
set X and this metric was used to define what is meant by an open set. Ina 
topological space we are given a collection of subsets of a set X which are 
called open sets, but there is no metric available. After axiomatizing the 
properties of open sets, it will be our purpose to recreate as much of the 
theory of metric spaces as is possible. 


4.1 Definition. A topological space is a pair (X, 7) where X is a set and 7 
is a collection of subsets of X having the following properties: 
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(a) Oe 7 andxe ZT; 
n 
(b) if U,,...,U, arein J then (\ U;e 7; 


j=l 
(c) if {U,;: ie I} is any collection of sets in 7 then |) U; is in 7. 
ie] 

The collection of sets 7 is called a topology on X, and each member of 7 
is called an open set. 

Notice that properties (a), (b), and (c) of this definition are the properties 
of open subsets of a metric space which were proved in Proposition II. 1.9. 
So if (X, d) is a metric space and 7 is the collection of all open subsets of X 
then (X, 7) is a topological space. 

When it is said that a topological space is an abstraction of a metric 
space, the reader should not get the impression that he is merely playing a 
game by discarding the metric. That is, no one should believe that there is a 
distance function in the background, but the reader is now required to prove 
theorems without resorting to it. This is quite false. There are topological 
spaces (X, 7) such that for no metric d on X is 7 the collection of open 
sets obtained via d. We will see such an example shortly, but it is first neces- 
sary to further explore this concept of a topology. 

The statement “Let X be a topological space” is, of course, meaningless; 
a topological space consists of a topology 7 as well as a set X¥. However, 
this phase will be used when there is no possibility of confusion. 


4.2 Definition. A subset F of a topological space X is closed if X—F is open. 
A point ain X is a limit point of a set A if for every open set U which contains 
a there is a point x in AM U such that x # a. 

Many of the proofs of propositions in this section follow along the same 
lines as corresponding propositions in Chapter IJ. When this is the case the 
proof will be left to the reader. Such is the case with the following two 
propositions. 


4.3 Proposition. Let (X, 7) be a topological space. Then: 


(a) [J and X are closed sets; 

(b) if F,,..., F, are closed sets then F, U...UF, is closed; 

(c) if {F,: ie I} is a collection of closed sets then (\ F; is a closed set. 

iel 

4.4 Proposition. A subset of a topological space is closed iff it contains all its 
limit points. 

Now for an example of a topological space which is not a metric space. 
Let X¥ = [0, 1] = {t: 0 < t < 1} and let J consist of all sets U such that: 


(i) if Oe U then X—U is either empty or a sequence of points in X; 
(ii) if O ¢ U then U can be any set. 


It is left to the reader to prove that (X, 7) is a topological space. Some 
of the examples of open sets in this topology are: the set of all irrational 
numbers in X; the set of all irrational numbers together with zero. To see 
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that no metric can give the collection of open sets 7, suppose that there is 
such a metric and obtain a contradiction. Suppose that dis a metric on X 
such that Ue 7 iff for each x in U there is an e > 0 such that B(x; «) = 
{y: d(x, y) < «} © U. Nowlet A = (0, 1); if Ue JZ and O« U then there isa 
point ain UO A, a ¥ 0 (in fact there is an infinity of such points). Hence, 
0 is a limit point of A. It follows that there is a sequence {t,} in A such that 
d(t,, 0) > 0. But if U = {xe X: x #1, for any n} = X— {t,, t,,...} then 
Qe U and U ts open. So it must follow that ¢, ¢ U for n sufficiently large; 
this is an obvious contradiction. Hence, no metric can be found. 

This example illustrates a technique that, although available for metric 
spaces, is of little use for general topological spaces: the convergence of 
sequences. It is possible to define “‘convergent sequence” in a topological 
space (Do it!), but this concept is not as intimately connected with the 
structure of a topological space as it is with a metric space. For example, it 
was shown above that a point can be a limit point of a set A but there is no 
sequence in A which converges to it. 

If a topological space (X, 7) is such that a metric d on X can be found 
with the property that a set is in 7 iff it is open in (X, d), then (CX, 7) is 
said to be metrisable. There are many non-metrisable spaces. In addition to 
inventing non-metrisable topologies as was done above, it is possible to 
define processes for obtaining new topological spaces from old ones which 
will put metrisable spaces together to obtain non-metrisable ones. For 
example, the arbitrary cartesian product of topological spaces can be defined ; 
in this case the product space is not metrisable unless there are only a count- 
able number of coordinates and each coordinate space is itself metrisable. 
(See VII. 1.18.) 

Another example may be obtained as follows. Consider the unit interval 
I = [0, 1]. Stick one copy of J onto another and we have a topological space 
which still “looks like’ I. For example, [1, 2] is a copy of J and if we stick 
it onto J we obtain [0, 2]. In fact, if we “‘stick”’ a finite number of closed 
intervals together another closed interval is obtained. What happens if a 
countable number of closed intervals are stuck together? The answer is that 
we obtain the infinite interval [0, 00). (If the intervals are stuck together on 
both sides then R is obtained.) What happens if we put together an uncount- 
able number of copies of J? The resulting space is called the long line. Locally 
(i.e., near each point) it looks like the real line. However, the long line is not 
metrisable. As a general rule of thumb, it may be said that if a process is used 
to obtain new spaces from old ones, a non-metrisable space will result if 
the process is used an uncountable number of times. 

For another example of a space which is non-metrisable let X be a set 
consisting of three points—say X = {a, b, c}. Let 7 = {L, X, {a}, {b}, 
{a, b} }; it is easy to check that 7 is a topology for XY. To see that (X, 7) 
is not metrisable notice that the only open set containing c is the set X itself. 
There do not exist disjoint open sets U and V such that ae U and ce V. 
On the other hand if there was a metric d on X such that 7 is the collection 
of open sets relative to this metric then it would be possible to find such 
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open sets (e.g., let U = B(a; «) and V = B(c; «) where ec < d(a, c)). In other 
words, (X, J ) fails to be metrisable because Y does not have enough open 
sets to separate points. (Does the first example of a non-metrisable space also 
fail because of this deficiency?) The next definition hypothesizes enough open 
sets to eliminate this difficulty. 


4.5 Definition. A topological space (X, 7) is said to be a Hausdorff space 
if for any two distinct points a and b in X there are disjoint open sets U and 
V such that ae U and De V. 

Every metric space is a Hausdorff space. As we have already seen there 
are examples of topological spaces which are not Hausdorff spaces. Many 
authors include in the definition of a topological space the property of a 
Hausdorff space. This policy is easily defended since most of the examples of 
topological spaces which one encounters are, indeed, Hausdorff spaces. 
However there are also some fairly good arguments against this combining 
of concepts. The first argument is that mathematical pedagogy dictates 
that ideas should be separated so that they may be more fully understood. 
The second, and perhaps more substantial reason for not assuming all spaces 
to be Hausdorff, is that more examples of non-Hausdorff spaces are arising 
in a natural context. Even though there will be no non-Hausdorff space 
which will appear in this book, this separation of the two concepts will be 
maintained for a while longer. 

The next step in this development is the definition, in the setting of 
topological spaces, of certain concepts encountered in the theory of metric 
spaces and the stating of analogous propositions. 


4.6 Definition. A topological space (X, 7) is connected if the only non- 
empty subset of X which is both open and closed is the set X itself. 


4.7 Proposition. Let (X, 7) be a topological space; then X = \)} {C;: ie I} 
where each C;, is a component of X (a maximal connected subset of X). Further- 
more, distinct components of X are disjoint and each component is closed. 


4.8 Definition. Let (XY, 7) and (Q, /) be topological spaces. A function 
f: X QQ is continuous if f~'(A)¢ FZ whenever Ac S. 


4.9 Proposition. Let (X, 7 ) and (Q, S) be topological spaces and let f: X > Q 
be a function. Then the following are equivalent: 


(a) fis continuous; 

(b) if A is a closed subset of Q then f ~'(A) is a closed subset of X; 

(c) ifaeX and if f(a)e Ac F then there isa set Uin J such thataeU 
and f(U) < A. 


4.10 Proposition. Let (X, 7) and (Q, S) be topological spaces and suppose 
that X is connected. If f: X — Q is a continuous function such that f(X) = Q, 
then Q is connected. 


4.11 Definition. A set K < X is compact if for every sub-collection 0 of 7 


Topological Spaces and Neighborhood Systems 227 
such that K < |) {U: Ue O} there are a finite number of sets U;,..., U, 


in © such that K < |) U,. 
k=1 


4.12 Proposition. Let (X, 7) and (Q, S) be topological spaces and suppose 
K is a compact subset of X. If f: X —> Q is a continuous function then f(K) is 
compact in Q. 

If (X, d) is a metric space and Y < X then (Y, d) is also a metric space. 
Is there a way of making a subset of a topological space into a topological 
space? We could, of course, declare every subset of Y to be open and this 
would make Y into a topological space. But what is desired is a topology on 
Y which has some relationship to the topology on X; a natural topology ona 
subset of a topological space. 

If (X, 7) is a topological space and Y < X then define 


Ty ={UNY:UETF}. 
It is easy to check that 7 y is a topology on Y. 


4.13 Definition. If Y is a subset of a topological space (XY, 7) then 7y is 
called the relative topology on Y. A subset W of Y is relatively open in Y 
if We Zy,; W is relatively closed in Y if Y-We Ty. 

Whenever we speak of a subset of a topological space as a topological 
space it will be assumed that it has the relative topology unless the contrary 
is explicitly stated. 


4.14 Proposition. Let (X, 7 ) be a topological space and let Y be a subset of X. 


(a) If X is compact and Y is a closed subset of X then (Y, J y) is compact. 
(b) Y is a compact subset of X iff (Y, JF y) is a compact topological space. 
(c) If (X, 7) is a Hausdorff space then (Y, J y) is a Hausdorff space. 


(d) If(X, JZ) is a Hausdorff space and(Y, J y) is compact then Y is a closed 
subset of X. 


Proof. The proofs of (a), (b), and (c) are left as exercises. To prove part (d) 
it suffices to show that for each point a in X— Y there is an open set U such 
that ae Uand UN Y = (1. So fix a point a in X— Y; for each point y in Y 
there are open sets U, and V, in X such that ae U,, ye V,, and U, NV, = 
L] (because (X, 2 J ) is a Hausdorff space). Then {V, A Y: y € Y} is a collec- 
tion of sets in Z y which covers Y. So there are points y,,..., y, in Y such 


that Yo (V,, One UY, = V. Since ae U,, for each i, ae U = 0 
U,,3 also Ue T. It is easily verified that UN V = UWay,) = 0 s0 


that UN Y=. 
The proof of this proposition yields a stronger result. 


4.15 Corollary. Let (X, 7) be a Hausdorff space and let Y be a compact 
subset of X; then for each point a in X—Y there are open sets U and V in X 
such thatae U, Y < V. andUQNV = (i. 


If we return to the consideration of metric spaces we can discover a new 
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way to define a topology. The sequence of steps by which open sets are 
obtained in a metric space are as follows: the metric is given, then open balls 
are defined, then open sets are defined as those sets which contain a ball 
about each of their points. What we wish to mimic now is the introduction 
of balls; this is done by defining a neighborhood system on a set. 


4.16 Definition. Let X be a set and suppose that for each point x in X there 
is a collection V,. of subsets of X having the following properties: 


(a) for each U in V,, xe U; 

(b) if U and Ve, there is a W in VY, such that VW - UN JV; 

(c) if Ve WY, and Ve, then for each z in UN V there isa Win WV, 
such that W- UNV. 


Then the collection {V,: x ¢ X} is called a neighborhood system on X. 

If (X, d) is a metric space and if x e X then VY, = {B(x; «): « > 0} gives 
a collection {WV,,: x « X} which is a neighborhood system. In fact, this was 
the prototype of the above definitions. 

Notice that condition (c) relates the neighborhood systems of different 
points. If only conditions (a) and (b) were satisfied, it would not follow that 
these neighborhoods would be open sets in the topology to be defined. For 
example, if X is a metric space and -Y,, is the collection of closed balls about 
x then {W,: x ¢ X} satisfies conditions (a) and (b) but not (c). Moreover, it 
is easy to verify that by letting x = y = z condition (b) can be deduced from 
(c) (Verify !). 

The next proposition relates neighborhood systems and topological 
spaces. 


4.17 Proposition. (a) If (X, 7) is a topological space and NV, = {Ue TZ 
x € U} then {N,,: x € X} is a neighborhood system on X. 

(b) If {M,: x eX} is a neighborhood system ona set X then let FT ={U: 
x in U implies there is a V in VY, such that V < U}. Then J is a topology on 
X and N,.< JF for each x. 

(c) If (X, J) is a topological space and {N,: x ¢ X} is defined as in part 
(a), then the topology obtained as in part (b) is again 7. 

(d) If {W.: x eX} is a given neighborhood system and J is the topology 
defined in part (b), then the neighborhood system obtained from JZ contains 
{NV\..x€X}. That is, if V is one of the neighborhoods of x obtained from ZF 
then there is a U in V,, such that U © V. 


Proof. The proof of parts (a), (c), and (d) are left to the reader. To prove part 
(b), first observe that both X and [J are in J(LJe€Z since the conditions 


are vacuously satisfied). Let U,,...,U,¢Z and put U = a U, If xeU 
then for each j there is a V,; in. such that V, < Uj. It follows by induction 
on part (b) of Definition 4.16 that there isa V in-V, such that V < ia V ;. 


=! 
Thus V < U and U must belong to 7. Since the union of a collection of 
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sets in J is clearly in 7, J is a topology. Finally, fix x in and let Ve WY, 
If ye U it follows from part (c) of Definition 4.16 that there is a V in V, 
such that V < U. Thus Ue 7. 


4.18 Definition. If {W.: x ¢ X} is a neighborhood system on X and 7 is the 
topology defined in part (b) of Proposition 4.17, then 7 is called the topology 
induced by the neighborhood system. 


4.19 Corollary. If {V,: x ¢ X} is a neighborhood system on X and J is the 
induced topology then (X, 7) is a Hausdorff space iff for any two distinct 
points x and y in X there is a set Uin NV, anda set V in NV, such that 
UnvV=U[. 


Exercises 


1. Prove the propositions which were stated in this section without proof. 
2. Let (X, 7) and (Q, /) be topological spaces and let Y < X. Show that 
if f: X — Q is a continuous function then the restriction of fto Y is a con- 
tinuous function of (Y, Z y) into (Q, Sf). 
3. Let X and © be sets and let {%,: xe X} and {£Z,: weQ} be neigh- 
borhood systems and let ZY and ¥ be the induced topologies on X and 2 
respectively. 

(a) Show that a function f: X > Q is continuous iff when x ¢X and 
w = f(x), for each A in Z@,, there is a U in -VY, such that f(U) < A. 

(b) Let ¥ = Q = Cand let VY, = 4, = {B(z;¢): « > 0} for each z in C. 
Interpret part (a) of this exercise for this particular situation. 
4. Adopt the notation of Exercise 3. Show that a function f: X — © is open 
iff for each x in X and U in-YV,, there is a set A in 7@,, (where w = f(x)) such 
that A < f(U). 
5. Adopt the notation of Exercise 3. Let Y < X and define VY, = {YN U: 
UeWN,} for each y in Y. Show that {W,: ye¢ Y} is a neighborhood system 
for Y and the topology it induces on Y is 7 y. 
6. Adopt the notation of Exercise 3. For each point (x, w) in Xx. let 


U (00) = {Ux A: Ue, Ace} 


(a) Show that {Y%,4): (x, w)¢XxQ} is a neighborhood system on 
XxQ. and let F be the induced topology on Xx Q. 

(b) If Ve J and Ac Y, call the set Ux A an open rectangle. Prove that 
a set is in F iff it is the union of open rectangles. 

(c) Define p,: XXxQ—>X and p,: XxQ—Q by p,(%, w) = x and 
p(x, w) = w. Show that p, and p, are open continuous maps. Furthermore 
if (Z, Z) is a topological space show that a function f: (Z, Z) > (XxQ, FY) 
is continuous iff p, of: Z— X and p,°f: Z —> © are continuous. 


§5. The Sheaf of Germs of Analytic Functions on an Open Set 


This section introduces a topological space which plays a vital role in 
complex analysis. In addition to the topological structure, an analytical 
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structure is also imposed on this space (in the next section). This will furnish 
the setting in which to study the complete analytic function as an analytic 
function. 

If (f, D) is a function element, recall that the germ of (f, D) at a point 
z = ain D is the collection of all function elements (g, B) such that ae B 
and 9(z) = f(z) for all z in BO D. This germ is denoted by [/],. 


5.1 Definition. For an open set G in C let 
S(G) = {(z, [f],): z€G, fis analytic at z}. 


Define a map p: “(G) > C by p(z, [f],) = z. Then the pair (/(G), p) is 
called the sheaf of germs of analytic functions on G. The map p is called the 
projection map; and for each z in G, p~'(z) = p- ‘({z}) is called the stalk or 
fiber over z. The set G is called the base space of the sheaf. 

Notice that for a point (z, [f],) to be in A(G), it is not necessary that f be 
defined on all of G; it is only required that f be analytic in a neighborhood 
of z. 

How do we picture this sheaf? (There are, of course, too many dimensions 
to form an accurate geometrical picture.) One way is to follow the agri- 
cultural terminology used in the definition. On top of each stalk there is a 
collection of germs; the stalks are tied together into a sheaf. A better feeling for 
S(G) can be obtained by examining the notation for points in “(G). When we 
consider a point (z, [/],) in-/(G), think of a function element (f, D)in the germ 
[f], instead of the germ itself. For every point w in D there is a point (w, [/],,) 
in S(G). Thus about (z, [/],) there is a sheet or surface {(w; [/],): we D}. 
In fact, S(G) is entirely made up of such sheets and they overlap in various 
ways. Alternately, we can think of A(G) as the union of graphs; each point 
(z, [f],) in S(G) corresponding to the point (z, f(z)) on the graph of (f, D). 
(The graph of (f, D) is a subset of C? or R*.) Two function elements are 
equivalent at a point z if their graphs coincide near z. 

A topology will be defined on S(G) by defining a neighborhood system. 
For an open set D contained in G and a function f: D > C analytic on D 
define 


5.2 NC, D) = {(z, Uf1,): z € D}. 


That is, N(f, D) is defined for each function element (/, D). If we think of 
S(G) as a collection of sheets lying above G which are indexed by the germs, 
then N(f, D) is the part of that sheet indexed by f and which lies above D. 


5.3 Theorem. For each point (a, [f],) in S(G) let 


MN ast fla) = {N(g, B): aeB and [zg], = [fa}- 


then {N arpa: (@ Le) €-S(G)} is a neighborhood system on S(G) and the 
induced topology is Hausdorff. Furthermore. the induced topology makes the 
map p: S(G) — G continuous. 


Proof. Fix (a, [f],) in S(G); since it is clear that condition (a) of Definition 
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4.16 holds, it remains to verify that condition (c) holds. (Condition (b) is a 
consequence of (c).) Let N(g,, B,) and N(g2, Bz) €%M (a py),) and let 


5.4 (, [h],) « N(g1, By) O N(82, Bo). 


It is necessary to find a function element (k, W) such that N(k, W) eV (5 tn3,) 
and N(k, W) < N(g,, B,) O N(g2, B2). It follows from (5.4) that be B, A B, 
and [A], = [g,], = [g2l,. If be W — B, OB, and & is defined on W then 
N(h, W) cS N(g1, B,) ™ N(g2, B3). 

To show that the induced topology is Hausdorff, use Corollary 4.19. So 
let (a, [f],) and (8, [g],) be distinct points of “(G). We must find a neighbor- 
hood N(f, A) of (a, [f],) and a neighborhood N(g, B) of (6, [g],) such that 
N(f, A) 0 N(g, B) = OO. How can it happen that (a, [/],) + (6, [g],)? There 
are two possibilities. Either a 4 b or a = b and [f], # [g],. If a # 5 then 
let A and B be disjoint disks about a and b respectively; it follows immediately 
that N(f, A) ON N(g, B) = O. If a = 5 but [f], ¥ [g],, we must work a little 
harder (but not much). Since [/], # [g], there is a disk D = B(a; r) such that 
both f and g are defined on D and f(z) # g(z) for 0 < |z—al| < r. (It may 
happen that f(a) = g(a) but this is inconsequential.) 


Claim. N(f, D) 0 N(g, D) = CO. 
In fact, if (z, [A]).)¢ N(f D) A N(g, D) then ze D, [h], = [f],, and [A], = 
[g],. It follows that fand g agree on a neighborhood of z, and this is a contra- 
diction. Hence the induced topology is Hausdorff. 

Let U be an open subset of G; begin the proof that p: S(G) > G is 
continuous by calculating p~1(U). Since p(z, [/],) = z;, 


p-'(U) = {(z, [f],): z € U}. 


So if (z, [f],) « p-‘(U) and D is a disk about z on which fis defined and such 
that D< U, N(f, D)< p™'(U). It follows that p must be continuous 
(Exercise 4.3). 

Consider what was done when we showed that the induced topology was 
Hausdorff. If a # b then (a, [f],) and (6, [g],) were on different stalks 
p ‘(a) and p~‘4(b); so these distinct stalks were separated. In fact, if ae A, 
be Band AN B= [then p-1(A) AN p-1(B) = LF. If a = b then (a, [/],) 
and (a, [g],) lie on the same stalk p~‘(a). Since [f], + [g], we were able to 
divide the stalk. That is, one germ was “higher up” on the stalk than the 
other. 

In the remainder of this section some of the properties of Y(G) as a 
topological space are investigated. In particular, it will be of interest to 
characterize the components of Y(G). However, we must first digress to 
study some additional topological concepts. 


5.5 Definition. Let (XY, 7) be a topological space. If x9 and x, ¢ X then an 
arc (or path) in X from x, to x, is a continuous function y: [0, 1] > X such 
that y(0) = x, and (1) = x,. The point xg is called the initial point of y and 
x, is called the final point or terminal point. The trace of y is the set {y} = 
{y(t):0 <¢t < 1}. 
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A subset A of X is said to be arcwise or pathwise connected if for any two 
points x9 and x, in A there is a path from x, to x, whose trace lies in A. The 
topological space (X, 7) is called locally arcwise or pathwise connected if 
for each point x in X and each open set U which contains x there is an open 
arcwise connected set V such that xe Vand VC U. 

For each x in X let W,, be the collection of all open arcwise connected 
subsets of X which contain x. Then X is locally arcwise connected iff 
{W..: x ¢X} is a neighborhood system which induces the original topology 
on X. (Verify!) 

The proof of the following proposition is left to the reader. 


5.6 Proposition. Let (X, 7) be a topological space. 


(a) If A is an arcwise connected subset of X then A is connected. 
(b) If X is locally arcwise connected then each component of X is an open 
Set. 


The converse to part (a) of the preceding proposition is not true. For 
example let 


I 
x= fesisin: t> obU fst -Il<s<l}. 


Since X is the closure of a connected set it is itself connected. However, 
there is no arc from the point 1/7 to i which lies in X. X is also an example of 
a topological space which is connected but not locally arcwise connected. 
Suppose X is connected and locally arcwise connected; does it follow 
that X is arcwise connected? The answer is yes. In fact, this is an abstract 
version of a theorem which was proved about open connected subsets of the 
plane. Since disks in the plane are connected, it follows that open subsets of 
C are locally arcwise connected. Recall that in Theorem II. 2.3 it was proved 
that for an open connected subset G of the plane, any two points in G can 
be joined by a polygon which lies in G. Hence, a partial generalization of this 
(the concept of a polygon in an abstract metric space is meaningless) is the 
following proposition whose proof is virtually identical to the proof of II. 2.3. 


5.7 Proposition. Jf X is locally arcwise connected then an open connected 
subset of X is arcwise connected. 

We now return to the sheaf of germs of analytic functions on an open 
set G. 


5.8 Proposition. Let G be an open subset of the plane and let U be an open 
connected subset of G such that there is an analytic function f defined on U. 
Then N(f, U) is arcwise connected in S(G). 


Proof. Let (a, [f],) and (6, [f],) be two generic points in N(f, U); then 
a, be U. Since U is a region there is a path y: [0, 1] ~ U from a to b. Define 
o: [0, 1] > NC, U) by 


o(t) = O); Fly) 
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Clearly o(0) = (a, [f],) and o(1) = (6, [/],); if it can be shown that o is 
continuous then o is the desired arc. 

Fix ¢ in [0, 1] and let N(g, V) be a neighborhood of o(#). Then y(t) « V 
and [f], 1) = [g],q). So there is a number r > 0 such that BO(t);r) < UNV 
and f(z) = g(z) for |z—y(t)| < r. Also, since y is continuous there is a 
5 > 0 such that [y(s)—y(t)| < r whenever |s—t| < 6. Combining these last 
two facts gives that 

(t—5, t+8) < o 1(N(g, V)). 


It follows from Exercise 4.3 that o is continuous. 


5.9 Corollary. S(G) is locally arcwise connected and the components of Y(G) 
are open arcwise connected sets. 


Proof. The first part of this corollary is a direct consequence of the preceding 
proposition. The second half follows from Proposition 5.6(b) and Pro- 
position 5.7. 

In light of this last corollary, it is possible to gain insight into the nature 
of the components of Y(G) by studying the curves in Y(G). 


5.10 Theorem. There is a path in S(G) from (a, [f],) to (6, [g],) iff there is a 
path y in G from a to b such that [g], is the analytic continuation of [f], along y. 


Proof. Suppose that o: [0, 1] — SY(G) is a path with o(0) = (a, [f],), ol) = 
(b, [g],). Then y = poo is a path in G from a to b. Since o(t)—¢ S(G) for 
each ¢, there is a germ [f,],,,) such that 


o(t) = (y(2), ilycs)- 


We claim that {[f_J,;: 0 < ¢ < 1} is the required continuation of [f], 
along y. Since [f], = [fo], and [g], = [/,],, it is only necessary to show that 
{Lf} is a continuation. For each ¢ let D, be a disk about z = y(t) such 
that D, < G and f, is defined on D,. Fix tin [0, 1]; since N(/,, D,) is a neigh- 
borhood of o(t) and o is continuous, there is a 5 > O such that 


(t—8, t+5) < o *(N(f, D,). 


That is, if |s—z| < 6 then ()(s), [A],s)) = o(s) ¢ NCU, D,). But, by definition, 
this gives that y(s) ¢ D, and [fil,5) = [fth.s); and this is precisely the con- 
dition needed to insure that {(/,, D,): 0 < t < 1} is a continuation along y 
(Definition 2.2). 

Now suppose that y is a curve in G from a to band {[fjJ,y:0 < ¢ < 1} 
is a continuation along y such that [fo], = [/], and [/,], = [g],. Define o: 
[0, 1] > S(G) by o(t) = GO), [Al,y); it is claimed that o is a path from 
(a, [f],) to (6, [g],). Since the initial and final points of o are the correct ones 
it is only necessary to show that o is continuous. Because the details of this 
argument consist in retracing the steps of the first half of this proof, their 
execution is left to the reader. JJ 


5.11 Theorem. Let @ < Y(G) and let (a, [f],) « @; then © is a component of 
S(G) iff 
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© = {(b, [g],): [g], is the continuation of [f], along some curve in G}. 


Proof. Suppose @ is a component of Y(G); by Corollary 5.9 @ is an open 
arcwise connected subset of Y(G). So by the preceding theorem, for each 
point (5, [g],) in @, [g], is the continuation of [/], along some curve in G. 
Conversely, if [g], is the continuation of [f], along some curve in G then 
(b, [g],) belongs to the component of Y(G) which contains (a, [f],); that 
is, (b, [g],) E 6. 

Now suppose that @ consists of all points (6, [g],) such that [g], is a 
continuation of [f],. Then @ is arcwise connected and hence is connected. 
If @, is the component of S(G) containing @ then by the first half of this 
proof it follows that ¢ = @,. Hi 

Notice that the point (a, [f],) in the statement of the preceding theorem 
has a transitory role; any point in the component will do. 

Fix a function element (f, D) and recall that the complete analytic 
function ¥ associated with (f, D) is the collection of all germs [g], which 
are analytic continuations of [/], for any a in D (see Definition 2.7). Let 


5.12 G = {z: there is a germ [g], in F }; 


it follows that G is open. In fact, if z e G then there is a germ [g], in F anda 
disk B about z on which g is defined. Clearly B < G so that G is open. 
It follows from Theorem 5.11 that 


3.13 R = {(z, [g].): [gl]. eF } 
is acomponent of S(C) and that p(#) = G. (It is also true that # < S(G).) 


5.14 Definition. Let FA be a complete analytic function. If & is the set 
defined in (5.13) and p is the projection map of the sheaf “(C) then the 
pair (#, p) is called the Riemann Surface of #. The open set G defined in 
(5.12) is called the base space of F. 


5.15 Theorem. Let ¥* be a complete analytic function with base space G and 
let (2, p) be its Riemann Surface. Then p: & —> G is an open continuous map. 
Also, if (a, [f],) is a point in & then there is a neighborhood N(f, D) of (a, [f |,) 
such that p maps N(f, D) homeomorphically onto an open disk in the plane. 


Proof. Consider # as a component of S(C). Since p: /(C) > C is con- 
tinuous it follows that p: & — G is continuous. To show that p is open it is 
sufficient to show that p(N(/, U)) is open for each (f, U) (Exercise 4.4). But 
p(N(f, U)) = U which is open. 

If (a, [f],)<¢Z let D be an open disk such that (f, D)e[f],. Then p: 
N(f, D) — Dis an open, continuous, onto map. To show that p is a homeo- 
morphism it only remains to show that p is one-one on N(f, D). But if 
(6, [f],) and (c, [f].) are distinct points of N(f, D) then b # c which gives: 
that p is one-one. 


Remarks. In its standard usage the Riemann surface of a complete analytic 
function consists not only of what is here called a Riemann Surface but also 
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some extra points—the branch points. These branch points correspond to 
singularities and permit a deeper analysis of the complete analytic function. 


Exercises 


1. Define F: S(C) > C by F(z, [f],) = f() and show that F is continuous. 
2. Let F be the complete analytic function obtained from the principal 
branch of the logarithm and let G = C— {0}. If D is an open subset of G 
and f: D — C is a branch of the logarithm show that [/], « F for all ain D. 
Conversely, if (f, D) is a function element such that [f], ¢ ¥ for some a in 
D, show that f: D — C is a branch of the logarithm. (Hint: Use Exercise 2.8.) 
3. Let G = C— {0}, let F be the complete analytic function obtained from 
the principal branch of the logarithm, and let (#, p) be the Riemann surface 
of F (so that G is the base of #). Show that Z is homeomorphic to the graph 
[= {(z, e?): z¢ G} considered as a subset of Cx C. (Use the map h: 2 > T 
defined by A(z, [f].) = (/(@2), Zz) and use Exercise 2.) State and prove an 
analogous result for branches of z‘/". 

4. Consider the sheaf S(C), let B = {z: |z—1| < 1}, let @ be the principal 
branch of the logarithm defined on B, and let 7,(z) = ¢(z)+2zi for all z in B. 
(a) Let D = {z: |z| < 1} and show that (4, [¢],) and G, [@,],) belong to the 
same component of p ‘'(D). (b) Find two disjoint open subsets of SA(C) 
each of which contains one of the points (4, [¢],) and G, [4,],). 


§6. Analytic Manifolds 


In this section a structure will be defined on a topological space which, 
when it exists, enables us to define an analytic function on the space. Before 
making the necessary definitions it is instructive to consider a previously 
encountered example of such a structure. The extended plane C,, can be 
endowed with an analytic structure in a neighborhood of each of its points. 
IfaeC,, anda # o then a finite neighborhood U of a is an open subset of 
the plane. If p: UC is the identity map, ¢(z) = z, then » gives a “‘co- 
ordinatization” of the neighborhood U. (Do not become confused over the 
preceding triviality. The introduction of the identity function » seems an 
unnecessary nuisance. After all, U is an open subset of C so we know what it 
means to have a function analytic on U. Why bring up ¢~? The answer is that 
for the general definition it is necessary to consider pairs such as (U, ¢); 
trivialities appear here because this is a trivial example.) If a = oo then let 
U,, = {z: |z| > 1} U {co} and define ¢,,: U,, >C by ¢,,(z) =z * for 
z # ©, p,(0) = 0. So g,, is a homeomorphism of U,, onto the open disk 
BO; 1). Hence to each point ain C,, a pair (U,, y,) is attached such that U, 
is a neighborhood of a and 9, is a homeomorphism of U, onto an open sub- 
set of the plane. What happens if two of the sets U, and U, intersect? Suppose 
for example that a 4 o and U,NU, # (. Let G,, = BO; 1) = »,,(U.,) 
and let G, = 9,(U,) (=U,). Then »;'(z) = z7! for all z in G,; thus 
Pa° Py (Z) =z? for all z in p,(U,, O U,). Since 00 ¢ U,, 0 ¢ 9,.(U.. 0 U,) 
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so that g,°9.,' is analytic on its domain. Similarly, if both a and b are 
finite then y, ° gy; * is analytic on its domain. This is the crucial property. 


6.1 Definition. Let X be a topological space; a coordinate patch on X is a 
pair (U, ~) where U is an open subset of X and ¢ is a homeomorphism of U 
onto an open subset of the plane. If a ¢ U then the coordinate patch (U, ¢) 
is said to contain a. 


6.2 Definition. An analytic manifold is a pair (X, ®) where X is a connected 
topological space and © is a collection of coordinate patches on X such that: 
(i) each point of X is contained in at least one member of ®, and (ii) if 
(U,, Pa)» (Uy, 9p) € ® with U, A U, # C1 then g, o 9; * is an analytic function 
of 9,(U, A U,) onto ¢,(U, A U,). The set ® of coordinate patches is called 
an analytic structure on X. 

An analytic manifold is also called an analytic surface. 

Note immediately that y,°g,* is one-one since both , and 9, are. 
Henceforward, for the sake of brevity, care will not be taken in mentioning 
the appropriate domain of a function such as 9, ° g; '. 

Next, it must be emphasized that the definition of an analytic manifold 
is tied to its analytic structure. It is possible to give the open disk two in- 
compatible analytic structures (one of them the natural one). This is also the 
case with the torus which can be made into an analytic manifold in an un- 
countable number of incompatible ways. (Exercise 4.) But this investigation 
must be postponed until we have the notion of an isomorphism between 
analytic surfaces. 

With the collection of coordinate patches introduced prior to Definition 
6.1, C,, becomes an analytic manifold. However, a closed disk is not a mani- 
fold since the points on the boundary cannot be surrounded by a coordinate 
patch. Similarly, the union of two intersecting planes in R? is not an analytic 
manifold. 

A number of examples of analytic surfaces will be available after sub- 
stantiating the following observations which are gathered into a proposition. 


6.3 Proposition. (a) An analytic surface is a Hausdorff space. (b) Suppose 
(X, ®) is an analytic surface and V is an open connected subset of X. If 


O, = (UNV, g): (U, y) «®} 


then (V, ®,) is an analytic surface. (c) If (X, ®) is an analytic surface and Q 
is a topological space such that there is a homeomorphism h of X onto , then 
with 

¥ = (MU), poh7*): (U, —) 9}, 


(Q, ‘’) is an analytic surface. 


Proof. (a) Let a and 6 be distinct points in X and let (U,, »,) and (U;, ¢,) be 
coordinate patches containing a and 5 respectively. Since »,(U,) is an open 
subset of C there is a ball B, about »,(a) such that B; < 9,(U,). Similarly 
there is a ball B, about ¢,(b) such that BF < »,(U,). Thus F = 97 *(B7) 0 
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gp, '(B; ) is a closed (though possibly empty) subset of U, A U,. Suppose that 
neither a nor b is in F. Then 9,(a) ¢y,(F) and so there is an open set G, 
such that 9,(a)¢G,, G,9,(F) = 0, and G, < B,. Similarly there is an 
open set G, such that 9,(b)e€G,, G,O9,(F) = OL, and G, < B,. Let 
W, = 97, '(G,) and W, = 9; \(G,); then ae W,, be W,, and W,0W, = 0 
(Verify!). The proof of the case where it is not assumed that neither a nor b is 
in F is left to the reader. 

(b) This is a triviality. 

(c) It is clear that Q is connected, that V is a collection of coordinate 
patches for Q, and that each point of Q is contained in at least one member 
of Y. So let (U, y) and (V, ») ¢® such that h(U) NA(V) # C). But then 
UNV since K(U) NAV) =AUNV). So, (poh™)o(uch™*) = 
(poh~')o(hop') =qoyp' which is analytic by the condition on ®. Thus 
(Q2, Y) is an analytic manifold. Jj 

In virtue of part (b) of the preceding proposition the following assumption 
is made on all analytic structures ® which will be discussed: 


If (U, v) € ® and V is an open subset of U then (V, ») €®. 


Of course, when an analytic structure is defined one does not bother to give all 
the coordinate patches, but only those which generate ® in the above manner. 

Proposition 6.3 also implies that any space which is homeomorphic to a 
region itt the plane is an analytic surface. Hence a piece of paper with a 
crease in it is an analytic surface. Is this a shock to you? If the reader has 
ever seen an introduction to differentiable manifolds, he may be surprised 
at this. 

If X is a subset of R* then X is a differentiable 2-manifold if each point 
in X is contained in a coordinate patch (U, ¢) such that p~': p(U) > U < R? 
has coordinate functions with continuous partial derivatives. That is, let 
G = g(U) and »*(s, t) = (&(s, 1), n(s, 2), C(s, 1) for all (s, 4) in G. It is 
required that €, 7, and ¢ be functions from G into R with continuous partial 
derivatives. A folded piece of paper is not a differentiable 2-manifold. In 
fact, if (U, ») is a patch which contains a point on the crease then p~* has 
at least one non-differentiable coordinate function. Since analyticity is a 
stronger notion than differentiability this seems confusing, but the explana- 
tion is simple. If h is a homeomorphism of X onto the region G in the plane 
then an analytic structure is imposed on X via h. In fact, by considering X 
with this structure we are only considering G under a different guise. In the 
definition of a differentiable 2-manifold there is no differentiable structure 
“imposed” on X; the structure is restricted by conditions which it inherits as 
a subset of R* (where there is already a differentiable structure). 

In a similar fashion the surface of a cube in R? is an analytic surface 
since it is homeomorphic to C,,. 

Suppose now that G is a region and f: G > C is an analytic function such 
that f’(z) # 0 for any z in G. We wish to give the graph 


Y= (2, f()):z¢ G3 
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an analytic structure. If p: [ + G is defined by p(z, f(z)) = z then p is a 
homeomorphism of I’ onto G; consequently T° inherits the analytic structure 
of G as in 6.3(c). But this does not use the analyticity of f| let alone the fact 
that f’ doesn’t vanish. This is surely an uninteresting structure. So, to 
rephrase the problem: put an analytic structure on I which is “‘connected”’ 
to the analytic properties of f. 

Fix « = (a, f(a)) in T. Since f’(a) # 0 there is a disk D, about a such that 
D, < G and f is one-one on D,. Let 


6.4 U, = {(z, f(z)):z¢ D,} 
and define »,: U, > C by 
6.5 plz, f(z) = f(Z) 


for each (z, f(z)) in U,,. 


6.6 Proposition. Let G be a region in the plane and let f be an analytic 
function on G with non-vanishing derivative. If T is the graph of f and 


®= {(U,, 9,):«¢T, U, and ¢, as in (6.4) and (6.5) } 
then (1, ®) is an analytic manifold. 


Proof. Since [is homeomorphic to G it must be connected. Fix « = (a, f(a)) 
in I’; it is left to the reader to show that ¢, is a homeomorphism of U, onto 
f(D,). Suppose .that B = (6, f(b))eT with U,A U,; 4 1) and compute 
2° - Since f: D, — C is one-one there is an analytic function g: Q > D,, 
where Q = f(D,), such that f(g(#)) = » for all w in Q. Since 9,(U,) = 2 
it follows that »; '(w) = (g(w), w); thus ¢, ° yg ‘(w) = ¢,(g(w), w) = w for 
each w in o(U, A U,). In particular ¢, ° yg * is analytic. I 

Henceforward, whenever the graph of an analytic function with non- 
vanishing derivative is considered as an analytic manifold, it will be assumed 
that it has the analytic structure given in the preceding proposition. 


6.7 Theorem. Jf (@, p) is the Riemann surface of a complete analytic function 
and® = {(U, p): U is open in &, p is one-one on U}, then (&, ®) is an analytic 
manifold. 


Proof. It follows from Theorem 5.15 that each point of & is contained in an 
open set on which p is one-one and that p is a homeomorphism there. 
Furthermore, if (U, p) and (V, p)«® and UNV ¥ (J then po(p|U)7? is 
the identity map. (The notation p|U is used to denote the restriction of p to 
U.) Since Z& is connected it is an analytic surface. J 


6.8 Definition. Let (X, ®) and (Q, V’) be analytic manifolds and let f: X¥ > Q 
be a continuous function; let ae X and « = f(a). The function fis analytic at 
a if for any patch (A, 4) in ¥ which contains « there is a patch (U, ¢) in ® 
which contains a such that: 


Gi) f(U) < A; 
(ii) fofogm * is analytic on o(U) < C. 


Analytic Manifolds 239 


The function is analytic on X if it is analytic at each point of YX. 

The condjtion that (U, g) can be found such that ae U and f(U) Cc A 
is a consequence of the continuity of f (Proposition 4.9(c)). The heart of the 
definition is the requirement that 4° fog’ be an analytic function from 
g(U) < C into C. 

For two given analytic surfaces there may be many analytic functions 
from one to the other or there may be very few. Clearly every constant 
function is analytic; but there may be no other analytic functions. For 
example, if X = C and Q is a bounded region in the plane then Liouville’s 
Theorem implies there are no non-constant analytic functions from X into 
Q. Also, suppose that f: C,, > C is an analytic function; then /(C,,) is com- 
pact so that the restriction of f to C is a bounded analytic function on C. 
Again, Liouville’s Theorem says that each such f is a constant function. On 


zZ—a 
are analytic functions from C,, to C,,. In fact, these are practically the only 
analytic functions from C,, to C,, (Exercise 7). 

If (X, ®) is an analytic surface then there are many analytic functions 
defined on open subsets of X. For example, if (U, »)¢@® then gp: UC is 
analytic. It follows (Proposition 6.10 below) that fog: U->C is analytic 
for any analytic function f: g(U) > C. 

Before proving some of the basic properties of analytic functions on 
manifolds, one further example will be given. This example is stated as a 
theorem and justifies the terminology “complete analytic function’. 


1 
the other hand, if p is a polynomial and ae C then both p(z) and (=~) 


6.9 Theorem. Let ¥ be a complete analytic function with Riemann Surface 
(Z, p). If F: RC is defined by 


F (2, [f1.) = f(Z) 
then-¥ is an analytic function. 


Proof. Fix « = (a, [f],) in & and let D be a disk about a on which fis defined 
and analytic. Let U be the component of p~'(D) which contains «; so (U, p) 
is a coordinate patch. Let p~' denote the inverse of p: U —> p(U). We must 
show that F o p~' is analytic on p(U) < C. But for z in p(U), 


F 0 p-*(z) = F(z, f(z) = f2); 


that is, ¥ o p-' = f which is analytic. 
The next several results are generalizations of theorems about analytic 
functions defined on regions in the plane. 


6.10 Proposition. Suppose (X, ®), (Y, VY), and (Z, X) are analytic manifolds 
and f: X > Y and g: Y — Z are analytic functions; then go f: X > Z is an 
analytic function. 

The proof is left to the reader. 


6.11 Theorem. Let (X, ®) and (Q, ) be analytic manifolds and let f and g be 
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analytic functions from X into Q. If {x ¢ X: f(x) = g(x)} has a limit point in X 
then f = g. 


Proof. Define the subset A of X by 
A = {x: fand g agree on a neighborhood of x}. 


This set A will be shown to be non-empty and the reader will be required to 
prove that A is both open and closed in X. By hypothesis there is a point 
ain X such that for every neighborhood U of a there is a point x in U with 
x #a and f(x) = g(x). It is easy to conclude that f(a) = g(a) =a. If 
(A, *) e ¥ and « e A then there is a patch (U, ¢) in ® such that f(U) and g(U) 
are contained in A with both % o fom! and #o go ' analytic in a disk D 
about z,) = (a). But the hypothesis gives that Zo is a limit point of {ze D: 
pofop (z) = pogogp ‘(z)} = F. In fact, if f(x) = g(x) then 9(f(x)) € F. 
Thus bo fom *(z) = fogog ‘(z) for all z in D; or f(x) = g(x) for all x 
in UN ‘(D). Hence ac A and A # C.. B 


6.12 Maximum Modulus Theorem. Let (X, ©) be an analytic manifold and 
let f: X — C be an analytic function. If there is a point a < X and a neighborhood 
U of a such that | f(a)| = |f(x)| for all x in U then f is a constant function. 
The proof is left to the reader. 
The Maximum Modulus Theorem allows us to generalize Liouville’s 
Theorem in the following way. 


6.13 Liouville’s Theorem. Jf (X, ®) is a compact analytic manifold then there 
is no non-constant analytic function from X into C. 


6.14 Open Mapping Theorem. Let (X, ®) and (Q, V) be analytic manifolds 
and let f: X — Q be a non-constant analytic function. If U is an open subset of 
X then f(U) is open in Q. 


Proof. Let U be an open subset of X and let «e f(U). If ae U such that 
a = f(a) and (A, %) « ¥ which contains a, then let (V, ~) ¢ ® such that f(V) 
< A and pofog? is analytic. Ltt W = UNV; then W is open and so 
g(W) is an open subset of the plane. Since f is not a constant function it 
follows from Theorem 6.11 that bo fo p~* is not constant. Hence, the Open 
Mapping Theorem for functions of a complex variable implies that d(/(W)) 
= bofog '(o(W)) is open in C. But then f(W) = ¢ *(4(f(W)) is open 
and «ce f(W) < f(U). So f(U) must be open. I 


6.15 Definition. If (XY, ®) and (Q, V’) are analytic manifolds, an isomorphism 
of X onto Q is an analytic function f: X — Q which is one-one and onto. If 
an isomorphism exists then (X, ®) is said to be isomorphic to (Q, ‘V). 

If f: X + Q is an isomorphism then f is an open mapping by (6.14). It 
follows that f~': Q-—»X is a homeomorphism. Is f~* also analytic? The 
answer is yes and the reader is asked to prove the next proposition. 


6.16 Proposition. [f f: X — Q is an isomorphism then f~*: Q-> X is also an 
isomorphism. 
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Recall that the Riemann Mapping Theorem states that if G is a simply 
connected region in the plane and G # C, then G is isomorphic to the open 
unit disk if both are considered as analytic surfaces. Also recall that Proposi- 
tion 6.3(c) states that if (X, ®) is an analytic manifold and h: X¥ >Qisa 
homeomorphism of X onto the topological space Q, then A induces an 
analytic structure on Q; denote this structure by ® o h~+. Suppose Q already 
has an analytic structure V’. It is easy to see that ® o h~' = ¥ iff his analytic; 
that is, iff A is an isomorphism from (X, ®) onto (Q, ). 

As an example let ¥ = C and Q = {z: |z| < 1}, and define h: X > Q by 


_ 2 
1+|z| 


Then / is a homeomorphism of C onto 2, but it is clearly not analytic. 
So using A and the analytic structure on C, a structure can be induced on 2 
which is completely unrelated to its natural structure. For example, with this 
induced structure Q will have no bounded non-constant analytic functions. 

Consider the following situation: let G be a region in the plane and let 
ff: G->C be an analytic function with non-vanishing derivative. Let (g, D) 
be a function element such that g(D) < G and /f(g(z)) = z for all z in D. 
(That is, g is a “local” inverse of f.) If F is the complete analytic function 
obtained from (g, D) and (&, p) is its Riemann surface, let us examine 
whether & and the graph of f are isomorphic analytic manifolds. (The 
analytic structure for the graph of f was introduced in Proposition 6.6.) 
The answer to this question is yes provided that the domain of f is not 
restricted. To illustrate what can go wrong let G = {z: |z| < 1} and let f be 
the exponential function e”. There ¥ consists of all germs of branches of the 
logarithm (Exercise 5.3); so & is rather large and complicated. However, 
{(z, e?): ze G} is a simple copy of the disk G. The difficulty arises because 
the domain of e” has been artificially restricted. If instead G is the whole 
complex plane then ¥Y and the graph of G are indeed isomorphic analytic 
surfaces (see Exercise 5.3). 


h(z) 


6.17 Definition. Let f: G— C be an analytic function with non-vanishing 
derivative. If ae G and « = f(a), let (g, D) be a function element such that 
a € D and f(g(z)) = z for all z in D. If F is the complete analytic function 
obtained from (g, D) then ¥ is called the complete analytic function of local 
inverses for f. 

There are two questions which arise in connection with this definition. 
First, does the definition of the complete analytic function of local inverses 
for f depend on the choice of the function element? Could we have started 
with another local inverse and still have obtained the same complete analytic 
function? Second, does ¥ contain the germ of every local inverse of f? The 
answer to each of these questions is given in the following proposition; it 
is “‘yes’’. 


6.18 Proposition. Let f be an analytic function with non-vanishing derivative 
onaregion G. LetaandbeG, « = f(a), B = f(b); and let Ay and A, be disks 
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about « and B respectively such that there are analytic functions gy: Ag > C 


and g,: A, +C with go(«) =a, g,(8) = b, f(go(2)) = & for all ¢ in Ao, 
F(g,(9)) = ¢ for all € in A,. Then there is a path o in f(G) from « to B such 
that (g,, A,) is the continuation of (go, Ao) along o. 


Proof. Since G is connected there is a path y in G from ato b. For 0 < ¢t < 1 
let D, be a disk about y(t) such that D, © G and on which fis one-one. Let 
o = foy and let A, be a disk about o(?) such that A, < f(D,). Finally, let 
g,: A, > C be an analytic function such that 


f(gd) = ofor in A, 
g(o(t)) = (4) 


Claim. {(g,, A,)} is an analytic continuation along o. To show this fix ¢ and 
let 5 be chosen so that y(s)<ef~*(A,) MN D, whenever |s—t| < 8. Now fix s 


with |s—t| < 8 and let B be a disk about y(s) such that B < f-4(A) ND, 
OD, So f(B) is an open set containing o(s) = f(y(s)) and f(B) < f(D,). 
By definition g,(f(z)) = z for z in B; thus f(gQ)) = ¢ for all ¢ in f(B). But 
J(B) < A, which gives that f(g(Q) = ¢ for all ¢ in f(B). But for ¢ in f(B) 
both g,(¢) and g,() are in f~1(A,) AN D, A D, and f is one-one here. Hence 
g(¢) = g(¢) for all € in f(B); alternately, [g,].(5. = [g:locs) Whenever |s—t| < 5. 
This substantiates the claim. J 

Recall that if (#, p) is the Riemann surface of a complete analytic func- 
tion #, the symbol F is also used to denote the analytic function F: 
&R-->C defined by F(z, [f],) = f(z) (Theorem 6.9). 


6.19 Proposition. Let f be an analytic function on a region G which has a non- 
vanishing derivative, let F be the complete analytic function of local inverses 
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of f, and let (2, p) be the Riemann surface of F. If F(@) = G and p(B) = 
F(G) then 


7(z, [g].) = (g(2), 2) 


defines an isomorphism between the analytic manifold @ and graph (f). 

Before proving this proposition we must show that under the same 
hypothesis each member of ¥ is a local inverse of f. This provides a partial 
converse to Proposition 6.18. 


6.20 Lemma. Let f, G, F and (&, p) be as in the preceding proposition. 
If [g],¢€F then there is a disk D about a on which g is defined and such that 
S(g(z)) = z for all z in D. 


Proof. Fix [g], in ¥ (so (a, [g],) « &); then, by hypothesis, g(a) = F(a, [g],) € 
G. If b = f(g(a)) then there is a disk B about b and an analytic function 
h: B->C such that h(b) = g(a) and f(A(z)) = z for all z in B. From Propo- 
sition 6.18, [h], ¢ A. Alsoa = p(a, [g],) €« p(A) = f(G). According to Theorem 
5.11 there is a path y in {(G) from a to b such that [A], is the continuation 
along y of [g],. Let {(g,, D,)} be a continuation along y such that [go], = [g], 
and [g,], = [/],. Define a subset 7 of [0, 1] by 


T = {t: f(g,{z)) = z for all z in D,}. 


We want to show that T = [0, 1]. In fact, once this is proved it follows that 
0O¢ 7 so that (g, D) must be a local inverse of f. 

Since T contains 1 it is non-empty; it must be shown that T is both open 
and closed in [0, 1]. For any number ¢ in [0, 1] let 8 > 0 such that [g,],,.. = 
[Z:],;s) Whenever |s—z| < 5. If te T then f(g,(z)) = f(g,{z)) = z for all z 
in D, O D, and |s—t| < 8. It follows that (t—8, t+5) < T and so T is open. 
If te 7” then there is an s in T such that |s—z| < 8. For z in D, NM D, we 
have that f(g,(z)) = f(g,(z)) = t so that te T. That is, T is closed. 


Proof of Proposition 6.19. It follows from the preceding lemma that (g(a), a) € 
graph (/) if (a, [g],) ¢ #. Thus, + does indeed map & into graph (/). 

Suppose («, f(«)) « graph (f) and a = f(«). If (g, D) is a function element 
such that ae D, g(a) = «, and f(g(z)) = z for all z in D, then [g],¢.F and 
7(a, [g]q) = («, f(«)). That is 7(#@) = graph (f). To show that 7 is one-one 
let (a, [g],) and (4, [A],) « @ such that 7(a, [g],) = 7(b, [A],); that is, (g(a), a) = 
(h(b), b). Thus, a = b and g(a) = h(b) = «. Moreover, Lemma 6.20 implies 
that 


6.21 S(g(z)) = f(A(2)) 


for z in a neighborhood of a. But f(a) 4 0, so that fis one-one in a neigh- 
borhood of ¢ = «. It follows from (6.21) that [g], = [h], and therefore, 7 is 
one-one. 

It remains to show that 7 is analytic. This is actually an easy argument 
once the question to be answered is made explicit. So fix (a, [g],) in @ and 
put « = g(a). Let A be a disk about « on which fis one-one and let D be a 
disk about a on which g is defined and such that D < f(A). Let U = {(€, 
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F(): 6e A} and define yp: UC by o(Z, f(2) = f(9); so (U, ¢) 18 a co- 
ordinate patch on graph (/) (Proposition 6.6). Also N(f, D) = {(z, [g],): 
zéD} gives that (N(g, D), p) is a coordinate patch on # (Theorem 6.7) 
containing (a, [g],), and satisfying 7(NV(g, D)) < U. Hence to complete the 
proof it must be shown that po7o p~! is an analytic function on D. This is 
trivial. In fact, if ze D then 


potop ‘(z) = yo 7(z, [g],) 
= 9(g(Z), Z) 
= Zz; 


that is, po ro p' is the identity function on D. 

If G is the punctured plane and f(z) = z” for some n or if G = C and 
f(z) = e’ then the hypothesis of Proposition 6.19 is satisfied. Let us examine 
this a little more closely for the case where f(z) = z”, z¢G = C— {0}. So 
R is isomorphic to the graph of z”; let 0 = {(z, z*):z 4 0}. Now7: ZT 
is defined by 7z(a, [g],) = (g(a), a). Recall that A: A—C is defined by 
F (a, [g],) = g(a). For this case ¥ acts like the square root function. In other 
words, we have found a natural domain of definition of z*. The corresponding 
function on I’ would project (z, z”) to its first coordinate. 

Even though we have shown that & (a very abstract object) is equivalent 
to a less abstract object (the graph I), this is still somewhat dissatisfying. 
After all, the graph is a subset of C? which is beyond our geometric intuition. 
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Plane | Plane 2 


Therefore, we would like to have a more geometric picture of the Riemann 
surface. Consider two copies of the plane which have been slit along the 
negative real axis. So imagine the planes as having two negative real axes 
and label them * and ~ as shown in the figure. The space X we will describe 
will be the union of the two planes but where the two *-axes are identified 
and the two ~-axes are identified. So if a curve in Plane 1 approaches the 
*-axis and hits it at —x then it exits in Plane 2 at —x on the *-axis. For the 
point —1 on the *-axis a typical neighborhood would consist of a half 
disk about —1 above the *-axis in Plane 1 and half a disk about —1 below 
the *-axis in Plane 2. This is a representation of the Riemann surface of local 
inverses for z* (the Riemann surface of ,/z for short). To see this define a 
map k: X > & as follows. If z is in Plane 1, z not on the negative real axis, 
let A(z) = (z, [g]_) where g is the principal branch of the square root. If z 
is in Plane 2 but not on the negative real axis let A(z) = (z, [g],) where —g 
is the principal branch of the square root. It remains to define A(z) for z on 
the *-axis and the ~-axis. This we leave to the reader along with the proof 
that the resulting function / is an isomorphism (the space X has a natural 
analytic structure). 

In the case f(z) = z” we can carry out the same construction, but here x 
copies of the plane are required. If f(z) = e” the same ideas are again em- 
ployed but now it is necessary to use an infinite number of planes indexed by 
all the integers. In the case of the surface for z'/", a curve which passes 
through the negative real axis of one plane exits through the negative real 
axis of the next one. If it is in the n-th plane, then it exits through the negative 
axis of the first plane. For the surface of log z, a curve can continue hopping 
from one plane to the next and will never return to the plane where it started 
unless it “retraces its steps’’. 


Exercises 


]. Show that an analytic manifold is locally compact. That is, prove that if 
ae Xand U is an open neighborhood of a then there is an open neighborhood 
V of asuch that V™ < Uand V™ is compact. 
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2. Which of the following are analytic manifolds? What is its analytic 
structure if it is a manifold? (a) A cone in R®. (b) {(x,, x2, x3) ¢ R?: x74 
+x% = 1 or x74+2x3 > 1 and x, = 0}. 
3. The following is a generalization of Proposition 6.3(c). Let (X, ®) be an 
analytic manifold, let Q be a topological space, and suppose there is a con- 
tinuous function h of X onto 2 which is locally one-one (that is, if x eX 
there is an open set U such that x e U and h is one-one on U). If (U, ») -«® 
and h is one-one on U let A = (U) and let £: A > C be defined by #(w) = 
gp o(h/U)~1(w). Let ¥ be the collection of all such pairs (A, 4). Prove that 
(Q, ) is an analytic manifold and h is an analytic function from X to Q. 
4. Let T = {z: |z| = 1}x {z: |z| = 1}; then T is a torus. (This torus is 
homeomorphic to the usual hollow doughnut in R°.) If w and w’ are complex 
numbers such that Im (w/w’) #4 0 then w and w’, considered as elements of 
the vector space C over R, are linearly independent. So each z in C can be 
uniquely represented as z = tw+t’w’; t, t’ in R. Define h: C + T by hA(tw+ 
tw’) = (e?"*, e?***’), Show that A induces an analytic structure on T. (Use 
Exercise 3.) (b) If w, w’ and ¢, 2’ are two pairs of complex numbers such that 
Im (w/w’) 4 0 and Im (¢/f’) 4 0, define o(sf+5'C’) = (e275, e275’) and 
r(tw+t'w’) = (e27"*, e2***), Let G = {twt+t'w':0<t < 1,0 < ¢’ < 1} and 
QO = {s$+s'0':0 < s < 1,0 < s’ < 1}; show that both o and 7 are one-one 
on G and Q respectively. (Both G and 2 are the interiors of parallelograms.) 
If ®, and ®, are the analytic structures induced on T by 7 and o respectively, 
and if the identity map of (7, ®,) into (7, ®,) is analytic then show that the 
function f: GQ defined by f= oc ‘or is analytic. (To say that the 
identity map of (T, ®,) into (T, ®,) is analytic is to say that ®, and ®, are 
equivalent structures.) (c) Letw = 1l,w’ =i, = 1, 0’ = « where Ima # 0; 
define o, 7, G, Q and f as in part (b). Show that ®, and ®, are equivalent 
analytic structures if and only if « = i. (Hint: Use the Cauchy-Riemann 
equations.) (d) Can you generalize part (c)? Conjecture a generalization? 
5. (a) Let f be a meromorphic function defined on C and suppose f has two 
independent periods w and w’. That is, f(z) = f(z+nw+n'w’) for all z in C 
and all integers n and n’, and Im (w/w’) # 0. Using the notation of Exercise 
4(a) show that there is an analytic function F: T—> C,, such that f= Foh. 
(For an example of a meromorphic function with two independent periods 
see Exercise VIII. 4.2(g).) 

(b) Prove that there is no non-constant entire function with two indepen- 
dent periods. 
6. Show that an analytic surface is arcwise connected. 
7. Suppose that f: C,, > C,, is an analytic function. 

(a) Show that either f = © or f~ '(00) is a finite set. 

(b) If f# oo, let a,,...,a, be the points in C where f takes on the 
value oo. Show that there are polynomials po, p;,..-.,p, Such that 


. I 
fe) = pel2) + > Ps (== 


for z in C. 
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(c) If f is one-one, show that either f(z) = az+b (some a, b in C) or 
f(z) = = + b (some a, b, c in C). 
—C 
8. Furnish the details of the discussion of the surface for ./z at the end of 
the section. 


9. Let G = 1 — 5 < Rez < 5 and define f: G > C by f(z) = sin z. Give 


a discussion for f similar to the discussion of Jz at the end of this section. 
§7. Covering spaces 


In this section the concept of a covering space will be introduced and 
some of its elementary properties will be deduced. One byproduct of this 
study is the fact that two closed curves in the punctured plane are homotopic 
iff they have the same winding number about the origin. 

Intuitively, a topological space X is a covering space for the topological 
space © if X can be wrapped around Q in such a way that it can be easily 
unwrapped. What is meant by “‘wrapping’’ one space around another? 
This seems to indicate that we want a function from X onto Q. To say that 
it must be easily unwrapped must mean that we can find an inverse for the 
function. 


7.1 Definition. If Q is a topological space then a covering space of Q is a pair 
(X, p) where X is a connected topological space and p is a continuous function 
of X onto © such that: for each w in Q there is a neighborhood A of w such 
that each component of p~'(A) is open, and p maps each of these components 
homeomorphically onto A. Such an open set A is called fundamental and A 
is properly covered. 

Both (C, exp) and (C— {0}, 2”) are covering spaces of the punctured 
plane; also, each open disk in the punctured plane is fundamental. If [ = 
{z: |zZ| = 1} and p: RT is defined by p(t) = exp (2z7it), then (R, p) is a 
covering space of I’. Every proper arc in I is fundamental. 

The following is a list of properties of covering spaces. Their proof is 
left to the reader. 


7.2 Proposition. Let (X, p) be a covering space of Q. 


(a) p is an open mapping of X onto Q. 

(b) If x eX then there is an open neighborhood U of x on which p is a 
homeomorphism. 

(c) Every fundamental open set is connected. 

(d) If Q is locally arcwise connected then so is X. 


In light of part (b) of the preceding proposition it is natural to ask if 
every locally one-one function p of X onto Q makes (X, p) a covering space of 
Q. The answer is no. For example, let ¥ = {z—¢C:z 40,0 < argz < 57/4}, 
p(z) = 2”, and let Q = p(X) = C— {0}; then p is locally one-one. Let A, = 
{é: |€—i| < r} for any r, 0 < r < 1. It is easy to see that p~‘(A,) consists 
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of two components. One of these (the one in the first quadrant) is mapped 
homeomorphically onto A,, while the other is not. In fact, € = iis not in the 
image of this second component. 

One of the most important properties of covering spaces is the fact that 
a curve in Q can be lifted to a curve in X. 


7.3 Definition. Let (X, p) be a covering space of 2 and let y be a path in Q. 
A path 7 in X is called a lifting of y if po} = y. 

A useful way of understanding what a lifting is is to consider the following 
diagrams. If J = [0, 1] and the path y is given then we have the following 
mapping diagram: 


o<—_— *& 


To say that y can be lifted is to say that the diagram can be completed in 
such a way that it is a commutative diagram: 


be 


I 


———— > 1) 
Y 


that is, one can go from one place in the diagram to another without being 
concerned about which path is taken. 
It is an important property of covering spaces that every path may be 


lifted when the base space is locally arcwise connected. Actually a stronger 
result which will be of use later can be proved. 


7.4 Theorem. Let (X, p) be a covering space of the space Q. If F: [0, 1]x[0, 1] 
—> Q is a continuous function with F(O, 0) = wo and if Xo is any point in X with 
p(X) = Wo, then there is a unique continuous function F: [0, 1]x[0, 1] > X 
such that F(0, 0) = x9 and po F = F. 

Before giving the proof of this theorem let us state an important corollary. 


7.5 Corollary. Let (X, p) be a covering space of the space Q. If y is a path in Q 
with initial point wo and p(Xo) = wo, then there is a unique lifting } of y with 
initial point Xo. 
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Proof. Define F: [0, 1]x[0, 1] ~ Q by FG, ft) = y(s); so F is continuous and 
F(0, 0) = w». According to Theorem 7.4 there is a unique function F: 
[0, 1]<[0, 1] > ¥ such that F(0, 0) = x, and po F = F. Let j(s) = F(s, 0); 
then 7 has initial point x, and is a lifting of y. To prove the uniqueness of j, 
suppose ¢ is also a path in X with initial point x» and which lifts y. Define 
K: [0, 1] [0, 1] > X by K(s, 4) = G(s). Then K: (0, 0) = x, and po K(s, t) = 
p°G(s) = y(s) = F(s, #). By the uniqueness part of Theorem 7.4, F = K. 
Thus 7(s) = F(s, 0) = K(s, 0) = G(s). 


Proof of Theorem 7.4. Let {0 = 59 < 5, <... < S, = Il} and (0 = fy < t, 
<...<t, = 1} be partitions off [0, 1] such that for 0 < i,j < n—1, 


F((8i, Si+1) X [tj t741) 


is contained in a fundamental open set A; in Q. (Verify that this can be done.) 
Now w, = F(O, 0)¢ Ago. Let Up g be the component p~*(Ago) which 
contains Xp. Since p|Up9 is a homeomorphism of Up, onto Ago, it is possible 
to define F: [0, s,]<[0, t,] > X by 


F(s, t) = (p|Ug0)* © F(s, 2). 


Now extend F to [0, s,]x[0, ¢,] as follows. F({s,}x[0, ¢,]) is connected 
(Why?) and, since F({s,}x[0, ¢,]) < Ajo, it is contained in p~‘1(A,,). Let 
Uso be the component of p~‘(A,,.) which contains F({s,}x[0, ¢,]). Then 
p|U,o is a homeomorphism; define «. 


F(s, t) = (p|Uy9)7* © F(s, t) 


for (s, 2) in [s,, s.]<[0, ¢,]. This gives a continuous function F on [0, s,]x 
[0, t,]. (The domain can be written as the union of two closed sets, on each 
of these sets F is continuous, and F agrees on their intersection; hence, F is 
continuous on their union.) Continuing this process leads to a continuous 
function F: [0, 1]x[0, 1] > X such that po F = F and F(0, 0) = xp. Since 
at each stage of this construction the definition of F is unique (because p is 
a homeomorphism on each U,,), it follows that F is unique. 

The next result is called the Monodromy Theorem. To distinguish this 
from the theorem of the same name which was obtained in §3, the present 
version is referred to as the “abstract’’ theorem. Later it will be shown how 
the original theorem can be deduced from this abstract one. 


7.6 Abstract Monodromy Theorem. Let (XY, p) be a covering space of Q and 
let y and o be two paths in Q with the same initial and final points. Let } and 
& be paths in X with the same initial points such that » and & are liftings of y 
and o respectively. If y~o (FEP) in Q then } and & have the same final 
points and } ~ 6 (FEP) in X. 


Note. Although we have not defined the concept of FEP homotopy between 
two curves in an arbitrary topological space, the definition is similar to that 
given for curves in a region of the plane (Definition IV. 4.10). 


Proof. Let w, and w, be the initial and final points, respectively, of y and o. 
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Let x9 ¢p ‘(wo) such that 7(0) = G0) = xo. By hypothesis there is a 
continuous function F: [0, 1] x[0, 1] + Q such that FO, 2) = wo, FCI, t) = 
w,, F(s, 0) = y(s), and F(s, 1) = o(s) for all s and ¢ in [0, 1]. According to 
Theorem 7.4 there is a unique continuous function F: [0, 1]x[0, 1] > X 
such that F(O, 0) = xp and po f= F. Now F({0}x[0, 1]) = {wo} and 
po F = F implies that F({0}x[0, 1]) < p~1(wo). But each component of 
p‘(w 9) consists of a single point (Exercise 4) and F( {0} [0, 1]) is connected. 
Therefore F(0, 4) = xq for all ¢. Similarly, there is a point x, such that 
F(1, t) = x, for all ¢ and p(x,) = a. 

By the uniqueness of 7 and the fact that s > F(s, 0) is a path with initial 
point x9 which lifts y, it must be that 7(s) = F(s, 0). Similarly, é(s) = F(s, 1). 
Therefore (1) = 6(1) = x, = F(l, #) for all t, and F demonstrates that 
j ~ G(FEP) in X. 

In order to show that the Monodromy Theorem can be deduced from 
the preceding version, it is necessary to first prove a lemma. This preliminary 
result is actually the Monodromy Theorem for a disk and the reader is 
asked to supply an elementary proof. 


7.7 Lemma. Let (g, A) be a function element and let B be a disk such that 
A < Band (g, A) admits unrestricted analytic continuation in B. If y is a closed 
curve in B with y(0) = y(1) = ain A and {(g,, A,,)} is an analytic continuation 
of (g, A) along y then [go], = [21a 

The next theorem will facilitate the deduction of the Monodromy Theorem 
from the Abstract Monodromy Theorem. Additionally, it has some interest 
by itself. 


7.8 Theorem. Let (f, D) be a function element which admits unrestricted 
continuation in the region G, and let @ be the component of the sheaf (S(G), p) 
which contains (Zo, [f],,) for some Z, in D. Then (@, p) is a covering space of G. 


Proof. Let B be any disk such that B < G and let Y be the component of 
p ‘(B) which is contained in @. The proof will be completed by showing 
that p maps Y homeomorphically onto B. 

Fix (a, [g],) in W%; then 


7.9 Claim. (z, [h],) « % iff ze B and [hl], is the continuation of [g], along 
some curve in B. 

In fact, if (z, [A],) is such a point then there is a curve y in p- 1(B)(< S(B)) 
from (a, [g],) to (z, [/],) (Theorem 5.10). Thus (z, [/],) must belong to the 
same component of p ‘(B) as does (a, [g],); that is, (z, [A],)¢ W%. For the 
converse, let (z, [h],)<¢ W; since WY is pathwise connected (Proposition 5.7) 
there is a path in Y from (a, [g],) to (z, [A],). But this implies that [h], is the 
continuation of [g], along a path in p(W) < B (Theorem 5.10). So claim 7.9 
has been shown. 

Since (f, D) admits unrestricted continuation in G and [g], is a con- 
tinuation of [f],, (Zo in D), it is a trivial matter to see that [g], admits un- 
restricted continuation in B. In view of (7.9) this gives that p(W) = B. 

It only remains to prove that p|Y is one-one. This amounts to showing 
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that if (b, [A],) and (b, [k],)¢ WY then [A], = [k],. But since WY is arcwise 
connected, this is exactly the conclusion of Lemma 7.7. 

Let us retain the notation of the preceding theorem. Fix a in D and let 
y and o be paths in G from a to a point z = b. Suppose that {(/,, D,)} and 
{(g,, B,)} are continuations of (f, D) along y and o respectively; so [fo], = 
[Zola = [f].- Now H(t) = ((2), [Sil ycy) and G(t) = (o(2), [2:lo¢)) are paths in © 
(see the proof of Theorem 5.10) with the same initial point (a, [f],). More- 
over po }) = yand po& = o; so jf and @ are the unique liftings of y and o to 
@. According to the Abstract Monodromy Theorem, if y ~ o(FEP) in G 
then 7 and & have the same final point. That is, (6, [/;],) = 70) = 6(1) = 
(b, [g,],) so that [f,], = [g,],- This is precisely the conclusion of Theorem 3.6. 

For another application of the Abstract Monodromy Theorem we wish 
to prove that closed curves in the punctured plane are homotopic iff they 
have the same winding number about the origin. To do this let [' = {z: 
\z| = 1}; as we observed at the beginning of this section, if p(t) = exp (27it) 
then (RR, p) is a covering space of I’. If y is any rectifiable curve in C— {0} 
it is easy to see that y is homotopic (in C — {0}) to the curve o defined by 
o(t) = y(t)/|y(2)| (Exercise IV. 4.4). So assume that |)()| = 1 for all ¢. 
Similarly, we can assume that y(0) = 1. 

Let } be the unique curve in R such that 7(0) = 0 and y(¢) = exp (Q7iF(2)). 
Since y is rectifiable it is easy to see that 7 is also rectifiable. Also 


1 [dz 
Q7i | Z 
y 
1 
_ 1 (a 
~ Qi} y(t) 
0 


n(y; 0) = 


1 
1 d exp (27i(1)) 
Oni MC) 
0 
1 


= | aie: 


0 
SO 


7.10 n(y, 0) = (1) 
since 7(0) = 0. 


So if o is also a closed rectifiable curve with |o(7)| = 1, o(0) = 0 = o(1) 
and n(y; 0) = n(o, 0) = 2 then (1) = (1) = 2, where G is the unique lifting 
of o to R such that a(0) = 0. Let F: [0, 1]x[0, 1] ~ T be defined by 


F(s, t) = exp {2z7i[1 —1t)é(s) + t7(s)]} 
then F(0O, t) = 1 = F(I, t) (Why?) and F demonstrates that y ~ co. 
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Notice that the rectifiability of y and o was only used to define the winding 
number of y and o about the origin. It is possible to extend the definition of 
winding number to non-rectifiable curves. 


7.11 Definition. If y is any closed curve in C— {0} with 7(0) = y(1) = 1, 
let y,(2) = y(t)/|(D| and let 7 be the unique curve in R such that 7(0) = 0 
and y,(t) = exp (27i}(2)); the winding number of y about the origin is 


n(y; 0) = 71). 


In view of (7.10) this definition agrees with the former definition for 
rectifiable curves. 


7.12 Theorem. Let y and ao be two closed curves in C— {0} such that o(0) = 
(0) = 1; then y~o in C— {0} iff nly; 0) = n(o; 0). 


Proof. It was shown above that if n(y; 0) = n(o; 0) then y ~ oc. Conversely, 
if y ~ o then the Abstract Monodromy Theorem implies that the liftings 7 
and & such that 7(0) = 6(0) = O have the same end point. That is, n(y; 0) = 
n(o; 0). 


Exercises 


1. Suppose that (X, p) is a covering space of Q and (Q, 7) is a covering space 
of Y; prove that (X, 7° p) is also a covering space of Y. 

2. Let (X, p) and (Y, o) be covering spaces of © and A respectively. Define 
pxo: Xx Y>QxA by (pxo) (x, y) = (p(x), o(y)) and show that (Xx Y, 
pxXo) is a covering space of Qx A. 

3. Let (Q, %) be an analytic manifold and let CX, p) be a covering space of . 
Show that there is an analytic structure ® on X such that p is an analytic 
function from (X, ®) to (Q, #). 

4. Let (X, p) be a covering space of © and let w e€ Q. Show that each com- 
ponent of p~*(w) consists of a single point and p~ ‘(w) has no limit points in 
Xx. 

5. Let Q be a pathwise connected space and let (X, p) be a covering space of 
Q, If w, and w, are points in Q, show that p~'(w,) and p~ '(w,) have the same 
cardinality. (Hint: Let y be a path in Q from w, to w,; if x, ¢ p-‘(w,) and 
7 is the lifting of y with initial point x, = (0), let f(x,) = 7(1). Show that 
f is a one-one map of p~ ‘(w,) onto p~*(w,).) 

6. In this exercise all spaces are regions in the plane. 

(a) Let (G, f) be a covering of Q and suppose that fis analytic; show that 
if Q is simply connected then f is one-one. (Hint: If f(z,) = f(z) let y be a 
path in G from z, to z, and consider a certain analytic continuation along 
foy; apply the Monodromy Theorem.) 

(b) Suppose that (G,, f,) and (G,, f,) are coverings of the region Q such 
that both f, and f, are analytic. Show that if G, is simply connected then 
there is an analytic function f: G, — G, such that (G,, f) is a covering of 
G, and f, = f, cf. That is the diagram is commutative. 


Covering Spaces 253 


1 + «, 


(c) Let (G,, f,), (G2, f,) and Q be as in part (b) and, in addition, assume 

that both G, and G, are simply connected. Show that there is a one-one 
analytic function mapping G, onto G,. 
7. Let G and Q be regions in the plane and suppose that f: G > is an 
analytic function such that (G, f) is a covering space of 2. Show that for every 
region (2, contained in 2 which is simply connected there is an analytic 
function g: Q, + G such that f/(g,(w)) = » for all w in Q,. 


Chapter X 


Harmonic Functions 


In this chapter harmonic functions will be studied and the Dirichlet 
Problem will be solved. The Dirichlet Problem consists in determining all 
regions G such that for any continuous function f: 6G —R there is a con- 
tinuous function u:G~—R such that u(z) = f(z) for z in 0G and wu is 
harmonic in G. Alternately, we are asked to determine all regions G such 
that Laplace’s Equation is solvable with arbitrary boundary values. 


§1. Basic properties of harmonic functions 


We begin by recalling the following definition and giving some examples 
of harmonic functions. 


1.1 Definition. If G is an open subset of C then a function u:G—R is 
harmonic if u has continuous second partial derivatives and 


0*u ni 07 u 
ax? ° dy? — 


This equation is called LAPLACE’S EQUATION. 

We also review the following facts about harmonic functions. 

(1) (Theorem IJII.2.29) A function f on a region G is analytic iff Re f = u 
and Im f= v are harmonic functions which satisfy the Cauchy-Riemann 
equations. 

(2) (Theorem VIII.3.2(j)) A region G is simply connected iff for each 
harmonic function u on G there is a harmonic function v on G such that 
f = uti is analytic on G. 


1.2 Definition. If f: G —> C is an analytic function then uv = Re f and v = Im f 
are called harmonic conjugates. 

With this terminology, Theorem VIII.3.2(j) becomes the statement that 
every harmonic function on a simply connected region has a harmonic 
conjugate. If wis a harmonic function on G and D is a disk which is contained 
in G then there is a harmonic function v on D such that u+iv is analytic on 
D. In other words, each harmonic function has a harmonic conjugate locally. 
Finally note that if v, and v, are both harmonic conjugates of u then i(v, —v.) 
= (u+iv,)—(u+iv,) is an analytic function whose range is contained in the 
imaginary axis; hence v, = v,+c, for some constant c. 


1.3 Proposition. Jf u: G — C is harmonic then u is infinitely differentiable. 


Proof. Fix Zo = X9+iyo in G and let 8 be chosen such that B(z)35) < G. 
254 
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Then uw has a harmonic conjugate v on B(z,;5). That is, f = u+iv is analytic 
and hence infinitely differentiable on B(z,);5). It now follows that wu is 
infinitely differentiable. Jj 

The preceding proposition gives a property that harmonic functions share 
with analytic functions. The next result is the analogue of the Cauchy 
Integral Formula. 


1.4 Mean Value Theorem. Let u: G—>R be a harmonic function and let B(a;r) 
be a closed disk contained in G. If y is the circle |z—a| = r then 


2n 


u(a) = = | u(a+re'®) dé 


0 


Proof. Let D be a disk such that B(a;r) < D < G and let f be an analytic 
function on D such that u = Re f. It is easy to deduce from Cauchy’s Integral 
Formula that 


fla) = > | flat+re'®) da. 


By taking the real part of each side of this equation we complete the proof. Ij 
In order to study this property of harmonic functions we isolate it. 


1.5 Definition. A continuous function u: G—>R has the Mean Value Property 
(MVP) if whenever B(a;r) < G 


20 
1 ; 
u(a) = 5, |u + re’) do. 
O 


In the following section it will be shown that any continuous function 
defined on a region and which has the MVP must be a harmonic function. 
One of the main tools used in showing this is the following analogue of the 
Maximum Modulus Theorem for harmonic functions. 


1.6 Maximum Principle (First Version). Let G be a region and suppose that 
u is a continuous real valued function on G with the MVP. If there is a point 
ain G such that u(a) = u(z) for all z in G then u is a constant function. 


Proof. Let the set A be defined by 
A = {zeG:u(z) = u(a)}. 


Since wis continuous the set A is closed in G. If z,) € A let r be chosen such 
that B(z,;r) © G. Suppose there is a point b in B(z,);r) such that u(b) 4 u(a); 
then, u(b) < u(a). By continuity, u(z) < u(a) = u(z,) for all z in a neighbor- 
hood of b. In particular, if p = |zy)—b| and b = z)+pe"*, 0 < B < 27 then 
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there is a proper interval J of [0, 27] such that B e J and u(z y+ pe’) < u(Zo) 
for all 6 in J. Hence, by the MVP 


2n 


] , 
u(Zo) = 5, | Meo re) dd < u(Zo), 


0 


a contradiction. So B(z9;r) © A and A is also open. By the connectedness 
of G, A= G. 


1.7 Maximum Principle (Second Version). Let G be a region and let u and v 
be two continuous real valued functions on G which have the MVP. If for each 
point a in the extended boundary 0,,G, 

lim sup u(z) < lim inf v(z) 


za zZ~a 


then either u(z) < v(z) for all z in G oru = v. 


Proof. Fix ain 0,,G and for each 6 > O let G; = GCN B(a;6). Then according 
to the hypothesis, 


0 = lim [sup {u(z): z « Gs} —inf {v(z): z e G5}] 
6-0 
= lim [sup {u(z): ze G;}+sup{—v(z):zeG;}] 
> lim sup {u(z)—v(z):z € G;}. 
6-0 


So lim sup [u(z)—v(z)] < 0 for each a in 2,,G. So it is sufficient to prove the 


theorem under the assumption that v(z) = 0 for all z in G. That is, assume 


1.8 lim sup u(z) < 0 

for all a in 0,,G and show that either u(z) < 0 for all z in G or u=0. In 
virtue of the first version of the Maximum Principle, it suffices to show that 
u(z) < O for all z in G. 

Suppose that wu satisfies (1.8) and there is a point 5 in G with u(b) > 0. 
Let « > 0 be chosen so that u(b) > « and let B= {zeG:u(z) > ¢€}. If 
ae 0,,G then (1.8) implies there is a 6 = 6(a) such that u(z) < e¢ for all z in 
GO B(a;6). Using the Lebesgue Covering Lemma, a 6 can be found which is 
independent of a. That is, there isa 6 > 0 such that if z eG and d(z, 0,,G) < 4 
then u(z) < e. Thus, 


Bc {zeG: dz, 2,,G) > 8}. 


This gives that B is bounded in the plane; since B is clearly closed, it is 
compact. So if B # [), there is a point z, in B such that u(z,) = u(z) for all z 
in B. Since u(z) < e for z in G—B, this gives that u assumes a maximum 
value at a point in G. So u must be constant. But this constant must be 
u(Z,) which is positive and this contradicts (1.8). 
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The following corollary is a useful special case of the Maximum Principle. 


1.9 Corollary. Let G be a bounded region and suppose that w:G~ —R is a 
continuous function which satisfies the MVP on G. If w(z) = 0 for all z in éG 
then w(z) = 0 for all z in G. 


Proof. First take w = u and v = 0 in Theorem 1.7. So w(z) < 0 for all z or 
w(z) = 0. Now take w = v and u = 0 in (1.7); so either w(z) > 0 for all z or 
w(z) = 0. Since both of these hold, w = 0. 

Even though Theorem 1.7 is called the Maximum Principle, it is also a 
Minimum Principle. For the sake of completeness, a Minimum Principle 
corresponding to Theorem 1.6 is stated below. It can be proved either by 
appealing to (1.7) or by considering the function —u and appealing to (1.6). 


1.10 Minimum Principle. Let G be a region and suppose that u is a continuous 
real valued function on G with the MVP. If there is a point a in G such that 
u(a) < u(z) for all z in G then u is a constant function. 


Exercises 

1. Show that if uw is harmonic then so are u, = ~ and u, = —. 
2. If u is harmonic, show that f = u,—iu, is analytic. 

3. Let p(x, y) = y a,,x*y* for all x, y in R. 

Show that p is harmonic iff: 


(a) k(k-—Na, ¢-.+¢¢-Da,_2, = O0for2 <k,? <n; 

(b) Q,-1¢ = 4,¢ =Ofor2<¢ <n; 

(C) Qpn-1 = Gn = Ofor2 <k <n. 
4. Prove that a harmonic function is an open map. (Hint: Use the fact that 
the connected subsets of R are intervals.) 
5. If fis analytic on G and f(z) # 0 for any z show that u = log] fis harmonic 


on G. 
6. Let u be harmonic in G and suppose B(a;R) < G. Show that 


u(a) = 5 | | u(x, y) dx dy. 


Bla 3R) 


u(z) = Im (22) | 


Show that u is harmonic and lim u(re’’”) = 0 for all 6. Does this violate 


r>i- 
Theorem 1.7? Why? 
8. Let u:G —R be a function with continuous second partial derivatives 
and define U(r, 6) = u(r cos 0, r sin 6). 
(a) Show that 


7. For |z| < 1 let 
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1% | =0 3 oU = &U 


r? veers F592 


af a _ eu 
EN oe TT ag” 


So if 0 ¢ G then uw is harmonic iff 


7 dU a7U 0 
rs (’ =) + 9g? = 
(b) Let u have the property that it depends only on |z| and not arg z. That 
is, u(z) = 9(|z|). Show that uw is harmonic iff u(z) = a log |z|+5 for some 
constants a and b. 
9. Let u:@ ~R be harmonic and let A = {ze G:u,(z) = u,(z) = 0}; that 
is, A is the set of zeros of the gradient of uw. Can A have a limit point in G? 
10. State and prove a Schwarz Reflection Principle for harmonic functions. 


§2. Harmonic functions on a disk 


Before studying harmonic functions in the large it is necessary to study 
them locally. That is, we must study these functions on disks. The plan is to 
study harmonic functions on the open unit disk {z:|z]| < 1} and then inter- 
pret the results for arbitrary disks. Of basic importance is the Poisson kernel. 


2.1 Definition. The function 
P(A) = Y ritlein®, 


for 0 < r< 1and —o < 6 < o, is called the Poisson kernel. 
Let z = re’*,0 <r < 1; then 


1+re’® 
jaye = (l+z)\l+z+z7+...) 
= 1425 2" 
n=1 
= 1425 ren 
n=1 


Hence, 


1+re’? © 
R 4} = 1+2 6 
(a) + ue cos n 


h 


00 
= [+ » re? + e~ in?) 


n=1 


= P,(8) 
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It+re’® 1+,re'®—r? 


= =———,> 80 that 
1—re’® ss [1 —re*®|? 


__ 2 i0 
my) P() = inn Re (=) 


Also 


1—2r cos 0+r2 1—re’® 


2.3 Proposition. The Poisson kernel satisfies the following: 


1 % 
(a) — | 20 do = 1; 
27 
(b) P,@) > 0 for all 6, P(—9) = P,(0), and P, is periodic in @ with period 
27; 
(c) P,(@) < PS) if0 < 6 < [6] < a; 
(d) for each & > 0, lim P,(0) = 0 uniformly in 6 for ~ = |6| = 6. 
R71- 


Proof. (a) For a fixed value of r, 0 < r < 1, the series (2.1) converges 
uniformly in @. So 


0 J f 
— 6) do = ml | pind yy — | 
= | P,(0) d Tt x | en di 


(b) From equation (2.2), P,(@) = (1—r’)|1—re*|~? > 0 since r < 1. 
The rest of (b) is an equally trivial consequence of (2.2). 

(c) Let 0 < 6 < 6 < =m and define f:[65, 0] > R by f(t) = P.(t). Using 
(2.2), a routine calculation shows that f’(t) < 0 so that f(8) > f(6). 

(d) We must show that 


lim [sup {P,(@): 5 < [6] < w}] = 0 
r71i- 


But according to part (c), P.(@) < P.(8) if § < |6| < 7; so it suffices to show 
that lim P,(6) = 0. But, again, this is a trivial consequence of equation (2.2). 


r>i-— 

Before going to the applications of the Poisson kernel, the reader should 
take time to consider the significance of Proposition 2.3. Think of P,(6) not 
as a function of r and @ but as a family of functions of 0, indexed by r. As r 
approaches 1 these functions converge to zero uniformly on any closed 
subinterval of [—z, 7] which does not contain 9 = 0 (part d). Nevertheless, 
part (a) is still valid. So as r approaches 1, the graph of P, becomes closer to 
the 6 axis for @ away from zero but rises sharply near zero so that 2.3(a) is 
maintained. 

The next theorem states that the Dirichlet Problem can be solved for the 
unit disk. 


2.4 Theorem. Let D = {z:|z| < 1} and suppose that f:0D —> R is a continuous 
function. Then there is a continuous function u:D~ —> R such that 


(a) u(z) = f(z) for z in 0D; 


(b) u is harmonic in D. 
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Moreover u is unique and is defined by the formula 


2.5 u(re’®) = pal P(6—t)f(e") dt 


for0<r<1,0<6<2z. 


Proof. Define u:D — R by letting u(re'’) be as in (2.5) if 0 < r < 1 and 
letting u(e’®) = f(e'®). Clearly u satisfies part (a); it remains to show that u 
is continuous on D™ and harmonic in D. 

(i) wis harmonic in D. If0 < r < 1 then 


. 1 ( 1+re'9-) 
u(re’®) = x | Re Feder dt 
1 ° L+ret" t) 
- ref fren[ ie} 


1 e’+re 
— R _ it 
~ NS tae | ) aed a} ; 
So define g:D — C by 


if... Tet 
g(z) = an | re | dt. 


Since u = Re g we need only show that g is analytic. But this is an easy 
consequence of Exercise IV.2.2. 

(ii) uw is continuous on D~. Since uw is harmonic on D it only remains to 
show that u is continuous at each point of the boundary of D. To accomplish 
this we make the following 


2.6 Claim. Given «in [—7, z] and « > 0 there is a p, 0 < p < 1, and an arc 
A of @D about e* such that for p < r < 1 and e’® in A, 


lu(re®) —flei)| < 
Once claim 2.6 is proved the continuity of u at e’* is immediate since f is a 
continuous function. 
To avoid certain notational difficulties, the claim will only be proved for 
« = (0. (The general case can be obtained from this one by an argument 


which involves a rotation of the variables.) Since f is continuous at z = 1 
there is a5 > O such that 


] 
2.7 fe-F)| < 5 
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if [0] < 6. Let M = max {|f(e")|:|6| < 7}; from Proposition 2.3 (d) there 
is a number p, 0 < p < 1, such that 


E 
2.8 P06) < — 


for p < r < 1 and |6| = 48. Let A be the arc {e:|6| < 45}. Then if e® <A 
andp<~r< 1, 
, 1 ° ; 
u(re’)—f(1) = an | P(8—t) fle") dt-—f(1) 
WT 


~e 


1 ; 1 
== | PO-DIfle")—f(ldr+ =~ | P,0-OLf(e") ft 
[jt] <6 {t|>6 
If |t} = 6 and [0] < 46 then [t—6| = 45; so from (2.7) and (2.8) it follows that 


|u(re”)—f(1)| < = <+2M (sa) =. 


This proves Claim 2.6. 

Finally, to show that uw is unique, suppose that v is a continuous function 
on D~ which is harmonic on D and v(e’®’) = f(e’®) for all 6. Then u—v is 
harmonic in D and (u—v) (z) = 0 for all z in @D. It follows from Corollary 
1.9 that v—v = 0. 


2.9 Corollary. Jf u:D” —R is a continuous function which is harmonic in 
D then 


u(re’®) = - | P.(6—t)u(e") dt 


for0 <r < 1 andall 8. Moreover, u is the real part of the analytic function 


1 * elt 7 ’ 
= ° t dt. 


~~ 


Proof. The first part of the corollary is a direct consequence of the theorem. 
The second part follows from the fact that fis an analytic function (Exercise 
[V.2.2) and formula (2.2). 


2.10 Corollary. Let ae C, p > 0, and suppose h is a continuous real valued 
function on {z:|z—a| = p}; then there is a unique continuous function 
w:B(a; p) > R such that w is harmonic on B(a; p) and w(z) = h(z) for |z—al 
= p- 

Proof. Consider f(e'*) = h(a+ pe'®); then fis continuous on 0D. If u:D™ > R 
is a continuous function such that u is harmonic in D and u(e’®) = f(e'*) then 
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— 


a z2—-Q@\., . . 
it is an easy matter to show that w(z) = (==) is the desired function on 
p 


B(a; p). 
It is now possible to give the promised converse to the Mean Value 
Theorem. 


2.11 Theorem. Jf u:G — R is a continuous function which has the MVP then 
u is harmonic. 


Proof. Let ae G and choose p such that B(a; p) < G; it is sufficient to show 
that wis harmonic on B(a; p). But according to Corollary 2.10 there is a 
continuous function w: B(a; p)—R which is harmonic in B(a; p) and 
w(a+ pe’®) = u(at+pe'®) for all 6. Since u—w satisfies the MVP and 
(u—w)(z) = 0 for |z—al| = p, it follows from Corollary 1.9 that u = w in 
B(a; p); in particular, u must be harmonic. 

To prove the above theorem we used Corollary 2.10, which concerns 
functions harmonic in an arbitrary disk. It is desirable to derive a formula 
for the Poisson kernel of an arbitrary disk; to do this one need only make a 
change of variables in the formula (2.2). 

If R > 0 then substituting r/R for r in the middle of (2.2) gives 


R?—r? 


2.12 = OTF 
R2—2rR cos 6+r? 


for 0 < r < Rand all 6. So if u is continuous on B(a; R) and harmonic in 
Bia; R) then 


2.13 (tre) = 1 ([—_ 2" | at rey at 
; OO) On R?—2rR cos (0—t)+r? une 


—~— 


Now (2.12) can also be written 


R?—r? 
and R—r < |Re—re'®| < R+r. Therefore 
R-r R?—r? R+r 


—_ << a TOO, oS. 
R+r~ R’—2rR cos (8—1)+r? ~ R-r 


If u => 0 then equation (2.13) yields the following. 


2.14 Harnack’s Inequality. Jf u: B(a; R)—>R is continuous, harmonic in 
Bia; R), and u = 0 then for0O < r < Randall 0 


R-r ; R+r 
_ < id < 
Rar < u(at+re’) < Rap 4 


Before proceeding, the reader is advised to review the relevant definitions 
and properties of the metric space C(G, R) (Section VII.1). 
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2.15 Definition. If G is an open subset of C then Har(G) is the space of 
harmonic functions on G. Since Har(G) < C(G, R) it is given the metric which 
it inherits from C(G, R). 


2.16 Harnack’s Theorem. Let G be a region. (a) The metric space Har(G) is 
complete. (b) If {u,} is a sequence in Har(G) such that u, < u, <... then 
either u,(z) —> 00 uniformly on compact subsets of G or {u,} converges in 
Har(G) to a harmonic function. 


Proof. (a) To show that Har(G) is complete, it is sufficient to show that it is 
a closed subspace of C(G, R). So let {u,} be a sequence in Har(G) such that 
u, > uin C(G, R). Then (Lemma IV.2.7) it follows that u has the MVP and 
so, by Theorem 2.11, u must be harmonic. 

(b) We may assume that u, => 0 (if not, consider {u,—u,}). Let u(z) 
= sup {u,(z):n = 1} for each z in G. So for each z in G one of two possi- 
bilities occurs: u(z) = oo or u(z) e R and u,(z) — u(z). 

Define 
A = {zeG: u(z) = 0} 


B= {zeG: u(z) < oa}; 


thenG = AU Band AN B = (. We will show that both A and B are open. 
If ae G, let R be chosen such that B(a; R) < G. By Harnack’s inequality 


R—|z—al 
R+|z—a| 


ua) < u(z) < RPE—4 ey 
R—|z—d| 

for all z in B(a; R) and alln = 1. If ae A then u,(a) > o so that the left half 
of (2.17) gives that u,(z) — ©o for all z in B(a; R). That is, B(a; R) < A and 
so A is open. In a similar fashion, if a ¢ B then the right half of (2.17) gives 
that u(z) < oo for |z—a| < R. That is B is open. 

Since G is connected, either A = G or B = G. Suppose A = G;; that is 
u = oo. Again if B(a; R) < GandO < p < Rthen M = (R—p)(R+p)1>0 
and (2.17) gives that M u,(a) < u,(z) for |z—a| < p. Hence u,(z) > o 
uniformly for z in B(a, p). In other words, we have shown that for each a in 
G there is a p > 0 such that u,(z) > oo uniformly for |z—a| < p. From this 
it is easy to deduce that u,(z) — oo uniformly for z in any compact set. 

Now suppose B = G, or that u(z) < o0 for all z in G. If p < R then, as 
above, there is a constant N, which depends only on a and p such that 
M u,(a) < u,(z) < Nu,(a) for |z—al < p and alln. Soifm<n 


0 < u,(z)—u,(z) < Nu,(a)—M u,,(a) 
< C[u,(a)—u,,(a)] 


for some constant C. Thus, {u,(z)} is a uniformly Cauchy sequence on 
B(a; p). It follows that {u,} is a Cauchy sequence in Har(G) and so, by part 
(a), must converge to a harmonic function. Since u,(z) > u(z), u is this 
harmonic function. Ij 

It is possible to give alternate proofs of Harnack’s Theorem. One involves 


2.17 
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applying Dini’s Theorem (Exercise VII.1.6). Another involves using the 
Monotone Convergence Theorem from measure theory to obtain that u has 
the MVP. However, both these approaches necessitate proving that the 
function u is continuous. This is rather easy to accomplish by appealing to 
(2.17) and the fact that u,(z) — u(z) for all z; these facts imply that 


R—-|z—a| R+|z—-al| 
Ri |z—al u(a) < u(z) < Ro|enal u(a) 
Hence 
—2 |z~al 2|z—al 
Rilena u(a) < u(z)—u(a) < R-le—al u(a); 
or 
2 |Iz— 
luz) —u(a)| < a a) 


So as z > a, it is clear that u(z) — u(a). 


Exercises 


1. Let D = {z:|z| < 1} and suppose that f: D™ — C is a continuous function 
such that both Re fand Im fare harmonic. Show that 


, | ; ; 
f(re”) = al fe") P,(8 — t) dt 
20 
for all re’® in D. Using Definition 2.1 show that fis analytic on D iff 


| fe'Dem dt =0 


for all n > 1. 
2. In the statement of Theorem 2.4 suppose that f is piecewise continuous. 
on éD. Is the conclusion of the theorem still valid? If not, what parts of the 
conclusion remain true? 
3. Let D = {z:|z| < 1}, T= 0D = {z:|z| = 1} 
(a) Show that if g:D” —C is a continuous function and g,:T > C is 
defined by g,(z) = g(rz) then g,(z) — g(z) uniformly for zin Tasr—>1-. 
(b) If f:T— C is a continuous function define f:D~ + C by f(z) = f(z) 
for z in T and 


, G I * ; 
Frei) = = | neR0-9 dt 


(So Re f and Im f are harmonic in D). Define f,:T > C by f,(z) = f(rz). Show 
that for each r < 1 there is a sequence {p,} of polynomials such that 
PAZ) +fAz) uniformly for z in T. (Hint: Use Definition 2.1.) 
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(c) Weierstrass approximation theorem for 7. If f:T — C is a continuous 
function then there is a sequence {p,,} of polynomials such that p,(z) > f(z) 
uniformly for z in T. 


(d) In part (c) show that if fis real valued then the polynomials p, may 
be chosen to have real coefficients. 


(e) Suppose g:[0, 1] — C is a continuous function such that g(0) = g(1). 
Use part (c) to show that there is a sequence {p,,} of polynomials such that 
P, Xt) — g(t) uniformly for ¢ in [0, 1]. 

(f) Weierstrass approximation theorem for [0,1]. If ¢:[0, 1] > C is a con- 
tinuous function then there is a sequence {p,} of polynomials such that 
P,At) — g(t) uniformly for ¢ in [0, 1]. (Hint: Apply part (e) to the function 
g(t) +(1—2)g(1) + tg(0).) 

(g) Show that if the function g in part (f) is real valued then the poly- 
nomials can be chosen with real coefficients. 


4. Let G be a simply connected region and let I’ be its closure in C,; 
0,G = I'—G. Suppose there is a: homeomorphism » of I onto D™(D 
= {z:|z| < 1}) such that 9 is analytic on G. 

(a) Show that ¢(G) = D and 9(2,,G) = aD. 


(b) Show that if f:0,,G — R is a continuous function then there is a 
continuous function u:I’—R such that u(z) = f(z) for z in 0G and uw is 
harmonic in G. 


(c) Suppose that the function f in part (b) is not assumed to be con- 
tinuous at oo. Show that there is a continuous function u:G~ —> R such that 
u(z) = f(z) for z in 0G and u is harmonic in G (see Exercise 2). 


5. Let G be an open set, ae G, and Gp = G— {a}. Suppose that uw is a har- 
monic function on Go such that lim u(z) exists and is equal to A. Show that 


if U:G —R is defined by U(z) = u(z) for z 4 a and U(a) = A then U is 
harmonic on G. 


6. Let f: {z:Re z = 0} —R be a bounded continuous function and define 
u:{z:Re z>0}—R by 


1 xf(it) 
iy) =— | —————j> 7°. 
u(x +iy) - | 4 (y=? 
Show that u is a bounded harmonic function on the right half plane such that 
for c in R, f(ic) = lim u(z). 


z—ic 
§3. Subharmonic and superharmonic functions 


In order to solve the Dirichlet Problem generalizations of harmonic 
functions are introduced. According to Theorem 2.11, a function is harmonic 
exactly when it has the MVP. With this in mind, the choice of terminology in 
the next definition becomes appropriate. 
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3.1 Definition. Let G be a region and let »:G — R be a continuous function. 
g is a subharmonic function if whenever B(a;r) < G, 


22 
1 ; 
g(a) < al g(atre’’) dé. 
O 


g is a superharmonic function if whenever B(a; r) < G, 


20 


1 , 
g(a) = x | g(at+re'’) da. 


0 


The first comment that should be made is that » is superharmonic iff — 
is subharmonic. Because of this, only the results on subharmonic functions 
will be given and it will be left to the reader to state the analogous result for 
superharmonic functions. Nevertheless, we will often quote results on 
superharmonic functions as though they had been stated in detail. 

In the definition of a subharmonic function » it is possible to assume 
only that » is upper semi-continuous. However this would make it necessary 
to use the Lebesgue Integral in the definition instead of the Riemann Integral. 
So it is assumed that » is continuous when @¢ is subharmonic even though 
there are certain technical advantages that accrue if only upper semi- 
continuity is assumed. 

Clearly every harmonic function is subharmonic as well as superharmonic. 
In fact, according to Theorem 2.11, u is harmonic iff u is both subharmonic 
and superharmonic. If m, and g, are subharmonic then so is a,9,+4)9, 
if a,;, a, = 0. 

It is interesting to see which of the results on harmonic functions also 
hold for subharmonic functions. One of the most important of these is the 
Maximum Principle. 


3.2 Maximum Principle (Third Version). Let G be a region and let p:G > R 
be a subharmonic function. If there is a point a in G with g(a) > ¢(z) for all z 
in G then 9 is a constant function. 

The proof is the same as the proof of the first version of the Maximum 
Principle. (Notice that only the Minimum Principle holds for superharmonic 
functions.) 

The second version of the Maximum Principle can also be extended, but 
here both subharmonic and superharmonic functions must be used. 


3.3 Maximum Principle (Fourth Version). Let G be a region and let » and 
be real valued functions defined on G such that » is subharmonic and @ is 
superharmonic. If for each point a in 0,,G 


lim sup ¢(z) < lim inf 4(z), 


za Za 


then either o(z) < ¥(z) for all z in G or p = and g is harmonic. 
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Again, the proof is identical to that of Theorem 1.7 and will not be 
repeated here. 

Notice that we have not excluded the possibility that a subharmonic 
function may assume a minimum value. Indeed, this does happen. For 
example, g(x, y) = x*+y? is a subharmonic function and it assumes a 
minimum at the origin. This failure of the Minimum Principle is due to the 
fact that if wu has the MVP then so does —u; however, if p is subharmonic 
then — 9 is never subharmonic unless it is harmonic. 

When we say that a function satisfies the Maximum Principle, we refer 
to the third version. That is, we suppose that it does not assume a maximum 
value in G unless it is constant. 


3.4 Theorem. Let G be a region and »:G —> R a continuous function. Then » is 
subharmonic iff for every region G, contained in G and every harmonic function 
u, on G1, p—U, Satisfies the Maximum Principle on G,. 


Proof. Suppose that p is subharmonic and G, and uw, are as in the statement 
of the theorem. Then »—w, is clearly subharmonic and must satisfy the 
Maximum Principle. 

Now suppose ¢ is continuous and has the stated property; let B(a, r) < G. 
According to Theorem 2.4 there is a continuous function u: B(a, r)>R 
which is harmonic in B(a; r) and u(z) = 9(z) for |z—a] = r. By hypothesis, 
g—u satisfies the Maximum Principle. But (p—z)(z) = 0 for |z—a| = r. So 
@ < uand 


pa) < ula) = 5 | u(a+re'*) do 


I . 
= =| gp(atre'®) dé. 
20 


Therefore » is subharmonic. § 


3.5 Corollary. Let G be a region and »:G —> R a continuous function; then p 
is subharmonic iff for every region G, such that G{ < G and for every con- 
tinuous function u,:G; —> R which is harmonic in G, and satisfies (z) < u,(z) 
for z on 0G,, 9(Z) < u,(z) for z in G,. 


3.6 Corollary. Let G be a region and y, and ~, subharmonic functions on 
G; if o(z) = max{9,(Zz), 92(z)} for each z in G then p is a subharmonic 
function. 


Proof. Let G, be a region such that Gj < G and let u, be a continuous 
function on G; which is harmonic on G, with ¢(z) < u,(z) for all z in 0G,. 
Then both ¢,(z) and ¢,(z) < u,(z) on 0G,. From Corollary 3.5 we get that 
p,(z) and ¢,(z) < u,(z) for all z in G,. So 9(z) < u,(z) for z in G,, and, 
again by Corollary 3.5, p is subharmonic. Jj 
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3.7 Corollary. Let » be a subharmonic function on a region G and let 
Ba; r) < G. Let q’ be the function defined on G by: 


(i) eZ) = 9) if ze G— BG; r); 

(ii) gp’ is the continuous function on B(a; r) which is harmonic in B(a; r) 
and agrees with ¢(z) for |z—a| = r. 

Then ¢’ is subharmonic. 


The proof is left to the reader. 

As was mentioned at the beginning of this section, one of the purposes 
in studying subharmonic functions is that they enter into the solution of the 
Dirichlet Problem. Indeed, the fourth version of the Maximum Principle 
gives an insight into how this occurs. If G is a region and u:G ~Risa 
continuous function (G~ = the closure in C,,) which is harmonic in G, then 
g(z) < u(z) for all z in G and for all subharmonic functions g which satisfy 
lim sup 9(z) < u(a) for all a in 0,G. Since uw is itself such a subharmonic 


za 


function we arrive at the trivial result that 


3.8 u(z) = sup {¢(z):¢ is subharmonic and lim sup ¢(z) < u(a) forallainé,G}. 
Although this is a trivial statement, it is nevertheless a beacon which points 
the way to a solution of the Dirichlet Problem. Equation (3.8) says that if 
f:¢,,G — R is a continuous function and if f can be extended to a function 
u which is harmonic on G, then u can be obtained from a set of subharmonic 
functions which are defined solely in terms of the boundary values f. This 
leads to the following definition. 


3.9 Definition. If G is a region and f:0,,G — R is a continuous function then 
the Perron Family, Af, G), consists of all subharmonic functions »:G >R 
such that 


lim sup ¢(z) < f(a) 


for all a in 0,G. 

Since f is continuous, there is a constant M such that | f(a)| < ™ for all 
ain 0,,G. So the constant function — M is in Af, G) and the Perron Family 
is never empty. 

If u:G” —R is a continuous function which is harmonic in G and 
f = ule,,G then (3.8) becomes 


3.10 u(z) = sup {9(z):p « Af, G)} 


for each z in G. Conversely, if fis given and wu is defined by (3.10) then u 
must be the solution of the Dirichlet Problem with boundary values f; that 
is,- provided the Dirichlet Problem can be solved. In order to show that 
(3.10) is a solution two questions must be answered affirmatively. 


(a) Is u harmonic in G? 
(b) Does lim u(z) = f(a) for each a in 0,,G? 
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The first question can always be answered “‘Yes” and this is shown in 
the next theorem. The second question sometimes has a negative answer and 
an example will be given which demonstrates this. However, it is possible to 
impose geometrical restrictions on G which guarantee that the answer to 
(b) is always yes for any continuous function f. This will be done in the next 
section. 


3.11 Theorem. Let G be a region and f:0,,G — R a continuous function; then 
u(z) = sup {9(z):9 « Af, G)} defines a harmonic function u on G. 


Proof. Let | f(a)| < M for all ae 0,,G. The proof begins by noting that 
3.12 9(z) < M for all z in G, gin Af, G) 
This follows because, by definition, lim sup y(z) < M whenever pe Af, G); 


so (3.12) is a direct consequence of the Maximum Principle. 

Fix a in G and let B(a; r) < G. Then u(a) = sup {9(a):9¢ ALL, G)}; 
so there is a sequence {p,} in A(f, G) such that u(a) = lim 9,(a). Let 
®, = max {,,...,9,}; by Corollary 3.6 ®, is subharmonic. Let ®’ be the 
subharmonic function on G such that ®/(z) = ©,(z) for z in G— B(a; r) and 
@, is harmonic on B(a; r) (Corollary 3.7). It is left to the reader to verify the 
following statements: 


3.13 O,< Oi; 
3.14 Pn < 0, < O, 
3.15 Oe A(f, G). 


Because of (3.15), ®/(a) < u(a); from (3.14) and the choice of {9, }, this gives 
that 


3.16 u(a) = lim O(a). 


Moreover, statement (3.12) gives that ®’ < M for all n; so using (3.13), 
Harnack’s Theorem implies that there is a harmonic function U on B(q; r) 
such that U(z) = lim ®/(z) uniformly for z in any proper subdisk of B(a; r). It 
follows from (3.15) and (3.16) that U < u and U(a) = u(a), respectively. 

Now let zo ¢ B(a; r) and let {%,} be a sequence in Af, G) such that 
u(Zo) = lim ¥,(Zo). 

Let x, = max {9,, %,}, X, = max {xy1,---, x,}, and let X, be the sub- 
harmonic function which agrees with X, off B(a; r) and is harmonic in 
Bia; r). As above, this leads to a harmonic function U, on B(a; r) such that 
Uy <u and U,(z,.) = uz). But O, < X, so that 7 < X;. Hence 
U< U,) <u and U(a) = U,.(a) = ua). Therefore U—Up is a negative 
harmonic function on B(a; r) and (U—U,)(a) = 0. By the Maximum 
Principle, U = Uy; so U(Zo) = u(Zg). Since Zg was arbitrary, u = U in 
Bia; r). That is, wis harmonic on every disk contained in G. I 


3.17 Definition. Let G be a region and let f:0,G-—R be a continuous 
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function. The harmonic function u obtained in the preceding theorem is 
called the Perron Function associated with f. 
The next step in solving the Dirichlet Problem is to prove that for each 
point a in d,G lim u(z) exists and equals f(a). As was mentioned earlier, this 
za 


does not always hold. The following example illustrates this phenomenon. 

Let G = {z:0 < |z| < 1}, T= {z:|z| = 1}; so eG = TU {0}. Define 
f:0G > R by f(z) = 0 if ze T and f(0) = 1. For 0 < e < 1 let u,(z) = (log 
|z|) (log «)~!; then wu, is harmonic in G, u(z) > 0 for z in G, uz) = 0 for 
zin 7, and u(z) = 1 if |z| = «. Suppose that ve Af, G); since |f| < 1, 
|x(z)| < 1 for all z in G. If R, = {z:« < |z| < 1} then lim sup o(z) < ua) 


for all a in @R,; by the Maximum Principle, v(z) < u(z) for all z in R,. Since 
e was arbitrary this gives that for each z in G, v(z) < lim uz) = 0. Hence 
e>0O 


the Perron function associated with f is the identically zero function, and 
the Dirichlet Problem cannot be solved for the punctured disk. (Another 
proof of this is available by using Exercise 2.5 and the Maximum Principle.) 


Exercises 


1. Which of the following functions are subharmonic? superharmonic? 
harmonic? neither subharmonic nor superharmonic? (a) o(x, y) = x?+y?; 
(b) o(x, y) = x?—y’; (©) ox, y) = x7 +93 (d) ox, y) = x’-y; © Ox Y) 
= x+y"; (f) (x, y) = x-y’. 
2. Let Subhar(G) and Superhar(G) denote, respectively, the sets of sub- 
harmonic and superharmonic functions on G. 

(a) Show that Subhar(G) and Superhar(G) are closed subsets of C(G; R). 

(b) Does a version of Harnack’s Theorem hold for subharmonic and 
superharmonic functions? 
3. If G is a region and if f:0,,G — R is a continuous function let u, be the 
Perron Function associated with fi This defines a map T:C(0,,G; R)—>Har(G) 
by 7(f) = uy. Prove: 

(a) T is linear (i.e., T(a,f,+a.f,) = a,T(f,)+a.T(\,)). 

(b) T is positive (i.e., if f(a) > 0 for all ain @,,G then T(f)(z) = 0 for all 
z in G). 

(c) T is continuous. Moreover, if {f,} is a sequence in C(0,,G; R) such 
that f, > /f uniformly then 7(f,) > T(/) uniformly on G. 

(d) If the Dirichlet Problem can be solved for G then T is one-one. Is the 
converse true? 
4. In the hypothesis of Theorem 3.11, suppose only that f is a bounded 
function on @,,G; prove that the conclusion remains valid. (This is useful if 
G is an unbounded region and g is a bounded continuous function on @G. 
If we define f:0,,G > R by f(z) = g(z) for z in @G and f(cc) = 0 then the 
conclusion of Theorem 3.11 remains valid. Of course there is no reason to 
expect that the harmonic function will have predictable behavior near oo — 
we could have assigned any value to {(0o). However, the behavior near points 
of 0G can be studied with hope of success.) 
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5. Let G be a region and /:0,,G — R a continuous function. Define U(/, G) 
to be the family of all superharmonic functions % on G such that lim inf 


w(z) > f(a). If v:G >R is defined by v(z) = inf {#(z):4¢ Uf, G)}, prove 
that v is harmonic on G. If u is the Perron Function associated with f, show 
that u(z) < v(z). Prove that lim u(z) = f(a) for all a in 0,G iff u(z) = v(z) 


for all z. Can you give a condition in terms of u and v which is necessary and 
sufficient that lim u(z) = f(a) for an individual point ain 0,,G? 


za 


§4. The Dirichlet Problem 


4.1 Definition. A region G is called a Dirichlet Region if the Dirichlet Problem 
can be solved for G. That is, G is a Dirichlet Region if for each continuous 
function f: 2,,G — R there is a continuous function u:G~ — R such that u is 
harmonic in G and u(z) = f(z) for all z in 0,,G. 

We have already seen that a disk is a Dirichlet Region, but the punctured 
disk is not. In this section, we will see conditions which are sufficient for a 
region to be a Dirichlet Region. The first step in this direction is to suppose 
that there are functions which can be used to restrict the behavior of the 
Perron Functions near the boundary. 

For a set G and a point a in 2,,G, let G(a; r) = GC Ba; r) for allr > 0. 


4.2 Definition. Let G be a region and let ae 0,G. A barrier for G at ais a 
family {%.:r > 0} of functions such that: 


(a) %, is defined and superharmonic on G(qa; r) with ¥%,(z) = 0; 
(b) lim ¥,(z) = 0; 
(c) lim ¢,(z) = 1 for win GO {w:|w—a| = r}. 


The following observation is useful: if f, is defined by letting fy, = 4, on 
G(a; r) andw,(z) = 1 for zin G— B(a; r), then, is superharmonic. (Verify!) 
So the functions w “approach” the function which is one everywhere but 
z = a, where it is zero. The second-observation which must be made is that 
if G is a Dirichlet Region then there is a barrier for G at each point of 0,,G. 
In fact, if aced,G (a 4 «) and f(z) = |z—al(1+|z—al)"* for z 4 
with f(oo) = 1, then f is continuous on ¢@,,G; so there is a continuous 
function u:G~ —> R such that uw is harmonic on G and u(z) = f(z) for z in 
0G. In particular, u(a) = 0 and a is the only zero of u in G” (Why?) 
Let c, = inf {u(z):|z—al = r, z¢G} = min {u(z):|z—a| =r, zeG } > 0. 


1 
Define %,:G(a; r) > R by ¢,(z) = a min {u(z), c,}. It is left to the reader to 


check that {%,} is a barrier. 
The next result provides a converse to the above facts. 


4.3 Theorem. Let G be a region and let a 0,,G such that there is a barrier for 
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G at a. If f:2,,G — R is continuous and u is the Perron Function associated 
with f then 
lim u(z) = f(a) 

Proof. Let {,:r > 0} be a barrier for G at a and for convenience assume 
a # 00; also assume that f(a) = 0 (otherwise consider the function f—/(a)). 
Let « > 0 and choose 6 > 0 such that |f(w)| < « whenever we 0,G and 
lw—a| < 28; let s = 5. Let W:G—R be defined by W(z) = ¥(z) for z in 
G(a; 8) and W(z) = 1 for z in G—B(a; 8). Then wW is superharmonic. If 
|f(w)| < M for all w in @,,G, then —Mi—e is subharmonic. 


4.4 Claim. —Mp—< is in Af, G). 
If we 0,,G— B(a; 5) then lim Sup [—Miy(z)—«] = —M—e < f(w). Because 


W(z) > 0, it follows that lim sup [—Mip(z)—«] < —e for all win 0,G. In 
particular, if wed,GN Bla: 8) then lim sup [— My(z)—«] < —e < f(w) by 


z~>w 


the choice of 6. This substantiates Claim 4.4. Hence 
4.5 — Mi(z) —e < u(z) 


for all z in G. 
A similar analysis yields 
lim inf [My(z)+e] = lim sup 9(z) 
for all p in Af, G) and w in 0,G. By the fourth version of the Maximum 
Principle, p(z) < Mi(z)+e for p in Af, G) and z in G. Hence 


u(z) < Mif(z)+e; 
or, combining this with (4.5), 
4.6 —Mi(z)—e < u(z) < Mi(z)+e 


for all z in G. But lim f(z) = lim 4(z) = 0; since e was arbitrary, (4.6) gives 
that za za 


lim u(z) = 0 = f(a). 


This completes the proof. Ij 
Notice that the purpose of the barrier was to construct the function w 
which “‘squeezed”’ u down to zero. 


4.7 Corollary. A region G is a Dirichlet Region iff there is a barrier for G at 
each point of ¢,,G. 

The above corollary is not the solution to the problem of characterizing 
Dirichlet Regions. True, it gives a necessary and sufficient condition that a 
region be a Dirichlet Region and this condition is formally weaker than the 
definition. However, there are aesthetic and practical difficulties with Corol- 
lary 4.7. One difficulty is that the condition in (4.7) is not easily verified. 
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Another difficulty is that it is essentially the same type of condition as the 
definition; both hypothesize the existence of functions with prescribed 
boundary behavior. 

What is desired? Both tradition and aesthetics dictate that we strive for 
a topological-geometric condition on G which is necessary and sufficient 
that G be a Dirichlet Region. Such conditions are usually easy to verify for 
a given region, and the equivalence of a geometric property and an analytic 
one is the type of beauty after which most mathematicians strive. At the 
present time no such equivalence is known and we must be content with 
sufficient conditions. 


4.8 Lemma. Let G be a region in C and let S be a closed connected subset of 
C,, such that 0c. € S and SO 0,G = {a}. If Go is the component of C,,—S 
which contains G then G, is a simply connected region in the plane. 


Proof. Let Go, G,, ... be the components of C,,-—S with G < Go; note that 
each G, is a region in C. If ze 0,G, then G,U 2h is connected (Exercise 
IJ.2.1). Since G, is a component it follows that 0,G, < S. By Lemma 


11.2.6 G,U S (= G, U S) is connected and, consequently, so is U (G, U S) 
= C,,—Go. In virtue of Theorem VIII 3.2(c), Go is simply connected. | 


4.9 Theorem. Let G be a region in C and suppose that aé 0,,G such that the 
component of C,,—G which contains a does not reduce to a point. Then G has a 
barrier at a. 


Proof. Let S be the component of C,,—G such that ae S. By considering an 
appropriate Mobius transformation if necessary, we may assume that a = 0 
and o¢€ S. Let Go be the component of C,,—S which contains G. The 
preceding lemma gives that Go is simply connected; since 0 ¢ Go there is a 
branch 7# of log z defined on Go. In particular 7 is defined on G. For r > 0, 
let &(z) = ¢(2/r) = &(z)—log r for z in GOO; r). So —Z(G(O; r)) is a subset 
of the right half plane. Now let C, = GO {z:|z| = r}; then C, is the union 
of at most a countable number of pairwise disjoint open arcs y, in {z:|z|=r}. 
But —Z(y,) = (ia,, i8,) = f{it:«, < t < B,} for k = 1. Hence 


_ t(C, = U (ict,, iB;,) 


and these intervals are pairwise disjoint. Furthermore, the length of y, is 
r(B;,— %,); SO 


4.10 y (B,—%,) < 27. 


Now if log is the principal branch of the logarithm then 


h,(z) = Im oe (§ =H) 
ed nd 
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is harmonic in the right half plane and 0 < h,(z) < az for Re z > O (see 
Exercise III.3.19). Moreover 


Bk 
xX 
4.11 h(x+iy) = |zag=p dt 


if x > 0. From (4.11) it follows that 
” x 
h(x+iy) < | —~————— dt 
o> Katy) \z +(y—t)? 


Since each h, => 0, Harnack’s Theorem gives that h = y h, is harmonic in 
the right half plane. Hence k=1 


1 
(2) = — h(—4(2) 
is harmonic in G(O; r). It will be shown that {J.} is a barrier at a. 
Fix r > 0; then lim Re [—Z,(z)] = +00. So it suffices to show that 
0 
h(z)—>0 as Re z—> + oo. Using (4.11) and (4.10) it follows that for x > 0, 
h(x+iy) = aM h{x+iy) 


k=1 


So, indeed, im MMxtiy) = 0 uniformly in y; this gives that lim w(Z) = 0. 


To prove . that lim 4,(z) = 1 for w in G with |w| = r, it is “sufficient to 


prove that aw 
4.12 lim h(z) = wif a, < c < B, for some k 


So fix k > 1 and fix c in («,, B,). The following will be proved. 


4.13 Claim. There are numbers « and 8 such that « < a, < f, < f and if 


u(z) = Im log (= ) 
—j 


XE 


v(z) = Im log (3) 
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then x > 0 and a, < y < B, implies 0 < h(x+iy)—h,(x+iy) < u(xtiy) 
+ v(x + iy). 

Once 4.13 is established, Equation 4.12 is proved as follows. From Exercise 


III.3.19, 
v(x +iy) = arctan (2=*) — arctan (* 
x 


so if x+iy ~ ic, c < B, < B, then o(x+iy) — 0. 
Similarly u(x+iy) > 0 as x+iy — ic, witha < «, <c. 
Hence, Claim 4.13 yields 


4.14 lim [h(z)—h,(z)] = 0. 


But 
h(x+iy) = arctan (2 —*) —arctan (” —B ‘| 
x 


so lim h,(z) = 7; this combined with (4.14) implies Equation (4.12). 


z7ic 

It remains to substantiate Claim 4.13; we argue geometrically. Recall 
(Exercise JII.3.19) that 4,(z) is the angle in the figure. Consider all the 
intervals (ia,;, iB ;) lying above (ia,, i8,) and translate them downward along 
the imaginary axis, keeping them above (i«,, i8,) until their endpoints 
coincide and such that one of the endpoints coincides with if,. Since 
(8 ;—«,;) < 2m there is a number 8 < (8,+2z7) such that each of the trans- 
lated intervals lies in (iB,, i8). Now if z= x+iy, x > 0 and «& < y < B,, 
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then the angle A(z) increases as the interval (io, iB ;) is translated downward. 
Hence a, < Imz < §, implies 


4.15 dh j(2) < v(2), 


where v is as in the statement of the claim and the sum is over all j such that 
a; 2 P,. By performing a similar upward translation of the intervals (ix p 
iB) with B; < «,, there is a number « < («,—27) such that the translates 
lie in the interval (ia, ia,,). So if uw is as in the claim and «, < Imz < f,, 


4.16 YA (Z) < u(z) 


where the sum is over all j with 8; < «. By combining (4.15) and (4.16) the 
claim is established. 9 


4.17 Corollary. Let G be a region such that no component of C,,—G reduces 
to a point; then G is a Dirichlet Region. 


4.18 Corollary. A simply connected region is a Dirichlet Region. 


Proof. If G # C the result is clear since C,,—G has only one component. 
If G = C then the result is trivial. Jj 

Theorem 4.9 has no converse as the following example illustrates. Let 
l>r,>r,>...with r, 0; for each n let y, be a proper closed arc of 


the circle |z| = r, with length V(y,). Put G = B(O; 1)— (U {yin} U we and 
1 
suppose that lim V(y,)/r, = 27. So C,,-G = {0} U U y,} U {z:|z| > 


According to Theorem 4.9 there is a barrier at each point of 0,,G = 0G with 
the possible exception of zero. We will show that there is also a barrier at zero. 


Ifr,-; >r > yr, and ifm > n, let B, = BO; r)— Ot). Let h,, be the 
continuous function on B” which is harmonic on B. “with h,(Z) = 1 for 
|z| = rand h,,(z) = 0 for z in U {y;}. Then {A,,} is a decreasing sequence of 


positive harmonic functions on G(0; r); by Harnack’s Theorem {h,,} con- 
verges to a harmonic function on G(Q; r) which is also positive (Why?) 
Since lim A(z) = 1 for |[w| = r, we need only show that lim h(z) = 0. Let k,, 
be the harmonic function on B(0; r,,) which is 0 on  } and 1 on {z:|z| 
= Tm}— {Ym} (this does not have continuous boundary values, only piecewise 
continuous boundary values which are sufficient—see Exercise 2.2). Then 
0<h<k,, on BOO; r,,) and 


2n 


k,(0) = =| Kune) a0 
2a 


0 


ol Vm) 
_ (2n— “= 
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V 
Since Ym) —> 27, k,,(0) > 0; it follows that h(z) + 0 as z > 0. Thus, G has 


m 


a barrier at zero. 


Exercises 


1. Let G = BO; 1) and find a barrier for G at each point of the boundary. 
2. Let G = C—(, 0] and construct a barrier for each point of 0,,G. 

3. Let G be a region and a a point in 0,,G such that there is a harmonic 
function u:G — R with lim u(z) = 0 and lim inf u(z) > 0 for all w in 2,,G, 


Zw 


w # a. Show that there is a barrier for G at a. 
4, This exercise asks for an easier proof of a special case of Theorem 4.9. 
Let G be a bounded region and let ae 0G such that there is a point b with 
[a, bh AG” = {a}. Show that G has a barrier at a. (Hint: Consider the 
transformation (z—a)(z—b)~*.) 


§5. Green’s Function 


In this section Green’s Function is introduced and its existence is dis- 
cussed. Green’s Function plays a vital role in differential equations and other 
fields of analysis. 


5.1 Definition. Let G be a region in the plane and let ae G. A Green’s 
Function of G with singularity at a is a function g,:G-—>R with the 
properties: 


(a) g, is harmonic in G— {a}; 

(b) G(z) = g,(z)+log |z—a| is harmonic in a disk about a; 

(c) lim g,(z) = 0 for each w in 0,G. 

For a given region G and a point a in G, g, need not exist. However, if it 
exists, it is unique. In fact if h, has the same properties, then, from (b), 
h,—2, is harmonic in G. But (c) implies that lim [h,(z)—g,(z)] = 0 for every 


—7w 
win 0,G; so h, = g, by virtue of the Maximum Principle. 

A second observation is that a Green’s Function is positive. In fact, g, is 

harmonic in G— {a} and lim g(z) = +00 since g,(z)+log |z—a| is harmonic 
za 
at z = a. By the Maximum Principle, g,(z) > 0 for all z in G— {a}. 

Given this observation it is easy to see that C has no Green’s Function 
with a singularity at zero (or a singularity at any point, for that matter). In 
fact, suppose gy is the Green’s Function with singularity at zero and put 
g = —g,; 80 g(z) < 0 for all z. We will show g must be a constant function, 
which is a contradiction. To do this, it is sufficient to show that if 0 # z, 
#~ Zz, #0 then g(z,) < g(z,). If « > 0 then there is a 6 > 0 such that 


278 Harmonic Functions 


lg(z)—g(z,)| < « if |z,—-z| < 5; so g(z) < g(z;)+e if |z—z,| < 6. Let 
r > |z,;—zZ,| > 5; then 


is harmonic in C— {z,}. It is left to.the reader to check that g(z) < h,(z) 
for z on the boundary of the annulus A = {z:8 < |z—z,| < r}. By the Maxi- 
mum Principle, g(z) < h,(z) for z in A; in particular, h,(z,) = g(z,). Letting 
r —> © we get 
g(z2) < lim h(Z2) = g(z1) +¢; 
since « was arbitrary, g(z,) < g(z,) and g must be a constant function. 
When do Green’s Functions exist? 


5.2 Theorem. [f G is a bounded Dirichlet Region then for each a in G there is 
a Green’s Function on G with singularity at a. 


Proof. Define f:0G —R by f(z) = log |z—al, and let u:G~ +R be the 
unique continuous function which is harmonic on G and such that u(z)=/f(z) 
for z in 0G. Then g,(z) = u(z)—log |z—a| is easily seen to be the Green’s 
Function. 

This section will close with one last result which says that Green’s 
Functions are conformal invariants. 


5.3 Theorem. Let G and be regions such that there is a one-one analytic 
function f of G onto Q; let ae G and « = f(a). If g, and y, are the Green’s 
Functions for G and Q with singularities a and « respectively, then 


84(Z) = va(f(2))- 


Proof. Let »:G—>R be defined by » = y,°f. To show that o = g, it is 
sufficient to show that » has the properties of the Green’s Function with 
singularity at z = a. Clearly @ is harmonic in G— {a}. If we 0,G then 
lim ¢(Z) = 0 will follow if it can be shown that lim 9(z,) = 0 for any sequence 
{z,} in G with z, —> w. But {f(z,)} is a sequence in Q and so there is a sub- 
sequence {z,,} such that f(z,,) > w in Q~ (closure in C,,). So y,(f(Z,,)) > 0. 
Since this happens for any convergent subsequence of {f(z,)} it follows that 
lim 9(z,) = lim y,(f(z,)) = 0. Hence lim ¢(z) = 0 for every w in 0,,G. 
zw 
Finally, taking the power series expansion of f about z = a, 

f(2) = «+A,(z—-a)+A,(z—a)* 4+... 
or 

f(z) —« = (z-a[A,+A,(z—a)+...]. 
Hence 


5.4 log| f(z) — «|= log|z—a|+h(z), 
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where A(z) = log |A, + A,(z—a)+...| is harmonic near z = a since A, # 0. 
Suppose that y,(w) = A(w)—log|w—«| where A is a harmonic function 
on Q. Using (5.4) 


p(z) = A(f(z)) — log] f(z) — 4 
= [A(f(z)) —A(z)] —log|z —a]. 


Since Ao f—hA is harmonic near z = a, 9(z)+log |z—al| is harmonic near 


z=a.j 


Exercises 


1. (a) Let G be a simply connected region, let a € G, and let f:G > D = {z: 
|z| < 1} be a one-one analytic function such that f(G) = D and f(a) = 0. 
Show that the Green’s Function on G with singularity at a is g,(z) = —log 
[f@)]. 

(b) Find the Green’s Functions for each of the following regions: 

(i) G = C—(o, 0]; Gi) G = {z:Re z > 0}; (iii) G = {2:0 < Imz < 27}. 
2. Let g, be the Green’s Function on a region G with singularity at z = a. 
Prove that if % is a positive superharmonic function on G— {a} with lim inf 
[¥(z)+log |z—al] > — oo, then g,(z) < ¢(z) for z # a. 
3. This exercise gives a proof of the Riemann Mapping Theorem where it is 
assumed that if G is a simply connected region, G # C, then: (i) C,, —G is 
connected, (ii) every harmonic function on G has a harmonic conjugate, 
(iii) if a ¢ G then a branch of log(z—a) can be defined. 

(a) Let G be a bounded simply connected region and let a € G; prove that 
there is a Green’s Function g, on G with singularity at a. Let u(z) = g,(z) 
+log|z—a| and let v be the harmonic conjugate of u. If » = u+iv let 
f(z) = e(z—a)e~*™ for a real number «. (So f is analytic in G.) Prove that 
[f(z)| = exp (—g,(z)) and that lim | f(z)| = 1 for each w in ¢G (Compare this 


with Exercise 1). Prove that for 0 < r < 1, C, = {z:|f(z)| = r} consists of 
a finite number of simple closed curves in G (see Exercise VI.1.3). Let G, 
be a component of {z:|f(z)| < r} and apply Rouché’s Theorem to get that 
J(z) = 0 and f(z)— wy = 0, |wo] < r, have the same number of solutions in 
G,. Prove that fis one-one on G,. From here conclude that f(G) = D = {z: 
[z| < 1} and f’(a) > 0, for a suitable choice of «. 

(b) Let G be a simply connected region with G # C, but assume that G 
is unbounded and 0, o € 0,,G. Let ¢@ be a branch of log z on G, ae G, and 
a = ¢(a). Show that 7 is one-one on G and ¢(z) 4 «+2mi for any z in G. 
Prove that ¢(z) = [¢(z)—«—2zi]~' is a conformal map of G onto a bounded 
simply connected region in the plane. (Show that 7 omits all values in a 
neighborhood of «+ 2zi.) 

(c) Combine parts (a) and (b) to prove the Riemann Mapping Theorem. 


4. (a) Let G be a region such that 0G = y is a simple continuously differen- 
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tiable closed curve. If f:0G -—R is continuous and g(z, a) = g,(z) is the 
Green’s Function on G with singularity at a, show that 


5.5 h(a) = | f() a (z, a) ds 


is a formula for the solution of the Dirichlet Problem with boundary values /; 
d 
where = is the derivative of g in the direction of the outward normal to y and 
n 


ds indicates that the integral is with respect to arc length. (Note: these con- 
cepts are not discussed in this book but the formula is sufficiently interesting 
so as to merit presentation.) (Hint: Apply Green’s formula 


7] d 
ize —vAu]|dxdy = {| 2 Hv 5 | ds 
on on 
Q IQ 


with Q = G— {z: |z—a| < 8}, 8 < d(a, {fy}, u=h, v = g,(z) = g(z, a).) 
(b) Show that if G = {z:|z| < 1} then (5.5) reduces to equation (2.5). 


Chapter XI 


Entire Functions 


To begin this chapter, let us recall the Weierstrass Factorization Theorem 
for entire functions (VII. 5.14). Let f be an entire function with a zero of 
multiplicity m > O at z = 0; let {a,} the zeros of f, a, 4 0, arranged so that 
a zero of multiplicity k is repeated in this sequence k times. Also assume 
that |a,| < |a,| <.... If {p,} is a sequence of integers such that 


bead r Pnt1 


for every r > O then 


0.2 P(z) = suf E,, (z/a,) 
converges uniformly on compact subsets of the plane, where 

z* zP 
0.3 E,(@) = (1-2) exp(z + 5 +... +=) 

P 
for p => 1 and 
E,(z) —_ l-—z 

Consequently 
0.4 F(z) = 2™ e®) P(z) 


where g is an entire function. An interesting line of investigation begins if we 
ask the questions: What properties of fcan be deduced if g and P are assumed 
to have certain “‘nice’’ properties? Can restrictions be imposed on f which 
will imply that g and P have particular properties? The plan that will be 
adopted in answering these questions is to assume that g and P have certain 
characteristics, deduce the implied properties of f; and then try to prove the 
converse of this implication. 

How to begin? Clearly the first restriction on g in this program is to 
suppose that it is a polynomial. It is equally clear that such an assumption 
must impose a growth condition on e%”. A convenient assumption on P is 
that all the integers p, are equal. From equation (0.1), we see that this is to 
assume that there is an integer p > 1 such that 


cO 
» laal~? < 00; 
n=1 


that is, it is an assumption on the growth rate of the zeros of f In the first 
281 
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section of this chapter Jensen’s Formula is deduced. Jensen’s Formula says 
that there is a relation between the growth rate of the zeros of f and the 
growth of M(r) = sup {|f(re’®)|: 0 < @ < 2s} as r increases. In succeeding 
sections we study the growth of the zeros of fand the growth of M(r). Finally, 
the chapter culminates in the beautiful factorization theorem of Hadamard 
which shows an intimate relation between the growth rate of M(r) and these 
assumptions on g and P. 


§1. Jensen’s Formula 


If f is analytic in an open set containing B(O; r) and f doesn’t. vanish in 
B(O; r) then log | f| is harmonic there. Hence it has the Mean Value Property 
(X. 1.4); that is 


22 


| ; 
1.1 log | f(0)| = 5 | log | f(re’®)| dé. 


0 


Suppose f has exactly one zero a = re'* on the circle |z| = r. If g(z) = f(z) 
(z—a)~* then (1.1) can be applied to g to obtain 


2n 
] ; . ; 
log (0) = 5 | flog /re|—Iog je —re' 
0 


Since log |g(0)| = log |/(0)|—log r, it will follow that (1.1) remains valid 
where f has a single zero on |z| = r, if it can be shown that 


2n 
] ; . 
=| log |re’® —re'*| dO = logr; 
27 
10) 
alternately, if it can be shown that 
2 
[ log |1—-e"*| do = 0. 
) 
But this follows from the fact that 
2n 
i) log (sin? 26) dd = — 4 log 2 
10) 


(Exercise V. 2.2(h)). So (1.1) remains valid if f has a single zero on |z| = r; 
by induction, (1.1) is valid as long as f has no zeros in B(Q; r). 

The next step is to examine what happens if f has zeros inside B(O; r). 
In this case, log | f(z)| is no longer harmonic so that the MVP is not present. 


1.2 Jensen’s Formula. Let f be an analytic function on a region containing 
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B(O; r) and suppose that a,,...,a, are the zeros of f in B(0; r) repeated 
according to multiplicity. if f{(0) # 0 then 
2n 


= 1 
log | f(0)| = — > log (=) ~4 | log | f(re’®)| dé. 
k=1 k 3 


Proof. If |b| < 1 then the map (z—b) (1—4z)~! takes the disk B(O; 1) onto 
itself and maps the boundary onto itself. Hence 


r?(z—a,) 


r* —G,z 


maps B(0; r) onto itself and takes the boundary to the boundary. Therefore 


F(z) = f@) [z= 


r(z— “a 
is analytic in an open set containing B(O; r), has no zeros in B(O; r), and 
|[F(z)| = |f(2)| for |z| = r. So (1.1) applies to F to give 
22 
1 ; 
log FO] = | log [/(re)| a8. 
WT 
0 


However 


FO) = f0) | | (- =) 
k=1 


so that Jensen’s Formula results. Jj 


If the same methods are used but the MVP is replaced by Corollary X. 2.9, 
log | f(z)| can be found forz #4 a,,1<k <n. 


1.3 Poisson-Jensen Formula. Let f be analytic in a region which contains 
B(O; r) and let a,,...,a, be the zeros of f in BO; r) repeated according to 
multiplicity. If |z| < r and f(z) # 0 then 
2n 
—G,z 1 reP4z -e 
— —z— ")| dé. 
+ x | Re (n=) log | f(re™’)| d 


r(z—a,) 


log [f(2)| = - >. tog | 


k=1 


Exercises 


1. In the hypothesis of Jensen’s Formula, do not suppose that f(0) 4 0. 
Show that if f has a zero at z = 0 of multiplicity m then 


(m) 
tog LO 
m! 


k= 


22 
1 ; 
+ mlogr= — S log (< ;) + | log | f(re’®)| dé. 
1 
0 
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2. Let f be an entire function, M(r) = sup {|f(re®®)|: 0 < 0 < 27}, n(r) = 
the number of zeros of fin B(O; r) counted according to multiplicity. Suppose 
that f(0) = 1 and show that n(r) log 2 < log M(2r). 

3. In Jensen’s Formula do not suppose that fis analytic in a region containing 
B(O; r) but only that fis meromorphic with no pole at z = 0. Evaluate 


20 
1 
— | log | f(re’®)| d0. 
27 
0) 


4. (a) Using the notation of Exercise 2, prove that 


je dt = > 08 (i) 


where a,,...,4, are the zeros of f in BO; r). (Hint: Use the Residue 
Theorem.) 

(b) Let f be meromorphic without a pole at z = 0 and let n(r) be the 
number of zeros of f in B(O; r) minus the number of poles (each counted 
according to multiplicity). Evaluate 


1 
t 


0 


5. Let D = B(O; 1) and suppose that f: D — C is an analytic function which 
is bounded. 

(a) If {a,} are the non-zero zeros of fin D counted according to multi- 
plicity, prove that }((1—|a,|) < oo. (Hint: Use Proposition VII. 5.4). 

(b) If f has a zero at z = 0 of multiplicity m => 0, prove that f(z) = 
z™ B(z) exp (—g(z)) where B is a Blaschke Product (Exercise VII. 5.4) and g 
is an analytic function on D with Reg (z) => —log M (M = sup {|f(2)|: 
Iz] < 1}). 


§2. The genus and order of an entire function 


2.1 Definition. Let f be an entire function with zeros {a,, a,,...}, repeated 
according to multiplicity and arranged such that |a,| < |a,| <.... Then 
f is of finite rank if there is an integer p such that 


io a) 
2.2 \) |a,|~ 2"? < 0. 
n=1 
If p is the smallest integer such that this occurs, then fis said to be of rank p; 


a function with only a finite number of zeros has rank 0. A function is of 
infinite rank if it is not of finite rank. 
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From equation (0.1) it is seen that if f has finite rank p then the canonical 
product P in (0.4) can be taken to be 


2.3 PQ) = [] E,(z/a,). 


Notice that if fis of finite rank and p is any integer larger than the rank 
of f, then (2.2) remains valid. So there is a second canonical product (2.3), 
and this shows that the factorization (0.4) of fis not unique. However, if the 
product P is defined by (2.3) where p is the rank of f then the factorization 
(0.4) is unique except that g may be replaced by g+2zmi for any integer m. 


2.4 Definition. Let f be an entire function of rank p with zeros {a,, a,,...}. 
Then the product defined in (2.3) is said to be in standard form for f. If f is 
understood then it will be said to be in standard form. 


2.5 Definition. An entire function f has finite genus if f has finite rank and if 
f(z) = ze P(z), 


where P is in standard form, and g is a polynomial. If p is the rank of f 
and q is the degree of the polynomial g, then » = max (p, q) is called the 
genus of f. 

Notice that the genus of fis a well defined integer because once P is in 
standard form, then g is uniquely determined up to adding a multiple of 2zi. 
In particular, the degree of g is determined. 


2.6 Theorem. Let f be an entire function of genus p. For each positive number 
a there is a number ry such that for \z| > ro 


[f(2)| < exp (a|z|***) 


Proof. Since f is an entire function of genus p 
Le 6] 
f@) = ze YT] E,(z/a,), 
n=1 


where g is a polynomial of degree <p. Notice that if |z| < 4 then 


2.7 log |E,(z)| = Re {log (1—z)+z+...+2"/u} 


= Res — gett Fete 
+1 +2 


< |z\"14+4+G)? +...) 
— 9) jz|"*? 
Also 


|E,@| < U+|z[) exp ((z/+...+[2["/u), 
so that 


log |E,(z)| < log (1+ |z])+|z|/+...4+ |z|*/p. 
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Hence, 
lim oe =O 
So if A > 0 then there is a number R > 0 such that 
2.8 log |E,(z)| < Alz|***, |z| > R. 
But on {z: 4 < |z| < R} the function |z|~“*” log |E,(z)| is continuous 
except at z = —1, where it tends to — oo. Hence there is a constant B > 0 
such that 
2.9 log |E,(z)| < Blz|***,4 < |z| < B. 
Combining (2.7), (2.8), and (2.9) gives that 
2.10 log |E,(z)| < M|z|**? 


for all z in C, where M = max {2, A, B}. 
Since )'|a,|~“*" < 00, an integer N can be chosen so that 


fe 0) 
> la,[-@tD < a 
4M 


n=N+1 
But, using (2.10), 
S [ziti « +1 
2.11 >. log |E,(z/a,)| < MD | Sql 


Now notice that in the derivation of (2.8), A could be chosen as small as 
desired by taking R sufficiently large. So choose r, > 0 such that 


a 
log |E,(z)| < an Fl" for |z| > r,. 


If r, = max {la,|7r,, |a2| 71,..., lay] 71} then 


N 
> log |E,(z/a,)| < 5 lint for |z| > r. 


n=1 


Combining this with (2.11) gives that 


2.12 log |P(z)| = > log |E,(z/a,)| < 5 lel? 
n=1 


for |z| > rz. Since g is a polynomial of degree <p, 


fan Og I+ Is@I _ 
jz|"*3 


0. 


zo 


So there is anr; > 0 such that m log |z|+]|g(z)| < 4. |z|**!. Together with 
(2.12) this yields 


log | f(z)| < « |z|**? 
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for |zZ| > ro = max {r,, r;}. By taking the exponential of both sides, the 
desired inequality is obtained. J 

The preceding theorem says that by restricting the rate of growth of the 
zeros of the entire function f(z) = z” exp g(z)P(z) and by requiring that g 
be a polynomial, then the growth of M(r) = max {|f(re’®)|: 0 < 0 < 27} is 
dominated by exp (a|z|"**) for some p» and any a > 0. 

We wish to prove the converse to this result. 


2.13 Definition. An entire function f is of finite order if there is a positive 
constant a and an r, > O such that | f(z)| < exp ({z|*) for |z| > ro. If fis not 
of finite order then fis of infinite order. 

If f is of finite order then the number A = inf {a: |f(z)| < exp (|z|*) for 
|z| sufficiently large} is called the order of f. 

Notice that if | f(z)| < exp (|z|*%) for |z| > r, > l and b > a then |f(z)| < 
exp (|z|"). The next proposition is an immediate consequence of this obser- 
vation. 


2.14 Proposition. Let f be an entire function of finite order 4. If « > 0 then 
| f(z)| < exp (|\z|***) for all z with |z| sufficiently large; and a z can be found, 
with |z| as large as desired, such that |f(z)| = exp (|z|*~‘). 

Although the definition of order seems a priori weaker than the con- 
clusion of Theorem 2.6, they are, in fact, equivalent. The reader is asked to 
show this for himself in Exercise 3. 

So it is desirable to know if every function of finite order has finite genus 
(a converse of Theorem 2.6). That this is in fact the case is a result of 
Hadamard’s Factorization Theorem, proved in the next section. 

The proof of the next proposition is left to the reader. 

2.15 Proposition. Let f be an entire function of order \ and let M(r) = max 
{|f(@)|: |2| = 1}; then 
log log M(r) 
A = lim sup —————— 
ro logr 
Consider the function f(z) = exp (e”); then |/(z)| = exp (Re e”) = exp 
(e" cos 6) if z = re'®. Hence M(r) = exp (e’) and 
loglog M(r)_ sr 
logr _—iogrr’ 
thus, fis of infinite order. On the other hand if g(z) = exp (z"), n => 1, then 
|g(z)| = exp (Re z”) = exp (r” cos mé). Hence M(r) = exp (r") and so 
log log M(r) 
——__———- =n 
logr 


3 


thus g is of order n. For further examples see Exercise 7. 
Using this terminology, Theorem 2.6 can be rephrased as follows 


2.16 Corollary. [ff is an entire function of finite genus p then f is of finite order 
AcspH+l. 
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Exercises 


1. Let f(z) = }c,2z" be an entire function of finite genus u; prove that 


lim c,(n!yVerD = 0, 
(Hint: Use Cauchy’s Estimate.) 
2. Let f,; and f, be entire functions of finite orders A, and A, respectively. 
Show that f= f,+/, has finite order A and A < max (A,, A,). Show that 
A = max (A,, A,) if A, # A, and give an example which shows that A < max 
(A,, Az) with f ¥ 0. 
3. Suppose f is an entire function and A, B, « are positive constants such 
that there is a rg with | f(z)| < exp (A|z|?+ B) for |z| > ro. Show that fis of 
finite order <a. 
4. Prove that if f isan entire function of order 4 then f’ also has order X. 
5. Let f(z) = }c,2z" be an entire function and define the number « by 
a = lim inf 08 14a 
n>0 nhilogn 
(a) Show that if fhas finite order then « > 0. (Hint: If the order of fis A 
and B > A show that |c,| < r~” exp (r°) for sufficiently large r, and find the 
maximum value of this expression.) 
(b) Suppose that 0 < « < oo and show that for any e > 0, « < «, there 
is an integer p such that |c,|'" < n~“~® for n > p. Conclude that for 
|z] = r > 1 there is a constant A such that 


[f(z)| < Ar? + > (x) 


(c) Let p be as in part (b) and let N be the largest integer <(2r)!/(*~°. 
Take r sufficiently large so that N > p and show that 


roe) n N 
r r \" 
> (2) < land > (7) < Bexp ((2r)'/“*—® log r) 


m=N+1 n=pt+1 


where B is a constant which does not depend on r. 


(d) Use parts (b) and (c) to show that if 0 < « < o then f has finite 
order A and A < «7. 

(c) Prove that f is of finite order iff « > 0, and if f has order A then 
Az=al. 


7. Find the order of each of the following functions: (a) sin z; (b) cos z: 
(c) cosh ,/z; (d) }) n~"z" where a > 0. (Hint: For part (d) use Exercise 6.) 
n=1 


8. Let f; and f, be entire functions of finite order A,, A,; show that f = f, fy 
has finite order A < max (A,, A,). 

9. Let {a,} be a sequence of non-zero complex numbers. Let p = inf {a: 
> lean] * < co}; the number p is called the exponent of convergence of {a,}. 


Hadamard Factorization Theorem 289 
(a) If fis an entire function of rank p then the exponent of convergence 
p of the non-zero zeros of f satisfies: p < p < p+1. 
(b) If p'= the exponent of convergence of {a,} then for every « > 0, 
y) |a,| 7° < c and ¥ |a,|~°-? = oo. 
. (c) Let f be an entire function of order A and let {a,, a,,...} be the non- 
zero zeros of f counted according to multiplicity. If p is the exponent of 


convergence of {a,} prove that p < A. (Hint: See the proof of (3.5) in the 
next section.) 


(d) Let P(z) = [| £,(2/a,) be a canonical product of rank p, and let p 
n=1 


be the exponent of convergence of {a,}. Prove that the order of P is p. 
(Hint: If A is the order of P, p < A; assume that |a,| < |a,| < ... and fix z, 
|z] > 1. Choose N such that |a,| < 2 |z| ifn < Nand |a,| > 2 |z| ifn => N 
+ 1. Treating the cases p < p+1 and p = p+1 separately, use (2.7) to show 


that for some e > 0. 
> log |E, (2) 
n=N+1 ap 


Prove that for |z| > 4, log |E,(z)| < B |z|? where B is a constant independent 
of z. Use this to prove that 
z 
a()) 


for some constant C independent of z.) 
10. Find the order of the following entire functions: 


(@) fle) = [] a2), 0< lal <1 


(b) f(@) = [T(: - =) 


(©) fl) = ey. 


< A|z/P**. 


N 
> log 


n=1 


< C |z|Pr* 


§3. Hadamard Factorization Theorem 


In this section the converse of Corollary 2.16 is proved; that is each 
function of finite order has finite genus. Since a function of finite genus can 
be factored in a particularly pleasing way this gives a factorization theorem. 


3.1 Lemma. Let f be a non-constant entire function of order X with f(0) = 1, 
and let {a,, a,,...} be the zeros of f counted according to multiplicity and 
arranged so that |a,| < |a.| <.... If an integer p > X—1 then 


aa __p St _ 
dz?| fla) |” 2 (@,—2P*? 


for Z # @,, @,... 
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Proof. Let n = n(r) = the number of zeros of f in B(O; r); according to the 


Poisson-Jensen formula 
2n 
1 
x | Re (S| log | f(re®*)| do 
+ 57 re’ 


for |z| < r. Using Exercise 1 and Leibniz’s rule for differentiating under an 
integral sign this gives 


re > (z—a,)~1 + > G,(r? —d,z)~' 


r —A,Z 


r(z—a,) 


log [f(@)| = -> log 


I a, . 
+ | 2re'*(re’® —z)~? log | f(re'®)| d0 
TT 
6 


for |z| < rand z #4 a,,...,4,. Differentiating p times yields: 


dP , n n 
e567 > rite! > ae aay 


k=1 
2n 
l a, 
+(p+1)!5- | 2re'%(re'?—z)-?~? log | f(re’)| dé. 
WT 
0 


Now as r — 00, n(r) > 00 so that the result will follow if it can be shown that 
the last two summands in (3.2) tend to zero as r > oo. 

To see that the second sum converges to zero let r > 2|z|; then |a,| < r 
gives |r? —d,z| > 4r? so that (|a,| |r? —d,z|~')?*! < (2/n)’*'. Hence the 
second summand is dominated by n(r) (2/r)’**. But it is an easy consequence 
of Jensen’s Formula (see Exercise 1.2) that log 2n(r) < log M(r). Since f is 
of order A, for any « > 0 and r sufficiently large 


log 2 n(r) r~?* < log[M(n] r7 PtP 


< prte)— (pt 1) 


But p+1 >A so that e may be chosen with (A+e«)—(p+1) < 0. Hence 
n(r) (2/r)?** +0 as r — oo; that is, the second summand in (3.2) converges 
to zero. 

To show that the integral in (3.2) converges to zero notice that 


2n 
{ re’(re'®—z)~?-? dd = 0 
O 
since this integral is a multiple of the integral of (w—z)~?~? around the 


circle |w| = r and this function has a primitive. So the value of the integral 
in (3.2) remains unchanged if we substitute log |f|—log M(r) for log |/]. 
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So for 2/z| < r, the absolute value of the integral in (3.2) is dominated by 
22 
1 , 
3.3 (p+1)! 277 3~-@tD = | [log M(r)—log | f(re’®)|] dd. 
TT 
0 


But according to Jensen’s Formula, 


22 
1 ; 
= | log | f(re’*)| dd = 0 
27 

0 


since f(0) = 1. Also log M(r) < r*** for sufficiently large r so that (3.3) is 
dominated by 


(p+ 1)! apt 3pate—(pt 1) 


As before, « can be chosen so that r’**~?* _. 0 as r—+ oo. 

Note that the preceding lemma implicitly assumes that f has infinitely 
many zeros. However, if f has only a finite number of zeros then the sum in 
Lemma 3.1 becomes a finite sum and the lemma remains valid. 


3.4 Hadamard’s Factorization Theorem. If f is an entire function of finite 
order X then f has finite genus p < 4. 


Proof. Let p be the largest integer less than or equal to A; so p < A < pti. 
The first step in the proof is to show that f has finite rank and that the rank 
is not larger than p. So let {a,, a,,...} be the zeros of f counted according 


to multiplicity and arranged such that |a,| < |a,| < .... It must be shown 
that 
3.5 Y) fa,|~2*P < 0. 

n=1 


There is no loss in generality in assuming that f(0) = 1. Indeed, if f has 
a zero at the origin of multiplicity m and M(r) = max {| f(z)|: |z| = r} then 
for any e > 0 and |z| =r 


log |f(z)z~"| < log [M()r-™) 
< r’**—mlogr 


if r is sufficiently large. So f(z)z~™ is an entire function of order A with no 
zero at the origin. Since multiplication by a scalar does not affect the order, 
the assumption that f(0) = 1 is justified. 

Let n(r) = the number of zeros of f in B(O; r). It follows (Exercise 1.2) 
that [log 2] n(r) < log M(r). Since f has order A, log M(r) < r°** for any 
« > 0 so that lim n(r)r~“*9 = 0. Hence n(r) < r**€ for sufficiently large r. 


Since |a,| < |a,| <..., k < n(|q|) < |a,|*** for all k larger than some 
integer ky. Hence, 
|a,|~@*) < fo @t tate) 
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for k > ky. So if « is chosen with A+e < p+l1 (recall that A < p+1) then 
y' |a,|~* is dominated by a convergent series; (3.5) now follows. 
Let f(z) = P(z) exp (g(z)) where P is a canonical product in standard 
form. Hence for z # a 
f@) __, P*(z) 


fe ~ * 9+ Be 


Using Lemma 3.1 gives that 


Pt > (aay? = 0G) + E/E 


However it is easy to show that 


d? | P(z) = (p41 
LP | = Pt D Cana ere 


for z # a1, a>,.... Hence g”*) = 0 and g must be a polynomial of degree 
<p. So the genus of f< p< 7A. 

As an application of Hadamard’s Theorem a special case of Picard’s 
Theorem can be proved. This theorem is proved in full generality in the next 
chapter. 


3.6 Theorem. Let f be an entire function of finite order, then f assumes each 
complex number with one possible exception. 


Proof. Suppose there are complex numbers « and f, « # B, such that f(z) # « 
and f(z) # 8 for all zin C. So f—« is an entire function which never vanishes; 
hence there is an entire function g such that f(z)—« = exp g(z). Since f has 
finite order, so does f—a«; by Hadamard’s Theorem g must be a polynomial. 
But exp g(z) never assumes the value B—«a and this means that g(z) never 
assumes the value log (8 —«), a contradiction to the Fundamental Theorem 
of Algebra. Ij 

One might ask how many times f assumes a given value «. If g is a 
polynomial of degree m = 1, then every « is assumed exactly n times. How- 
ever f = e% assumes each value (with the exception of zero) an infinite number 
times. Since the order of e9 is n (see Exercise 2.5) the next result lends some 
confusion to this problem; the confusion will be alleviated in the next chapter. 


3.7 Theorem. Let f be an entire function of finite order 4 where X is not an 
integer; then f has infinitely many zeros. 


Proof. Suppose f has only a finite number of zeros {a,, a,,..., a,} counted 
according to multiplicity. Then f(z) = e%(z—a,)...(z—a,) for an entire 
function g. By Hadamard’s Theorem, g is a polynomial of degree <A. But 
it is easy to see that f and e% have the same order. Since the order of e? is the 
degree of g, A must be an integer. This completes the proof. Ij 
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3.8 Corollary. [ff is an entire function of order X and A is not an integer then f 
assumes each complex value an infinite number of times. 


Proof. If «- f(C), apply the preceding theorem to f—«. If 


Exercises 


1. Let f be analytic in a region G and suppose that fis not identically zero. 
Let Gp = G—{z: f(z) = 0} and define A: Gy >R by A(z) = log |f(z)]. 
Show that or — on = L on Go. 
ox dy ff 

2. Refer to Exercise 2.8 and show that if A, # A, then A = max (A,, Aj). 
3. (a) Let f and g be entire functions of finite order A and suppose that 
f(a,) = 2(a,) for a sequence {a,} such that }° |a,|~¢*" = oo. Show that 
f= 8. 

(b) Use Exercise 2.9 to show that if f, g and {a,} are as in part (a) with 
y: |a,|"4*° = co for some ec > 0 then f = g. 

(c) Find all entire functions f of finite order such that f(log n) = n. 

(d) Give an example of an entire function with zeros {log 2, log 3, .. .} 


Chapter XII 
The Range of an Analytic Function 


In this chapter the range of an analytic function is investigated. A generic 
problem of this type is the following: Let % be a family of analytic functions 
on a region G which satisfy some property P. What can be said about /(G) 
for each fin F#? Are the sets f(G) uniformly big in some sense? Does there 
exist a ball B(a; r) such that f(G) > B(a;r) for each fin F ? Needless to say, 
the answers to such questions depend on the property P which is used to 
define F. 

In fact there are a few theorems of this type which have already been 
encountered. For example, the Casorati-Weierstrass Theorem says that if 
G = {z: 0 < |z—a| < r} and F is the set of analytic functions on G with 
an essential singularity at z = a, then for each 6, 0 < 6 < r, and each f in 
F f(ann (a; 0; 5)) is dense in C (V. 1.21). Recall (Exercise V. 1.13) that if fis 
entire and f(1/z) has a pole at z = 0, then fis a polynomial. So if fis not a 
polynomial then f(1/z) has an essential singularity at z = 0. So as a corollary 
to the Casorati-Weierstrass Theorem, f(C) is dense in C for each entire 
function (if f is a polynomial then /(C) = C). 

This chapter will culminate in the Great Picard Theorem which sub- 
stantially improves the Casorati-Weierstrass Theorem. Indeed, it states that 
if f has an essential singularity at z = a then f(ann (a; 0; 5)) is equal to the 
entire plane with possibly one point deleted. Moreover, f assumes each of 
the values in this punctured disk an infinite number of times. (See Exercise 
V. 1.10.) As above, this yields that f(C) is also the whole plane, with one 
possible point deleted, whenever fis an entire function. This is known as the 
Little Picard Theorem. However, this latter result will be obtained inde- 
pendently. 

Before these theorems of Picard are proved, it is necessary to obtain 
further results about the range of an analytic function—which results are of 
interest in themselves. 


§1. Bléch’s Theorem 


To fit the result referred to in the title of this section into the general 
questions posed in the introduction, let D = B(O; 1) and let ¥ be the family 
of all functions f analytic on a region containing D~™ such that f(0) = 0 
and f’(0) = 1. How “big” can f(D) be? Put another way: because f’(0) = 
1 4 0, fis not constant and so f(D) is open. That is, f(D) must contain a 
disk of positive radius. As a consequence of Bléch’s Theorem, there is a 
positive constant B such that /(G) contains a disk of radius B for each fin F. 
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1.1 Lemma. Let f be analytic in D = {z: |z| < 1} and suppose that f(0) = 0, 
f'(0) = 1, and|f(z)| < M for all z in D. Then M = 1 and f(D) > BO; 1/6M). 


Proof. Let 0<r<i1 and f(z) = z+a,z7+...; according to Cauchy’s 
Estimate |a,| < M/r" for n = 1. So 1 = |a,| < M. If |z| = (4M)~! then 


OI = el —_Y layz" 


> (4M)-! — y, M(4M)~" 


= (4M)~*'~(16M—4)7! 


> (6M)~! 
since M > 1. 
Suppose |w| < (6M)~'; it will be shown that g(z) = f(z)—w has a zero. 
In fact, for |z| = (4M)~*, |f(z)—g(z)| = |w| < (6M)~! < |f(Z)). So, by 
Rouché’s Theorem, f and g have the same number of zeros in B(O; 1/4M). 
Since f(0) = 0, g(Zo) = 0 for some zy; hence f(D) > BO; 1/6M/). 


1.2 Lemma. Suppose g is analytic on BO; R), g(0) = 0, |g’(0)| = » > 0, and 
|g(z)| < M for all z, then 


g(B(0O; R)) > B (0: sir) 


° 6M 


Proof. Let f(z) = [Rg’ (0)]~*g(Rz) for |z| < 1; then f is analytic on D = 
{z: |z| < 1}, f(0) = 0, f’(0) = 1, and | f(z)| < M/uR for all zin D. According 
to the preceding lemma, f(D) > B(0; »R/6M). If this is translated in terms 
of the original function g, the lemma is proved. J 


1.3 Lemma. Let f be an analytic function on the disk B(a; r) such that 
If'(z)—-f'(@| < |f'(@| for all z in B(a; r), z 4 a; then f is one-one. 


Proof. Suppose z, and z, are points in B(a; r) and z, # Zp. If y is the line 
segment [Z,, Z2] then an application of the triangle inequality yields 


21) fea) = |f 7’) a| 
> | J f'@ &| - | J U'@)-f'@l a 
> If'@| lz1-22l - | I’ @-F'| lal. 
Using the hypothesis, this gives | f(z,)— flep| > 0 so that f(z,;) # f(z>) and 


fis one-one. 


1.4 Bléch’s Theorem. Let f be an analytic function on a region containing the 
closure of the disk D = {z: |z| < 1} and satisfying f(0) = 0, f’(0) = 1. Then 
there is a disk S < D on which f is one-one and such that f(S) contains a disk 
of radius 1/72. 


296 The Range of an Analytic Function 
Proof. Let K(r) = max {|f’(z)|: |z| = 7} and let A(r) = (1—r)K(/). It is 
easy to see that A: [0, 1] — R is continuous, A(O) = 1, A(1) = O. Let ro = 
sup {r: A(r) = 1}; then A(ro) = 1, ro < 1, and A(r) < 1 if r > ro (Why?). 
Let a be chosen with |a] = ro and |f’(a)| = K(ro); then 
1.5 [f'@| = U-ro)™*. 
Now if |z—al < 4(1—ro) = po, |z| < $(1+7 9); since ro < 4 (1+1r,), the 
definition of ro gives 
1.6 If’'@)| < KU +ro)) 

= hG(+ro)) [1-401 +r)]-* 

< [1-3 +ro)]~" 

= 1/po 
for |z—a| < pp. Combining (1.5) and (1.6) gives 

IF@-F| < If @l + (Fl 
< 3/2po. 

According to Schwarz’s Lemma, this implies that 


3|z—al 
2 


If'@—-f'(@| < 552 
Po 


for z in B(a; po). Hence if ze S = Bia; 49), 
/ / I 
IF @-f£'@l < =— 

Po 
By Lemma 1.4, f1s one-one on S. 

It remains to show that f(.S) contains a disk of radius 1/72. For this 
define g: BQO; $p9) >C by g(z) = f(z+a)—f(a) then g(0) = 0, |g’(0)| = 
| f’(a)| = (2p,)7*. If ze B(O; 4p.) then the line segment y = [a, z+a] lies 
in S < B(a; po). So by (1.6) 


le@| = |[ 7°) aw 


= |f'@| 


1 
< —[z| 
< i, 
Applying Lemma 1.2 gives that 
&(B(O; $p0)) > BOO; o) 


1 \/1\ 
Ge) Gry 


— 


.= 1 72 
6 _ 


where 
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If this is translated into a statement about f, it yields that 


fi) > B( fas 5) I 


1.7 Corollary. Let f be an analytic function on a region containing B(O; R); 
1 

then f(B(O; R)) contains a disk of radius 5 Rif’ (0)|. 

Proof. Apply Bléch’s theorem to the function g(z) = [/(Rz) — f(0)]/Rf’ (0) 

(the result is trivial if f’(0) = 0, so it may be assumed that f’(0) # 0). 


1.8 Definition. Let ¥ be the set of all functions f analytic on a region con- 
taining the closure of the disk D = {z: |z| < 1} and satisfying f(0) = 0, 
f'(0) = 1. For each fin F let B(f) be the supremum of all numbers r such 
that there is a disk S in D on which fis one-one and such that f(S) contains 


1 
a disk of radius r. (so Bf) = 3) . Bléch’s constant is the number B defined 
by 
B= inf {B(S): fe F}. 
1 
According to Bléch’s Theorem, B > 75° If one considers the function 


f(z) = z then clearly B < 1. However, better estimates than these are 
known. In fact, it is known that .43 < B < .47. Although the exact value 
of B remains unknown, it has been conjectured that 


| 11 
ri -)C{— 
(3)"(a) 
B= TY 
(1 +/39(;) 
A related constant is defined as follows. 


1.9 Definition. Let ¥ be as in Definition 1.8. For each fin F define A(f) = 
sup {r: f(D) contains a disk of radius r}. Landaw’s constant L is defined by 


L = inf {((f): fe F}. 


Clearly L > B and it is easy to see that L < 1. Again the exact value of 
L is unknown but it can be proved that .50 < Z < .56. In particular, L > B. 


1.10 Proposition. [f f is analytic on a region containing the closure of the disk 

D = {a: |z| < 1} and f(0) = 0, f’(0) = 1; then f(D) contains a disk of radius 

L. 

Proof. The proof will be accomplished by showing that f(D) contains a disk 
1 

of radius A = A(f). For each n there is a point «, in f(D) such that B (= r -*) 

< f(D). Now «, ¢f(D) < f(D) and this last set is compact. So there is a 
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point « in f(D) and a subsequence {«,,} such that «,, —> a. It is easy to see 
that we may assume that « = lim «,. If |w—a| < A, choose no such that 
|w—a] < A—1/no. There is an integer n, > no such that 


1 
|x, — o| <A-—-—-— |w—al 
No 


for n > n,. Hence 
[Woy] < |w—a| + |a—a,| 


1 
<A-—-— 
No 
<r! 
n 


ifn > n,. That is we Bia,; A—1/n) < f(D). Since w was arbitrary it follows 
that B(«; A) < f(D). Bi 


1.11 Corollary. Let f be analytic on a region which contains B(O; R); then 
F(B(; R)) contains a disk of radius R|f'(O)|L. 


Exercises 


1. Examine the proof of Bléch’s Theorem to prove that L > 1/24. 

2. Suppose that in the statement of Bl6éch’s Theorem it is only assumed that 
f is analytic on D. What conclusion can be drawn? (Hint: Consider the 
functions f(z) = s~1f(sz), 0 < s < 1.) Do the same for Proposition 1.10. 


§2. The Little Picard Theorem 


The principal result of this section generalizes Theorem XI. 3.6. However, 
before proceeding, a lemma is necessary. 


2.1 Lemma. Let G be a simply connected region and suppose that f is an 
analytic function on G which does not assume the values 0 or 1. Then there is an 
analytic function g on G such that 


f(z) = —exp (i cosh [2g(z))) 
for zinG. 


Proof. Since f never vanishes there is a branch ¢ of log f(z) defined on G; 
that is e® = f. Let F(z) = (2ai)~'¢(z); if F(a) =n for some integer n then 
f(a) = exp (27in) = 1, which cannot happen. Hence F does not assume any 
integer values. Since F cannot assume the values 0 and 1, it is possible to 


define 
H(z) = V F(z) — VF(z)-1. 


Now A(z) # 0 for any z so that it is possible to define a branch of g of 
logH on G. Hence cosh(2g)+1 = 4(e79+e77%4+1 = He%t+e %” = 
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4(H+1/H) = 2F = - ?. But this gives f = e° = exp [wi+7i cosh (2g)] = 
T 


—exp [zi cosh (2g)]. 

Suppose f and g are as in the lemma, nv is a positive integer, and m is any 
integer. If there is a point a in G with g(a) = + log (/n+./n—1)+4 ima, 
then 2 cosh[2g(a)] = e789 +0779) = e'™™( /n+./n—1)** +67 ™™(/n+ 
Jn=1)*? = (—1)"[(Jat Jn—1)? +(fn— Jn 1)7] = (—1)"2Qn-D]; or 
cosh [2g(a)] = (—1)"(2n—1). Therefore f(a) = —exp [(—1)"(2n—1)zi] and, 
since (2n— 1) must be odd, f(a) = 1. Hence g cannot assume any of the values 


{+ log (V/nt+Vn—1)+4himn: nz=l1,m=0, +1,...}. 


These points form the vertices of a grid of rectangles in the plane. The height 
of an arbitrary rectangle is 


[Sima —4i(m+ 1)n| = 4a < V3. 


The width is log (/n+1+./n)—log (/n+.J/n—1) > 0. Now 9(x) = log 
(/x+1+.,/x)—log (,/x+./x—1) is a decreasing function so that the width 
of any rectangle <9(1) = log (1+./2) < log e = 1. So the diagonal of the 
rectangle <2. This gives the following. 


2.2 Lemma. Let G, f, and g be as in Lemma 2.1. Then g(G) contains no disk 
of radius 1. 


2.3 Little Picard Theorem. /f f is an entire function which omits two values 
then f is a constant. 


Proof. If f(z) # a and f(z) # b for all z then (f—a) (b—a)~* omits the 
values 0 and 1. So assume that f(z) 4 0 and f(z) # 1 for all z. According to 
Lemma 2.2, this gives an entire function g such that g(C) contains no disk 
of radius 1. Moreover, if fis not a constant function then g is not constant 
so there is a point Zz, with g’(z,.) # 0. By considering g(z+2Z,) if necessary, 
it may be supposed that g’(0) 4 0. But according to Corollary 1.11, 
g(B(O; R)) contains a disk of radius LR\|g ’(0)|. If R is chosen sufficiently large 
this gives that g(C) does contain a disk of radius 1—a contradiction. So f 
must be constant. Ij 


§3. Schottky’s Theorem 
Let f be a function defined on a simply connected region containing the 


disk B(0; 1) and suppose that f never assumes the values 0 and 1. Let us 
examine the proof of Lemma 2.1. If ¢ is any branch of log f let 


H = JVF-VF-1, 


g = a branch of log H. 
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There are two places in this scheme where we are allowed a certain amount 
of latitude; namely, in picking the functions ¢ and g which are branches of 
log f and log H, respectively. For the proof of Schottky’s Theorem below 
specify these branches by requiring 


3.1 0 < Im) < 2z7, 
3.2 0 < Img(0) < 27. 


3.3 Schottky’s Theorem. For each « and B,0 < « < co and0 < 8 < 1, there 
is a constant C(a, B) such that if f is an analytic function on some simply 
connected region containing B(O; 1) which omits the values 0 and 1, and such 


that | f(O)| < «; then | f(z)| < C(a, B) for |z| < B. 


Proof. It is only necessary to prove this theorem for 2 < « < oo. The proof 
is accomplished by looking at two cases. 


Case I. Suppose 4 < |/(0)| < «. Recalling the functions F, H, and g in 
Lemma 2.1 (and rediscussed at the beginning of this section), (3.1) gives 


F(0)| = 5 llog| f(0)| +i Im 40) 


] 
<—Il 1; 
In et 


1 
Let Co(«) = 5 log «+1. Also 


3.4 |JFO) +VF(0)—1| < VFO) + WFO -1| 
= exp (5 log | f(0)|) +exp (4 log |F(0) — 1)) 
= |F(0)|? + |F()—1[ 
< Co(x)* +[Co(«) + 1]? 
Let C,(a) = Co(«)* +[Co(«) +1]*. Now if |H(0)| = 1 then (3.2) and (3.4) give 
|g(0)| = |log] H(0) | +i Im g(0)| 
< log |H(0)|+27 
< log C,(«)+2z7. 
If |7(0)| < 1 then in a similar fashion, 
|g(0)| < —log |H(O)| + 2x 


= log (aa) + 27 
|#7(0)| 
= log |VF(0) + VF(0)—1| + 27 
< log C,(«)+27. 
Let C,(«) = log C,(«)+27. 
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If |a| < 1 then Corollary 1.11 implies that g(B(a; 1—|a])) contains a disk 
of radius 


3.5 L(1 —|a)) |’@). 


On the other hand, Lemma 2.2 says that g(B(0; 1)) contains no disk of 
radius 1. Hence, the expression (3.5) must be less than 1; that 1s, 


3.6 |g’(a)| < [LU —|a))]~? for Ja] < 1. 
If ja] < 1, let y be the line segment [0, a]; then 
|g(@)| < [g)|+|s@—g©)| 
Cra) +|f (2) de 
y 


IA 


lA 


C,(«)+|a] max {|g’(z)|: z € [0, a]} 


Using (3.6) this gives 
la| 
L(1—|a) 


If C3(«, B) = C(«)+ P[L(1— )]~* then this gives 
|g(z)| s C3(«, B) 
if |z| < B. Consequently if |z| < B, 
|f@)| 


|g(a)| < C,(a) + 


lexp [zi cosh 2g(z)]| 


IA 


exp [z|cosh 29(z)]] 
exp [wre?! a(2)1] 
exp [7e?©3(%)}; 


define C,(a, B) = exp {a exp [2C;(a, B)]}. 

Case 2. Suppose 0 < | f(0)| < 4. In this case (1—/) satisfies the conditions 
of Case 1 so that |1—f(z)| < C,(2, B) if |z| < B. Hence |f(z)| < 1+C,(, B). 
If we define 


lA 


IA 


C(a, 8) = max {C,(«, 8), 1+C,(2, B)}, 
the theorem is proved. If 


3.7 Corollary. Let f be analytic on a simply connected region containing 
B(0; R) and suppose that f omits the values 0 and 1. If C(«, B) is the constant 
obtained in Schottky’s Theorem and |f(0)| < « then |f(z)| < Ce, B) for 
|z| < BR. 


Proof. Consider the function f(Rz), |z| < 1. Hf 

What Schottky’s Theorem (and the Corollary that follows it) says is that 
a certain family of functions is uniformly bounded on proper subdisks of 
B(0; 1). By Montel’s Theorem, it follows that this family is normal. It is 
this observation which will be of use in proving the Great Picard Theorem 
in the next section. 
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§4. The Great Picard Theorem 


The main tool used in the proof of Picard’s Theorem is the following 
result. 


4.1 Montel-Caratheodory Theorem. Jf ¥ is the family of all analytic functions 
on a region G which do not assume the values 0 and 1, then F is normal in 
C(G, C,,). 


Proof. Fix a point z,) in G and define the families G and #& by 


G = {fe F:|fZo)| < 1}, 
H = {feF:|fZo)| = 1}; 


so ¥ = GU #. It will be shown that Y is normal in H(G) and that # is 
normal in C(G, C,,) (that oo is a limit of a sequence in # is easily seen by 
considering constant functions). To show that Y is normal in H(G), Montel’s 
Theorem is invoked; that is, it is sufficient to show that @ is locally bounded. 

If ais any point in G let y be a curve in G from Zy to a; let Dp, D,, ..., D, 
be disks in G with centers Zp, Z,,...,Z, = @ on {y} and such that z,_, 
and z, are in D,., OD, for 1 <k <n. Also assume that D, © G for 
0 < k <n. We now apply Schottky’s Theorem to Dp». It follows that there 
is a constant Cy such that |f(z)| < Cy for z in Dp and fin &. (If Do = 
B(Zo; r) and R > r is such that B(z >; R) < G then, according to Corollary 
3.7, | f(z)| < CC, ) for z in Dy and fin Y whenever B is chosen with r < BR). 
In particular |f(z,)| < Co so that Schottky’s Theorem gives that 9 is 
uniformly bounded by a constant C, on D,. Continuing, we have that # is 
uniformly bounded on D,. Since a was arbitrary, this gives that 9 is locally 
bounded. By Montel’s Theorem, Y is normal in H(G). 

Now consider # ={ fe F: |f(zo)| = 1}. If fe & then 1/f is analytic 
on G because f never vanishes. Also 1/f never vanishes and never assumes 
the value 1; moreover |(1/f) (zo)| < 1. Hence # = {I/f: fe #} < G and 
H is normal in H(G). So if {f,} is a sequence in # there is a subsequence 
{f,,,} and an analytic function h on G such that {1/f,,} converges in H(G) 
to h. According to Corollary VII. 2.6 (Corollary to Hurwitz’s Theorem), 
either h = O or A never vanishes. If h = 0 it is easy to see that f(z) > oo 
uniformly on compact subsets of G. If h never vanishes then 1/h is analytic 
and it follows that f,,(z) ~ 1/h(z) uniformly on compact subsets of G. I 


4.2 Great Picard Theorem. Suppose an analytic function f has an essential 
singularity at z = a. Then in each neighborhood of a f assumes each complex 
number, with one possible exception, an infinite number of times. 


Proof. For the sake of simplicity suppose that f has an essential singularity 
at z = 0. Suppose that there is an R such that there are two numbers not in 
{f(z): 0 < |z| < R}; we will obtain a contradiction. Again, we may suppose 
that f(z) # 0 and f(z) #1 for 0 < |z| < R. Let G = BO; R)— {0} and 
define f,: G—>C by f(z) = f(z/n). So each f, is analytic and no f, assumes 
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the value 0 or 1. According to the preceding theorem, {f,} is a normal 
family in C(G, C,,). 

Let {f,,} be a subsequence of {f,} such that f,, > uniformly on {z: 
|z] = 4R}, where > is either analytic on G or p = o. If is analytic, let 
M = max {lp(2)|: |z| =4R}; then [f/n)| = Lf, < f@)—-9@)| + 
\p(z)| < 2M for n, sufficiently large and |zZ| = 4R. Thus |/(z)| < 2M for 
|z| = R/2n, and for sufficiently large n,. According to the Maximum Modulus 
Principle, f is uniformly bounded on concentric annuli about zero. This 
gives that f is bounded by 2M on a deleted neighborhood of zero and, so, 
z = 0 must be a removable singularity. Therefore » cannot be analytic and 
must be identically infinite. 

It is left to the reader to show that if » = oo then f must have a pole at 
zero. 

So at most one complex number is never assumed. If there is a complex 
number w which is assumed only a finite number of times then by taking a 
sufficiently small disk, we again arrive at a punctured disk in which / fails to 
assume two values. Ij 

An alternate phrasing of this theorem is the following. 


4.3 Corollary. Jf f has an isolated singularity at z = a and if there are two 
complex numbers which are not assumed infinitely often by f then z = a is 
either a pole or a removable singularity. 

In the preceding chapter it was shown that an entire function of order A, 
where A is not an integer assumes each value infinitely often (Corollary XI. 
3.8). Functions of the form e? for g, a polynomial, assume each value infinitely 
often, although there is one excepted value—namely, zero. The Great Picard 
Theorem yields a general result along these lines (although an exceptional 
value is possible), so that the following result is not comparable with 
Corollary XI. 3.8). 


4.4 Corollary. [ff is an entire function which is not a polynomial then f assumes 
every complex number, with one exception, an infinite number of times. 


Proof. Consider the function g(z) = f(1/z). Since f is not a polynomial, g 
has an essential singularity at z = 0 (Exercise V. 1.13). The result now follows 
from the Great Picard Theorem. 

Notice that Corollary 4.4 is an improvement of the Little Picard Theorem. 


Exercise 


1. Let f be analytic in G = B(O; R)— {0} and discuss all possible values of 
the integral 


1(f@, 
— ———- qzZ 
2ri |} f(z)—a 
Y 
where y is the circle |z| = r < R and a is any complex number. If it is 


assumed that this integral takes on certain values for certain numbers a, 
does this imply anything about the nature of the singularity at z = 0? 


Appendix 


Calculus for Complex Valued Functions 
on an Interval 


In this Appendix we would like to indicate a few results for functions 
defined on an interval, but whose values are in C rather than R. If f: [a, 5] 
—> C is a given function then one can easily study its calculus type properties 
by considering the real valued functions Re f and Im f. For example, the 
fact that for a complex number z = x+iy 


max (|x|, |y|) < lz] = Vx? +y? < 2 max (\x1, |), 


easily allows us to show that fis continuous iff Re fand Im fare continuous. 
However we sometimes wish to have a property defined and explored directly 
in terms of f without resorting to the real and imaginary parts of f. This is 
the case with the derivative of f. 


A.1 Definition. A function /: [a, b] — C is differentiable at a point x in (a, b) 
if the limit 

fin LFS) 

im 


h-O h 


exists and is finite. The value of this limit is denoted by f’(x). For the points 
x = aor b we modify this definition by taking right or left sided limits. If f 
is differentiable at each point of [a, b] then we say that f is a differentiable 
function and we obtain a new function f’: [a, b] ~C which is called the 
derivative of f. 

The next Proposition has a trivial proof which we leave to the reader. 


A.2 Proposition. A function f: [a, b] — C is differentiable iff Re f and Im f are 
differentiable. Also, f(x) = (Re f)’(x) + i(Im f)'(x) for all x in [a, 6). 

Of course it makes no sense to talk of the derivative of a complex valued 
function being positive; accordingly, the geometrical significance of the 
derivative of a real valued function has no analogue for complex valued 
functions. However the reader is invited to play a game by assuming that 
Re f and Im f have positive or negative derivatives, and then interpret these 
conditions for f- 

One fact remains true for derivatives and this is the consequence of a 
vanishing derivative. 


A.3 Proposition. [f a function f: [a, b] — C is differentiable and f'(x) = 0 for 
all x then f is a constant. 
Proof. lf f’(x) = 0 for all x then (Re f)'(x) = (Im f)’(x) = 0 for all x. It 
follows that Re f and Im f are constant and, hence, so is f. 
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One important theorem about the derivative of a real valued function 
which is not true for complex valued functions is the Mean Value Theorem. 
In fact, if f(x) = x*+ix? it is easy to show that 


SO-L@ = fo) (6-4) 


for some point c in [a, b] only when a = Bb. 

One of the principal applications of the Mean Value Theorem for deriva- 
tives is the proof of the Chain Rule. In light of the discussion in the preceding 
paragraph one might well doubt the validity of the Chain Rule for complex 
valued functions. The Chain Rule tells us how to calculate the derivative of 
the composition of two differentiable functions; this leads to two different 
situations. First suppose that f: [a, b] — C is differentiable and let g: [c, d] > 
[a, b] also be differentiable. Then f(g(t)) = Re f(g(t)) +i Im f(g(t)); from here 
the Chain Rule follows by applying the Chain Rule from Calculus. In the 
second case the result still holds, but the proof depends on a non-trivial fact 
about analytic functions. Let G be an open subset of C such that f([a, b]) < G 
and suppose h: G — C is analytic. We wish to show that h o fis differentiable 
and calculate (h o f)’. If h is a constant function the result is trivial. If # is not 
constant then we need the fact that there is a 5 > 0 such that B(z); 6) © G 
and h(z) # h(Zo) for 0 < |z—z,| < 6. This is proved in Corollary IV. 3.8. 
Since the proof of this Chain Rule follows the line of argument used to 
prove the Chain Rule for the composition of two analytic functions (Pro- 
position II]. 2.4) we will not repeat it here. We summarize this discussion in 
the following. 


A.4 Proposition. Let f: [a, b] > C be a differentiable function. 

(a) If g: [c, d]—>[a, b] is differentiable then fog is differentiable and 
(fog) =f (s@)s'@. 

(b) Jf G is an open subset of C containing f([a, b]) and h: GC is an 
analytic function then ho f is differentiable and (ho f)'(x) = h'(f(x))f'(). 

To discuss integral calculus for complex valued functions we adopt a 
somewhat different approach. We define the integral in terms of the real and 
imaginary parts of the function. 


A.5 Definition. If f: [a, 5] — C is a continuous function, we define the integral 
of f over [a, b] by 


f pe9 dx = [Reso ae+i f mf dx. 


If the reader wishes to see a direct development of the integral he need 
only work through Section IV. 2 of the text with y(¢) = ¢ for all t. However, 
this hardly seems worthwhile. 

Besides the additivity of the integral the only result which interests us is 
the Fundamental Theorem of Calculus. 

Recall that if F: [a, b] > C is a function and f = F’ then F is called a 
primitive of f. 
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A.6 Fundamental Theorem of Calculus. A continuous function f: [a, b| > C 
has a primitive and any two primitives differ by a constant. If F is any primitive 


of f then 
| fG) dx = F)-F@) 


Proof. If g and h are primitives of Re fand Im fthen F = g+ihis a primitive 
of f. The result now easily follows. 


Soon An AWN 
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